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We consider a random symmetric matrix X = [X ; k]’; x—1 With upper triangular entries being i.i.d. random

variables with mean zero and unit variance. We additionally suppose that E|X |4+5 =: {445 < oo for

some § > 0. The aim of this paper is to significantly extend a recent result of the authors Gotze, Naumov
and Tikhomirov (2015) and show that with high probability the typical distance between the Stieltjes trans-
form of the empirical spectral distribution (ESD) of the matrix n~ 2X and Wigner’s semicircle law is of
order (nv)~!logn, where v denotes the distance to the real line in the complex plane. We apply this result
to the rate of convergence of the ESD to the distribution function of the semicircle law as well as to rigidity
of eigenvalues and eigenvector delocalization significantly extending a recent result by Gotze, Naumov and
Tikhomirov (2015). The result on delocalization is optimal by comparison with GOE ensembles. Further-
more the techniques of this paper provide a new shorter proof for the optimal O (n~!) rate of convergence
of the expected ESD to the semicircle law.

Keywords: delocalization; local semicircle law; mean spectral distribution; random matrices; rate of
convergence; rigidity; Stieltjes transform

1. Introduction and main result

Let X =[X jk];f x—; be a random Hermitian matrix with upper triangular entries being inde-
pendent random variables with mean zero and unit variance. Denote the n eigenvalues of the
symmetric matrix W := LHX in the increasing order by

A(W) <. <2, (W)

and introduce the eigenvalue counting function Ny(W) := [{1 <k <n : L (W) € I}| for any
interval / C R, where |A| denotes the number of elements in the set A. The pioneering result
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of [38] states that for any interval / C R of fixed length and independent of n
1
lim —ENI(W)z/gSC(k)dA, (1.1)
n—-oon I

where gs.(}) 1= %\/ (4 —22); and (x)y4 := max(x,0). Wigner considered the special case
when all X j; take only two values £1 with equal probabilities. Later on the result (1.1) was
called Wigner’s semicircle law and has been extended in various aspects, see, for example, [2,15,
24,32,33] and [20]. For an extensive list of references, we refer to the monographs [1,4] and [35].
In what follows, we call Wigner’s semicircle law or semicircle law not only a result of type (1.1),
but the limiting probability distribution as well.

If an interval I is of fixed length, independent of n, it typically contains a macroscopically
large number of eigenvalues, which means a number of order . In this case we may rewrite (1.1)
in the following form

1 1 1
— EN W)= — [ ge)dr+of—). 12
g N |1|/1g‘ * +0(|1|> (12

It is of interest to investigate the case of smaller intervals where the number of eigenvalues cease
to be macroscopically large. In this case the second term on the right-hand side of (1.2) needs to

be refined. An appropriate analytical tool for asymptotic approximations is the Stieltjes transform
of the empirical spectral distribution function F,(x) := %N(_Oo, x](W), which is given by

® dF,(x) 1 LS 1
n = =—Tr(W —zI = — B
i (2) /,oo A—z n ( 2D n;)»j(W)_Z

where z = u + iv, v > 0. For the imaginary part of m,,(z), we get

Immn(u+iv):/oo Y _UF,)= l/OO P(”_'\)an(k)

oo A —u)2 402 vV J o v

which is a kernel density estimator with a Poisson kernel P(x) and bandwidth v. For a mean-
ingful estimator of the spectral density, we cannot allow the distance v to the real line, that
is the bandwidth of the kernel density estimator, to be smaller than the typical %—distance be-
tween eigenvalues. Hence, in what follows we shall be mostly interested in the situations when
v > &, ¢ >0, where in some situations ¢ may depend on n, growing for example like logn.

Under rather general conditions, one can establish the convergence of m,, (z) for fixed v > 0 to
the Stieltjes transform of Wigner’s semicircle law which is given by

o0
gse(L) dA z 72
= e =2 1
5(2) /W - S 3

Itis much more difficult to establish the convergence in the region 1 > v > +. Significant progress
in that direction was recently made in a series of results by Erdos, Schlein and Yau [12—14], Erdos
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et al. [10], showing that with high probability uniformly in u € R

|ma(u+iv) —s(u+iv)| <

log# n
, B >0, (1.3)
nv
which they called local semicircle law. It means that the fluctuations of m,, (z) around s(z) are of
order (nv)~! (up to a logarithmic factor). The value of 8 depends on 7, more precisely on 8 :=
Bn = cloglogn, where ¢ > 0 denotes some constant. In in the papers [12—14] the inequality (1.3)
has been shown assuming that the distribution of X j; has has sub-exponential tails for all 1 <
J» k < n. Moreover in [10] this assumption had been relaxed to requiring IE | X jx|” < u,, for all
p =1, where 1, are some constants.
Without loss of generality, we will assume in what follows that X is a real symmetric matrix.
We say that the conditions (C0) hold if:

® Xk, 1 <j<k<=n,areii.d.real random variables;
e EX;1=0,EX}, =1;
e E|X 1|4 =: ugys < oo for some § > 0.

Our results proven below apply to the case of Hermitian matrices as well. Here we may addi-
tionally assume for simplicity that Re X jx and Im X j; are independentr.v. forall 1 < j <k <n.
Otherwise one needs to extend the moment inequalities for linear and quadratic forms in complex
r.v. (see [18], Theorem A.1-A.2) to the case of dependent real and imaginary parts, the details of
which we omit.

The result (1.3) under the conditions (C0) was proved in a series of papers [9,11,31] with an
n-dependent value B = cloglogn. In [18], we gave a self-contained proof based on the methods
developed in [26,28] while at the same time reducing the power of logn from 8 = cloglogn to
B = 2. Our work and some crucial bounds of our proof were motivated by the methods used in a
recent paper of Cacciapuoti, Maltsev and Schlein [8], where the authors improved the log-factor
dependence in (1.3) in the sub-Gaussian case. Let x := ﬁ. In [18], Theorem 1.1, it is shown,
assuming conditions (C0), that for any fixed V > 0 there exist positive constants Ag, A; and C
depending on § and V such that

2\ P
Elma(z) —s(2)|” < (Ci> : (1.4)
nv
forall 1 < p <Ai(nv),V>=v> Aon~! and |u| <2+ v. Note that when stating that some
constant C depends on § we actually mean that it may depends on p44s as well, that is C =
C (8, tats). Applying Markov’s inequality, we may rewrite (1.4) in the following form

K cp*\?*
1P’<|mn(z) —s(2)| = E) < (%) , (1.5)

foralll < p<A;(nv)“,V>v> Aon_1 and |u| <2 4+ v. For applications, the range of v, such
that (1.4) holds for fixed p is relevant. It is clear that V > v > C p%n_l. Since we are interested
in error probabilities which are polynomially small only, it suffices to choose p to be of order
logn, which implies that V > v > C n-! log% n. At the same time the constant K in (1.5) should
be of order log® n. Comparing with (1.3), we get 8 = 2.



Local semicircle law 2361

In the region |u| > 2 4+ v, we can control the imaginary part of m,(s) only. It was proved
in [18], Theorem 1.1, that for any ug > 0O there exist positive constants Ag, A1 and C depending
on ug, V and 4 such that

2\ P
E[Imm, (z) — Ims(z)|” < <%> , (1.6)

foralll < p <A (nv)“,V>v> Aon~! and lu] < ug.
As mentioned above, we are interested in the case when p is of order logn which implies V >

v>n"! log% n. This choice yields that in our applications all bounds will depend on log% n. The
power k!, which is independent of n, may be rather large for § near zero. The aim of the current
paper is to strengthen the results of [18,19] by proving bounds of type (1.3) with 8 =1 while
at the same time showing that p and v may be taken of order logn and n~!logn, respectively.
This is done in Theorem 1.1 below. To this end, we combine our techniques from [18] with
fruitful ideas from [9] and [31] in particular their moment matching technique. A crucial result
in that direction is Lemma 3.1. See the sketch of proof below in Section 1.2. It still remains one
challenging open problem, namely extending the bounds to weaken the moment condition to
5 =0.

1.1. Main result

Let us introduce the following notation
An(2) i =my(2) —s(2), z=u-+iv.

The main result of this paper is the following theorem, which estimates the fluctuations (1.3) and
strengthens (1.4) and (1.6).

Theorem 1.1. Assume that the conditions (C0) hold and let V > 0 be some constant.

(i) There exist positive constants Ay, A1 and C depending on V and § such that

p
E|An(Z)|P =< <2> s

nv
forall1 < p<Ajlogn,V >v=>Aon~'logn and |u| <2+ v.

(i1) For any ug > O there exist positive constants Ao, A1 and C depending on ug, V and §
such that

C p
E[Im A, (2)|” < (—p> ,
nv
forall1 < p<Ajlogn,V>v> Aon~! logn and |u| < uyg.

As a consequence of this result, we may show that similarly to (1.5) for all K > 0

K cp\?
P(!An(z)| > E) < <7p) : (1.7)
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valid forall 1 < p < Ajlogn, V>v> Aon’llogn and |u| <2+ v. Taking p and K of order
logn, we may guarantee that (1.7) is less then, for example, n 2. Thus, comparing with (1.3), we

get B=1.
Applications of Theorem 1.1 outside the limit spectral interval, that is for |u| > 2, require
stronger bounds on Im A,,. Let us denote

y =y ) =lul - 2| (1.8)
and introduce the following quantity
2
4+6

which will control the level of truncation of the matrix entries. We say that the set of condi-
tions (C1) holds if:

o (CO0) are satisfied;
o |X k| <Dn* 1< j,k<n,where D:= D(a) denotes some positive constant depending on
o only.

oa:=u(d)=

By definition x = §/(2(4 + §)), hence we may write k = 1_22“ .

Theorem 1.2. Assume that the conditions (C1) hold and uy > 2 and V > 0. There exist positive
constants Ao, A1 and C depending on 8, uy and V such that
CPpP CPp?p cP Cpp§

E[Im A, (2)|” < + +— -+ 3 %
B A TS AR T ) ¥ (y + )

forall1 < p <A;(nv)<,V>v>Aon~" and 2 < |u| < u.

1.2. Sketch of the proof of Theorem 1.1 and Theorem 1.2

The proof of Theorem 1.1 is similar to the proof [18], Theorem 1.1. Applying Lemma B.1 in [18]
see (2.9) below and [8], Proposition 2.2, it is shown in Section 2 that one may estimate E | A, (z)|”
or E|ImA,(z)|” (depending on Re(z) being near or far from the spectral interval [—2, 2]) by
the moments E |T,,(z)|? (see definition (2.6)).

To estimate [E |7}, (z)|”, we may repeat all the steps of the proof of Theorem 2.1 in [18] with
one important modification. One of the crucial steps in the proof is the bound E|R;; (z)|” < C g .
It was shown in [18], Lemma 4.1, that this bound holds for all V > v > Aorf1 and 1 < p <
A (nv)*. Since we have to choose p of order logn we need to prove bounds in the region v >

bi=n"! log% n. In order to close the gap in v from © to vy := n~! logn with p being still of order

logn we apply the following strategy. We start from the fact that E [R;;(2)|” < C{ 10g(%*1)p n
for all v > vg, see Lemma 3.3. In order to remove the logarithmic factor from the r.h.s. of the last
bound, we apply ideas motivated by moment matching techniques used in [9] and [31]. That is
we construct a symmetric random matrix Y := [ij];?k such that IEX}‘.k =K Y]S.k, 1 <s<4and

Y i are sub-Gaussian random variables, see Lemma 3.4 (see Lemma 5.1 [31]). Then we show
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in Lemma 3.5 that the bound E [R;; (2)|? < CP +E |R§j (2)|P still holds for all v > vg and p of
order logn, where RY denotes R with the X matrix being replaced by the Y matrix. Our technique
in the proof of Lemma 3.5 is a Stein type method. Finally, using the sub-gaussian properties of
Y we show in Lemma 4.1 that E |R§j(z)|p < Cg for all v > vp and 1 < p < clogn, for some
constant c¢. All these arguments rely on the proof of Lemma 3.1. Note in contrast that in [31] the
moment matching techniques were used to estimate the distance m, (z) — s(z) directly combined
with a combinatorial approach (see, for example, Lemma 5.1 and Lemma 5.2 in [31]).

The proof of Theorem 1.2 is based on the same arguments as the proof of Theorem 1.2 in [18].
Note that [ |7},(z)|” is bounded in terms of EIm” R ;. The same arguments as for E|R;;(z)|?
will give us the bound EIm” R; < H(f Im” s(z) + H(f pP(nv)~P valid for some big constant
Hp > 0 and v > vp, 1 < p <clogn. Since we can derive explicit bounds for Ims(z) inside as
well as outside the limit spectrum we are able to control the size of E |7, (z)|? as well as of
E|Im A, (2)|? on the whole real line in terms of the quantity y (see (1.8)). This is a another key
argument for the proof of Theorem 1.2.

1.3. Delocalization, rigidity and rate of convergence

In this section, we present results about delocalization of eigenvectors, rate of convergence of
empirical spectral distribution function (ESD) to the semicircle law and rigidity of eigenvalues.
These results strengthen the corresponding results in [19].

We start this section by showing delocalization of eigenvectors. This question has been inten-
sively studied in many papers, for example, in [11,13,25] and [9].

Let us denote by u; := (uj1,...,u,) the eigenvectors of W corresponding to the eigenvalue
Aj(W).

Theorem 1.3. Assume that conditions (CO) hold with § = 4. For any 0 < ¢ < 2 there exist

positive constants C and C| depending on ¢ and g such that for any

Cilogn - C _
n ~ n2-¢

]P( max |ujk|22
1<j.k=n

We remark here that it is possible to relax the moment conditions to the case 0 < § < 4 as well.
But here we may only conclude that there exists some constant c(§) > 0 depending on § such
that

]P’( max Iujk|2 >

1<j.k=n

C, 10gn> - C

= e®

A comparison with a similar result for the GOE ensemble (see [1], Corollary 2.5.4) and the
delocalization of eigenvectors of the unit sphere shows that this result is optimal with respect
to the power of logarithm. It is not clear though whether it is still possible to strengthen the
probability bounds above. The numerical calculations in Section 5 of [19] strongly suggest that
the actual probability bounds should be very poor. The proof of this theorem is similar to the
proof of Theorem 1.4 in [19], but since this result is optimal we present it here. It is given in
Section 5. The proof is based on Lemma 3.1.
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The results on rate of convergence and the rigidity of eigenvalues are based on Theorem 1.1
and Theorem 1.2. We first investigate the rate of convergence in probability of ESD to the dis-
tribution function of Wigner’s semicircle law defined as follows G (x) := f * 0o 8sc(A) dA. To

measure the distance between distribution functions, we introduce the uniform distance

A¥ = sup|F, (x) — G (x)].
xeR

At this point, we omit a detailed discussion of previous results and refer the reader instead to [19],
which provides links to the related papers [3,22,25,26] and [36]. We prove the following theorem.

Theorem 1.4. Assume that the conditions (C0) hold. Then there exist positive constants ¢ and
C depending on § such that for all 1 < p <clogn
CP log??
KpPnp
forall K > 0.

Let N[x — £y + f—n] =N;(W) forI =[x — £y + §—n],s > (. The following result is the

2n> 2n>
direct corollary of Theorem 1.4.

Corollary 1.5. Assume that conditions (C0) hold. Then there exist positive constants ¢ and C
depending on & such that forall 1 < p <clogn andall ¢ >0,K >0

. Nlx — 2, x + %] _ K\ _CPlogn
£ — &)~ KpPar

— gse(X) (1.9)

Taking K = C1n~"log? n with C; = Ce?/¢ (one may of course take a larger constant), we get
that
Cilog’n ) 1

" <. (1.10)

]P’(A;j >
The proof of Theorem 1.4 will be given in Section 6. We believe that it is still possible to reduce
the power of log in (1.9) from 2p to p or even £, which would be optimal due to the result of
Gustavsson [29] for the Gaussian Unitary Ensembles (GUE).
Instead of A’ one may study the following distance of the mean spectral distribution to its
limit

n

A, = sup|]E F,(x) — Gsc(x)|-
xeR

The first estimate of A, was obtained by Z. Bai [5], who showed the bound A, = O(n_%)
assuming g4 < 00. Already in 1998, Girko [16] published an error bound order O(n_%) under
the same moment conditions. In 2002, [17] he closed gaps in his proof. The same result was
independently obtained by Bai, Miao and Tsay [6] and Gotze and Tikhomirov [22], Girko [16]
claimed that the actual rate of convergence of the expected spectral distribution function to the
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semi-circle law is O(n~1/?) even in the Gaussian case. In 2002, Gotze and Tikhomirov [21]
showed that for the GUE the rate of convergence to the semi-circle law is O (n=2/3). In 2005,
[23] they improved this bound to O (n~1). In 2007 in [37] the bound A, = O (n~!) was obtained
for the Gaussian Orthogonal Ensemble (GOE) as well. Up to this point it was not clear what
the optimal rate of convergence to the semi-circular law under weak moment conditions only
should be. It follows from [7] that if the distributions of the matrix entries satisfy a Poincaré type

inequality then A, = O(n*%). Recently Gotze and Tikhomirov [28] proved the bound A, =

omnhH assuming that g < 00 or 4 < 00 combined with the assumption | X ji| < Cn% a.s.
Finally in [27], the following theorem was proved.

Theorem 1.6. Assume that the conditions (C0) hold. There exist a positive constant C(8) de-
pending on § such that
C@)

Ap < .
n

In Section 6, we give an alternative proof of this theorem, based on the methods developed in
this paper.

Another application of Theorem 1.1 is the following result which shows the rigidity of eigen-
values. Let us define the quantile position of the jth eigenvalue by

vi J .
Vi / 8se(M)dr ==, I<j=<n
oo n

We will prove the following theorem.

Theorem 1.7. Assume that the conditions (C0) hold and let K > 0 be an integer. Then:

(i) Forall j € [K,n — K + 1] there exist constants ¢ and C, Cy depending on § such that
forall 1 < p <clogn we have

o ) _1 2 CPlog*’ n
P(1; —yjl =z QK [min(j,n = j+ D] 3n7%) = —=—.

(i1) Assume that § = 4. For any 0 < ¢ <2 and all j <K or j >n — K + 1 there exist
constants ¢ and C, C1 depending on ¢ and g such that for 5 < p <clogn

o . I C | Crlog'*n
P(12j = vl = Clk [min(j,n = j+ D] 3n75) < g 4+ =—— Z—.

IR

For comparisons, we refer the interested reader to relevant results of Gustavsson [29] for the
Gaussian case, as well as to the results in the papers [10], Theorem 7.6, [11], Theorem 2.13, [25],
Remark 1.2, [31], Theorem 3.6, and [8], Theorem 4, already mentioned above. The proof of The-
orem 1.7 is similar to the proof of Theorem 1.3 in [19] up to some small improvements due to an
improved bound in Theorem 1.4. For proving the part (ii), we use the result of Theorem 1.2, using
ideas from [8], Lemma 8.1, and [10], Theorem 7.6. Note here that our techniques allow to treat
the case 0 < § < 4 1in (ii) as well, but with weaker probability bounds in (ii) of order n=¢® where
¢(8) > 0 depends on moment exponent §. We omit the details and the proof of Theorem 1.7.
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1.4. Notations

Throughout the paper, we will use the following notations. We assume that all random variables
are defined on common probability space (€2, F,P) and let E be the mathematical expectation
with respect to [P. We denote by 1[A] the indicator function of the set A.

We denote by R and C the set of all real and complex numbers. We also define C* := {z €
C:Imz > 0}. Let T =[1,...,n] denotes the set of the first n positive integers. For any J C T
introduce Ty := T\ J. To simplify all notations, we will write T ;, Ty, ; instead of T{;y and Tyuy
respectively.

For any matrix W together with its resolvent R and Stieltjes transform m, we shall system-
atically use the corresponding notations W(J), R(J), mf,J), respectively, for the sub-matrix of W
with entries X ji, j, k € T \ J. For simplicity, we write WO, WD) instead of WD wUULD,
The same is applies to R, m,, etc.

By C and c we denote some positive constants. If we write that C depends on §, we mean that
C=CQ@, pnats)-

For an arbitrary matrix A taking values in C"*" we define the operator norm by |A| :=
SUPyern:|x=1 IAX[l2, where |lx||2 := (27:1 |x |2)%. We also define the Hilbert—Schmidt norm

1 1
by [|All2 :=Trz AA* = (X ) 1Al D)2

2. Proof of the main result

The proofs of Theorem 1.1 and Theorem 1.2 repeat the arguments of [18], but for the readers
convenience we provide the main steps here. We start with the recursive representation of the
diagonal entries R;;(z) = [(W — D~ jj of the resolvent. As noted before, we shall system-
atically use for any matrix W together with its resolvent R, Stieltjes transform m,, and etc. the
corresponding quantities W& RY,| mﬁ[ﬂ) and etc. for the corresponding sub matrix with entries
Xjk, j,k € T\ J. We will often omit the argument z from R(z) and write R instead. We may
express R;; in the following way

1
Rji= e —. (2.1)
jj 1 )]
—2+ = Yiker; Xk X iRy
Letg; :=¢1; + &2 + €35 + €4, where
1 1 ;
e1j = TX]‘]', £ =—; Z Xijle](({), 2.2)
" I#keT
1 ; 1 .
e3j=—~ 3 (X —DRY.  esj=—(TrR—TrRY). (2.3)
n : n
kETj
Using these notations, we may rewrite (2.1) as follows
1 1
Ji = (2.4)

- + eR;;.
24muz)  z4+muz) Y
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Summing last equations for j =1, ..., n, we obtain
1+ z2ma(2) + mi(z) = Ty, 2.5)
where
1
Tyo=o ;81'1‘;]" (2.6)

It is well known that s(z) satisfies the following quadratic equation
1 +2z5(z) +5%(z) =0. 2.7)
From (2.5) and (2.7), we conclude that

B T, T
2 ma() +5@) b(2)’

n

where
b, (2) :==b(2) + Ay, b(z) : =z+4+25(2). (2.8)

From Lemma B.1 in [18] (see also [8], Proposition 2.2) it follows that for all v > O and |u| <2+4v
(using the quantities (2.8))

|An|§Cmin{ 7] ,/|T,,|}. (2.9)

1b(2)|’
Moreover, let ug be an arbitrary fixed positive number. Then for all v > 0 and |u| < ug
| 1Tl
|[Im A,| < Cmin ib( )|,\/|T,,| . (2.10)
z

This means that in order to bound E|A,|” (or E|Im A|?, respectively) it is enough to estimate
E|T,|P.

Let V be an arbitrary fixed positive real number and Ay is some large constant defined below.
We introduce the following region in the complex plane:

D:= {z=u+iv eC:lul<ug,V=v>yy:= Aonfllogn}. (2.11)

The following theorem provides a general bound for E |7, |? for all z € D in terms of diag-
onal resolvent entries. To formulate the result of the theorem, we need to introduce additional
notations. Let

1
A(g) := max maxE¢ Im? RY, (2.12)
<1 jeTy M

where J may be an empty set or one point set. We also denote

e _PPAYGR) P b(2)| 7 A% (kp)
P (nuyp (nv)2p (nv)?
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16
where k = To3a-

Theorem 2.1. Assume that the conditions (C1) hold and uy > 2 and V > 0. There exist positive
constants Ao, A1 and C depending on o, ug and V such that for all z € D we have

E|T,|P < CPE),
where 1 < p < Aplogn.
Proof. See [18], Theorem 2.1. U

Proof of Theorem 1.1. By standard truncation arguments (see [18], Lemmas D.1-D.3) in what
follows we may assume that

|X jx| < Dn® foralll <j,k<n

and some D := D(a) > 0.
Applying Theorem 2.1, we will show in Section 3, Lemma 3.1, that there exist constants Hy
depending on uq, V and Ag, A| depending on « and Hy such that
P P P
(n U)P

forall 1 < p < Ajlogn and z € D. This inequality and Theorem 2.1 together imply that

AP (kp) < Hp Im? s(z) +

r
2

CPpPImPsz)  CPp*  CPIb@)|EImEs@)  CPlb)|%p

E|T,|" < 5 7
(nv)P (nv)°P (nv)P (nv)?

(2.13)

with some new constant C which depends on Hy. To estimate E |Im A, |”, we may choose one
of the bounds (2 10) depending on z being near the edge of the limiting spectral interval or not.

If |b(2)|? > (M)p , then we may use the bound

CPEI|T,|P

E[ImA,|P <
1b(2)|P

The r.h.s. of the last inequality may be estimated applying (2.13). We get

CPpPIm? s(z) Ccrp?r Cplmgs(z) Cpplzl
)P b@IP  m*[BEIP T )P bR)IE () b2)|E

E[ImA,|" <

Since |b(z)|? > E’; v’; 5 the last inequality may be rewritten in the following way

CPpPIm? s(z) CPImlzls(z) CPpP
m)PIbIP (qu)P|b(z)|z ()P

E|ImA,|P <
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It remains to estimate the imaginary part of s(z). Since

pyP _
otherwise

Im”s(z) <cP|b)|”  forul <2 and Im’s(z) <~

~b()IP
both inequalities combined yield

C p
E|ImA,” < (—p) :
nv

where we have used as well the fact that c\/y +v < |b(z)| < C/y +v for all |u| <ugp, 0 <

v < v;. We assume now that |b(z)|? < f;:v)i Then Im? 5(z) < % and we obtain a bound

proportional to |7}, | 3, Hence,

C P
E|ImA,|? < CPE|T,|* < (—”) .
nv

Similar arguments apply to E |A,|?. (I
Proof of Theorem 1.2. From Theorem 2.1, we may conclude that

CPpPImPs(z) CPp?r C”Ib(z)lglm%s(z) Cp|b(z)|%p%

E|Tu” < 3 5
(nv)P (nv)°P (nv)P (nv) T

Applying (2.10), we get

CPE|T,|?
E|ImA,|? < ¢
1b(2)|P
This inequality together with (2.13) leads to
CPpPIm? s(z) Ccr p*r CPIm%s(z) Cpp%

E[ImA,|? < 3 7 i )
)P1b@)1P - )PP mu)P|b()|?T  (nv) T |b(2)| 2

Since c/y +v < |b(2)| < C/y + v forall |u| <up,0 <v <vp and

<Ims(z) < forall 2 < |u| <upg,0<v<vy,
N (@) T lu| <ugp 1
we finally get
CP pP CP p2p cr CPps
E|ImA, P < —F P i

+ + -+ : .
nPy+0P 2y +0)5 Pt 4+ ) F 4+ 0)d

This bound concludes the proof of the theorem. (]
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3. A moment bound for diagonal entries of the resolvent

In this section, we prove bounds for the diagonal entries of the resolvent. As mentioned before in
the Introduction and Section 1.2, these bounds will play a crucial role in the proof of Theorem 1.1
and Theorem 1.2. To formulate the main result, we shall introduce additional notations. We
denote

W(z) = Ims(z) + 2, 3.1)
nv
and recall definition of the region D,
]D)::{z:u+ive(C: lu| §u0,V2vao:=A0n_llogn},

where ug, V > 0 are any fixed real numbers and Ag is some large constant determined below.
The main result of this section is the following lemma.

Lemma 3.1. Assuming the conditions (C1) there exist positive constants Co, Hy depending on
ug, V and positive constants Ag, Ay depending on Co, Hy, 5 and K (see the next section for
definition of K) such that for all z e D and 1 < p < Ajlogn we have

maxE|Rjj(z)|p < Cé’, (3.2)
JjeT
- <P, 33
lz+ma@)P ~ O G
rr_1a1%(]EIm‘I7 R;jj(z) < H{ WP (2). (3.4)
JE

Note that the region D and p depend on « via some constants Ag and A only, but the power of
the logarithmic factor in the definition of D is independent of «. We split the proof of this lemma
into two subsections. In the first subsection we prove (3.2) and (3.3). In the second subsection,
we prove (3.4). The proofs are very similar and we shall give the proof of (3.2) in full detail
while only sketching the proofs of (3.3) and (3.4). Note that in the subsequent sections we keep
the notations for the constants Ag, A1, Co and Hy introduced above, but the particular values
may depend on the location.

3.1. Moment bounds for the absolute value of resolvent entries
We start this section with the following lemma which was proved in [18], Lemma 4.1.

Lemma 3.2. Assuming the conditions (C1) there exist a positive constant Co depending on ug, V
and positive constants Ag, A1 depending on Cy, § such that for all z € D and 1 < p < A1 (nv)”
we have

max E|R;x(2)|” < C} (3.5)
J.keT
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and

1 14
— < CO .
|z +my, (2)|P

Proof. See [18], Lemma 4.1. O

Proof of (3.2) and (3.3). Since u is fixed and |u| < ug we shall omit u from the notation of the
resolvent and denote R(v) := R(z). Sometimes in order to simplify notations we shall also omit
the argument v in R(v) and just write R. The same applies to the Stieltjes transform m, (z).

Let 9 =n~"! log% n,then 1 < p < A{(nv)“ = Alogn. Without loss of generality, we may
consider p = Ajlogn only (otherwise one may apply Lyapunov’s inequality for moments). It
follows from (3.5) that

ER;;()|" =cf
maxE[R ;)" < Gy

for all V > v > v. To prove (3.2), we need to descent from v to vy while keeping p = A logn.

1

Applying Lemma 3.3 below with sg := log%_ n we may show that for all v > vy

maxIE|R,~j(v)|p < C(‘;7 log(%fl)pn.
jeT ’

It remains to remove the log factor on the right hand side of the previous inequality. To this aim,
we shall adopt the moment matching technique which has been successfully used recently by
Lee and in Yin in [31] (see Lemma 5.2 and Lemma 5.3). We denote by Yj;,1 <j<k<na
triangular set of random variables such that |Y ;| < D, for some D chosen later, and

EX;-kZEY;k fors=1,...,4.

It follows from Lemma 3.4 below that such a set of random variables exists. Let us denote
WY = ﬁY, RY := (WY — zI)~! and m}(z) := 1 TrRY(z). Then, in Lemma 3.5 we show that
for all v > vg and 5 < p < A logn there exist positive constants Cy, C» such that
E[R;;(w)|" <l + CZE|R§j(u)|”.
It is easy to see that Y, are sub-Gaussian random variables. It follows from Lemma 4.1 of the
following section that
y p p
ERY;)|" <.

This fact concludes the proof of (3.2). Similar arguments yield the estimate (3.3). O

Lemma 3.3. Let Cy be some constant. Assume that for all v/ > v and all 1 < p < A1 (nv)© we
have

1
E|IR (V)P <C? d E—— <C’. 3.6
]IT}(?T(T | Jk(v)| — >0 an |Z+mn(v/)|p— 0 ( )
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Then for all so > 1,v > v/sg we have

<spCé’.

max E|R ()|’ <271 +s9)’C’ and E——nx——
jkeT [Rje()[” <271+ 50) G5 lz+m, )P = °

Proof. We first consider the diagonal entries. Let us fix so > 1 and v > ¥/s¢ and denote v’ =
sov > v. Applying Lemma A.1 and the main assumption (3.6), we get
IR ()|” < 5§ |Rjj(s0v)| < (Cos0)”. (3.7
Applying the resolvent equality
IRk (v) = Ry (s0v)] < vso — D|[R@R(sov)] -

The Cauchy—Schwarz inequality and Lemma A.3 together imply that

IR (v) — Rji(sov)| < \/S_O\/|Rjj(v)| Rk (s0v) .
It follows that
E[Rji()|” < 2" E[Rji(sov)|” "‘21)50177 E2|R ;)| E2 [Rex (so0)|”.
Applying (3.7), we get
E|Rjx(v)|” <27Cl + 2750 Cl <27 (1 + s0)"CL.

Similarly, applying Lemma A.1, (Inequality (A.1)), we arrive at a bound for E
omit the details.

1
[z+mu (V)IP VVDe
Lemma 3.4. Forany A, B € Rwith B > A? + 1, there exists a random variable X such that

EX=0, EXx*=1, EX’=4, Ex*=8B
and
supp(X) € [-DB, DB],
for some D independent of B.

Proof. See [31], Lemma 5.2. O

Lemma 3.5. Forall v> vy and 5 < p <logn there exist positive constants C1, Co such that
ER;xw)|" < C! + CER ()| (3.8)
and

1 P
<Cl + G E

|z +mu ()P~ (3-9)

|z 4 it (V)P
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Proof. We first prove (3.8). The method is based on the following replacement scheme, which
has been used in recent results [9] and [31]. We replace the w matrix entries X, by Yyp, 1 <
a < b < n, thus replacing the corresponding resolvent entries R j; by Rz ¢ for every pair of (j, k).
Let J, K C T. Denote by WK the random matrix W with all entries in the positions (i, v), it €
J, v € K replaced by \%Y wv- Assume that we have already exchanged all entries in positions
(n,v),n € J,v e K and are going to replace an additional entry in the position (a, b),a € T \
J,b e T\ K. Without loss of generality, we may assume that ] = &, K = & (hence WK = W)
and then denote V := W(h{®) The following additional notations will be needed

eaeT a=»b

El@b) _ eae; +ebel, 1<a<b<n,
a’

and U:=W — %E("’b), where e; denotes a unit column-vector with all zeros except jth posi-
tion. In these notations, we may write

1 1
W=U+—=XuE“?,  V=U+ ——=Y,E@?.
MV N

Recall that R := (W — zI)’1 and denote S := (V — zI)’] and T := (U — zD)~!. Let us assume
that we have already proved the following fact

6:C?  O1E|R|P
1 o IRkl

ERjil” =Z(p) + — e, (3.10)

n

where Z(p) is some quantity depending on p,n (see (3.24) below for precise definition) and
|61] < 1, C > 0 are some numbers. Similarly,

LCP L E|Sik|?
2 +2 |]k|

EISjtl” =Z(p) + = S G.11)
where |0;| < 1. It follows from (3.10) and (3.11) that
(1—3—]2)E|Rjk|p§(1—%)E|Sjk|”+2n%p. (3.12)
Let us denote p := (1 — %)(1 — %)_1. We get
bold
EIRjkIPSpIEISjkI”Jrn—;, (3.13)

with some positive constant C1. Repeating (3.13) recursively n(n + 1)/2 times, we arrive at the
following bound

n(n+1) nntl) g

CP
ERjl” <p 2 EIR§k|”+n—§(1+p1+---+pl ). (3.14)
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It is easy to see from the definition of p that for some 6, say |0| < 4, we have

0]

From this inequality and (3.14), we deduce that
EIRjx|” < GE[RY|” + ¢, (3.15)

with some positive constants Cp and C3. From the last inequality, we may conclude the statement
of the lemma. It remains to prove (3.10) (resp. (3.11)). Applying the resolvent equation, we get
form >0

_1\ym+
R=T+ Z , (TE@P)T 4 =D X’”“(TE(“ DY"HIR, (3.16)
n 2
The same identity holds for S
= 1) @byt . D™ by
S= T+Z B (TE@)T 4+ ———y" Y (TE@P)" s, (3.17)
n 2

n=1

We investigate (3.16). In order handle arbitrary high moments of R;; we apply a Stein type
technique which we have used in previous papers [18] and [26]. Let us introduce the following
function ¢(z) := Z|z|?~? and write

E[Rji|” =ERjroR o).

Applying (3.16), we get

1
E[Rj|” = Z (n s E X}, [(TE“”) T] .o (R 1)
n=0

n Z (—1&)“
n=5

B[ (TE) T] R0

(3.18)
+

s EX[(TE) ™ R o Ry
n

= Ao+ A + A.

The bound for A, is easy. It is straightforward to check that [(TE(“’I’))’”“R] jk is the sum of
2"+1 terms of the following type

Tji, Tiyiy -~ Tiyyi Ri e

imim
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where ij =a or iy =b forl =1, ..., m. We may estimate |R,x| or |Rpx| by n, since v > nl.
1
Taking absolute values, applying Holder’s inequality and the bound E<# |T;,,, | < Cy log%_1 n
for some ¢ > 0 (see Lemma 3.3 with s¢ := log%_1 n) we get
1

m+1
n 2

| < — B[ X" [ (TE@D)"TIR] (R 7!

c(k)
_n log®“’ n

- m+1
n 2

1 p—1
E? [Xqp| " TUPE 7 Ry |?,

where c(k) > 0 — some constant depending on k. Using (C1) we may assume without loss
of generality that |X ;| < Dn2=? for some ¢ > 0 depending on §. Indeed, one may choose

¢ = ﬁ. Applying this fact and the last inequality, we may write
Cnlogt®n _p-1
-~ = (P
ol < — 0= B Rl
We now choose m such that ¢ (m + 1) = 4. Applying 2 = % + 2(1’;1) and Young’s inequality, we
obtain
p=l c? E|Rjl?
|A2|SmE P |Rjk|p§—2+4é. (3.19)
I pn n
Let us consider the term A = A; 5+ - - - + Aj,m, Where
A= T g (E@) ] (R =5
Ly = A ) ]jkw( k)5 nw=>5,...,m.
We fix some p > 5 and bound 4 ,,. Let us introduce the following quantity
Tjr = E(R;|@?), (3.20)

where @b .= o{Xst, (s,t) # (a,b)} — o-algebra generated by X, 1 <s <t <mn,(s,t) #
(a, b). We may split A, into a sum of two terms A; , = By + B,, where

(=D*

Bii=y E X4, [(TE“) T o(T0),
(=D* . (a,b)\1 T

By i= —— BX[(TEY) T], [p R0 — o(Tjo).
n

For the first term, we may write

Clogc®p
-

p—1
i EXap|"E 7 |Rjg|?
nz

1 ~
1B1| < — ElXap|" E|[(TE@?)*T] | I Tjel”~" <
nz2
Clogt™n p-t C =1 CcP E|Ry|P

T (1 —2) il? _ ) S|P J
= n2+é(n—=4) E 7 |Rul" = n%+2(p;1) E 7 Rjil” = 2 +t—

n
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Let us introduce the following function

f@) = €0( ik +t(Rjp — jk)), t [0, 1]. (3.21)
It is easy to see that

F)=g®Rjp),  fO)=o(Tj).

Moreover, by Taylor’s formula, for all / > 1,

1
_ FP0) ! -1 £()
f@® = kgzo 7 "+ =1 Eo(1—6)"" ¥ (01), (3.22)

where 6 is uniformly distributed on [0, 1] and independent of all other r.v. It is straightforward
to check that there exists some positive constant K; depending on / such that

O] < Kip' el |Tje+ 1Ry = TP~

Applying (3.22) with r =1,/ =1 we estimate B; as follows
p = & \p=2
Bzl <~ E | Xao"|[(TE“P) T [IR ik = Tjel [Ty + 0R e = Tjo)[".

Using triangular inequalities, we may bound (up to some constant) the r.h.s. of the previous
inequality by the sum |B,| < Z; + Z,, where

I = %Elxabl”![(TE(“ YT IR i = Tl T P72,
n

p ~
Tp = T B X ! [(TE“D) ] IRy = Tyl

n?2

Applying again (3.16), we obtain Z; <Zj1 + - - - + Z14, where we denoted

i —PZ HT E |Xap |+ [(TED) T [(TEP) T |11,
I=1n

Tin —pZ — E|Xap|'E|Xap " E|[(T E(“’b))“T]jk[(TE(“’b))lT]jk|I'T’jklp_z,

I=1n h
1 ~ _
Ti3 = —nt s B Xap P F (TR ] [(TE@D)™R] 00772,
1 ~ _
T4 = —pmr crr B Xap | [(TE@P ) T] | JE(1X0p ™[ (TE)™R] 9002 012,

It is straightforward to check that

b2 CP ERj|?
T < B [Rul? <y =0 2

202

4
np P n
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The term Zj, may be estimated in a similar way. The terms Z;3 and Zj4 can be estimated as
before choosing m sufficiently large. Let us consider the term Z;. Similarly, it may be rewritten
as follows

m

p
Toii= Y~y EXapl 10V E|[(TE@?) 1], [(TE“D) 1], 77,

ut(p—1)
=1 n

m

Tox = 3l Bl B B [T ] [T

p —
I3 = MWE | Xp|" D@D |[(TEC@DY ] [(TED)"R] P
P
Ty = n"*‘wa IXab|“|[(TE(“’b))“T]jk|[E(|Xab|m+1|[(TE(”’b))m+lR]jk||£Dt(“’b))]p_1

We investigate 7,1. We obtain

CeP pP 1OgC(K)pn cP
D = Z 12+6l(p—1) = Y

The same estimate is valid for Z5,. The terms 7,3, Zo4 may be estimated as before choosing m
sufficiently large. Finally, we conclude that

CP  EIRj?

ALl < t 5 (3.23)

n

Let us consider now the term 4. Applying (3.22) withr = 1,/ =5 — u we rewrite Ay as follows

Ay = Z( i E X", E[(TE(a'b))MT]jkgo(Tjk)

0"2

* (- 1)#
Z ZZ'EX“ [(TE“?)*T], Rjx — T;0) 0 (Tj0)

4
(D" 1 b 5—k 4—k
+Z n% (4_M)yEle:b[(TE(a’ ))MT]jk(Rjk_Tjk) (1 —9)
u=0 ’

x 9O (T +0Rjr — Tjp))
=: Ago + Ao1 + Aoz.

Let us study the term Ag;. We may write Ag; = Zi:o Z?:_I’L(—l)“(l!)_llgul. We fix some
w=0,...,4and some [ =1,...,4 — pu. We may apply now (3.16) with m > 4 and get B,; =
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81(3) + BLII) + Bl(j), where

(O
Bul T Z
Mt =l
4204 m i, <4

< E[(TED)T] [ (TEC) T - [(TED) T o ),

TP >

it =l
WA 2+ A m i, >4

x B[(TE?)"T]  [(TEO)T]R - [(TECD) T] o (T50),

[
Cul,...,um EXM+M1+2uz+---+mum
2
Sy

l
Cul ..... Hm EXM+M]+2M2+“'+mﬂm
" M1 2#2 mu ab
natzt et

@ l Ci
B = Z Z “

Umi1=1 pi+-Fum=l—pu1 N2

1r-s Mm+1

1o, 210 (m+D 4

124 (m+1)
X EXI;Z, K122 (m+1)u, +l(p(l) (T]k)

« [(TED Y T] [(TECP)TYS - [(TE) T [(TED )R],

where Cll“ .... jims Are multinomial coefficients. We now introduce in (3.10)
4 4—p
=D~
I(p)=Aw+) Y —; B (3.24)

n=0 I=1

The estimate of B;Lll) is similar to A1, see (3.23). Here, one has to expand <p(l) (T ) at the point

T jk and apply the same arguments as before. To estimate B/(fl) we again expand ¢ (T jk) at

the point T jk. From here on, we may apply the same arguments as for .4; and A> (see (3.23)
and (3.19)) by taking m large enough and bound |R| or |Ry| by n. The same procedure applies
to Apz. We finally get

E[Ri” =Z(p) + ra(p),

where

CcP  EIRjl?
<4+ —.
’rn (P)} =2 + 2
The proof of (3.9) is similar. Let us denote by mf,a’b) (z) the Stieltjes transform of wiah ) 1t is
easy to see that

] 1 ma(z) —m* (2)

= + .
dtmi@ 2 4mi @) @A ma@) @ +m @)
We may use this formula recursively together with (3.16) and get (3.9). We omit the details. [J
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3.2. Moments of the imaginary part of diagonal entries of the resolvent
Lemma 3.6. Assuming conditions (C1) there exist positive constants Hy depending on ugy, V

and positive constants Ao, A1 depending on Hy, § such that forall 1 < p < Aj(nv)* and z € D
we get

H(fpzf’
EIm”R;;(z) < H! Tm” .
r]r_lea% m”R;j(z) < Hy Im” s (z) + )7
Proof. See [18], Lemma 5.1. O

Proof of (3.4). Let o =n~"! log% n,then 1 < p < Ay(nv) = A1 logn. Without loss of generality
we may consider p = Ajlogn only. Using the notation introduced in (3.1) the statement of
Lemma 3.6 may be rewritten (up to constant) in the following way

ma%EImP R;jj(z) < HY pP WP (2) < H{ log? nWP(z) (3.25)
JE

for all V > v > v. To prove (3.2), we need to descent from v to vy while maintaining that p =

1

Ajlogn. Applying Lemma 3.7 below with s¢ := logkl_ n we may show that for all v > vy

maxEIm” R;;(v) < H(f log(%_l)pn\lﬂ’(z).
JjeT

It remains to remove the log factor from the r.h.s. on the previous equation. We may proceed as
before and arrive at the following bound for any j € T

EIm” Rj;(v) < C{WP(z) + C; EIm? RY; (v).
See Lemma 3.8 below. It follows from Lemma 4.2 in the next section that

max E Im” Rzl.(v) < HJWP(z).

jeT O

Lemma 3.7. Let Cy be some constant. Assume that for all vV > v and all 1 < p < A1 (nv')* we
have

ma%EImp R;;(v') < HJ log? nW? (z). (3.26)
JE
Then for all so > 1,v > v/sg we have

nllca)%IEImp Rji(v) < sng({’ log? nW?(z).
J.ke

Proof. The proof is similar to the proof of Lemma 3.3. Applying Lemma A.2 we get

EIm” Rj;(v) <s§ EIm” Rj;(sov) < s§ H) W9 (sov) < sgmg’ log? nW4 (v).
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We consider now the case j # k. Then

1 1
2 n 2
ImRj; = v[RR*]. _vZRzR,k<v(ZIR,1I> <Z|le|2> :

=1

Applying Lemma A.3, we get

Iijk < ,/Iijj ImRy.

It follows that
EIm?” R (v) < 2 H log? nW (v). -
Lemma 3.8. Forall v> vy and 5 < p <logn there exists a constant Cy > 0 such that

E[ImR;;(v)|” < C WP () + E[ImR; (v)|". 3.27)

Proof. The proof of this lemma is similar to the proof of Lemma 3.5. We shall omit the details,
but emphasize some important points. Applying (3.16) with some m > 0 we get

1)
ImR;; =ImT;; + E . —— Xl Im[(TE“?)"*T] .
n=l
(=pm*
m+1

n 2

XZ’b“ Im[(TE@?)""'R] ...

+ JJ

Introduce the function ¥ (x) := x?~! and write EIm” R;; = EImR;;v(ImR};). Similarly
to (3.18), we get

EIm”R;; = Z( D" E X}, Im[(TE“”)"T] .y mR ;)
= n?

+Z( i E X}, Im[(TE“?)"T] .y (ImR )

— ns

=5
| (3.28)
= E X0 Im[(TE@?)""'R] , y(ImR ;)

n

=: Ao+ A1 + As.

+

We shall keep the same notations as in the proof of Lemma 3.5. Let us consider the term Aj.
Repeating the same arguments as in the proof of Lemma 3.5 for the corresponding terms and
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applying ||R|| < v™!, we get

1

m+l
2

Aol <~ E X" Im[(TE@)" 'R 1mP~ IR

log‘n

< o8
— m+1
2

1 -1
Er |Xab|(m+1)pﬂilpT Im? Rj;.

S

v
. 1_ .
Since |X jx| < Dn2 ¢ we obtain that

Clogt®n _p-t
-5 = PR,
iy E » Im”Rj;.

[Az| <

We may choose m such that ¢ (m + 1) = 4. Applying 2 = % + 2(pp—1)’ Young’s inequality and
(nv)~! < W(z), we obtain

CV¥(z) _r=t CPUP(z) EImPRj;
[Az| < mﬂ‘: 7 ImPRj; < 2 + P i (3.29)
nr P

Let us consider .4; and split it into the sum A; = A; 5+ -+ Aj . For an arbitrary 5 < pu < m,
we get Aj , = Bi + B2, where

(=D*

By := —5—E X/, Im[(TE“")"T] .y (mT})),
nz
D pen N 5
By := T E X, Im[(TE“?)"T] . [y (ImR;) — ¢ (ImT ;)]
n

and T j; are defined in (3.20). The term [(TE@D)rT) jj is a sum of 2 terms of the following
type

Tjiy Tiyi -+ Tiyy i, iy s

where ij =a or iy =b forl =1, ..., u. The imaginary part of such a product may be bounded
from above by a product where at least one factor is | ImT;;;,, |. All other factors may be bounded
by their absolute values due to the first statement (3.2) of Lemma 3.1. Applying Holder’s inequal-

ity to this product and Lemma 3.7, we get

< Cp‘-pp(z) n EImPRjj'
- 2 n2

|B1]

By the same arguments we get similar bounds for B, and .Ag. We omit the details. (]
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4. Bounds for moments of diagonal entries of the resolvent in
the sub-Gaussian case

As mentioned in the previous section, we have to bound the moments of the diagonal entries of
the resolvent in the sub-Gaussian case. We denote

D::{z:u+ive©:|u|fuo,Vzvzf)o::Aon*I},

where up, V > 0 are any fixed real numbers and Ag is some large constant determined below.
Comparing with D we allow to descent to Agn~! along v.

We say that the conditions (CG) are satisfied if X j; satisfies the conditions (C0) and have a
sub-Gaussian distribution. It is well known that the random variables & are sub-Gaussian if and
only if E |&|7 = O(pg) as p — 0o. We define the sub-Gaussian norm of & as

11
€1y, :==sup p~ 2 E7 |E]P.
p=1

In what follows, we assume that K := || X ji|ly,.

Lemma 4.1. Assuming the conditions (CG) there exist a positive constant Co_depending on
uo, V and positive constants Ao, A depending on Co and K such that forallz e Dand 1 < p <
A1nv we have

max E|Rjx(2)|” < C} .1)
j.keT

and

L _er
|z +mu(2)|P

The proof of Lemma 4.1 is based on several auxiliary results and will be given at the end of
this section. In this proof, will shall use ideas from [26] and [28]. One of main ingredients of
the proof is the descent method for R ;; which is based on Lemma 4.3 below and Lemma A.1 in
the Appendix, which in this form appeared in [8]. Comparing the result of Lemma 4.1 with [8],
Lemma 3.4, that in the latter the power p is bounded from above by (n v)% , which is non-optimal.

Since u is fixed and |u| < ug we shall omit u from the notation of the resolvent and denote
R(v) := R(z). Sometimes in order to simplify notations we shall also omit the argument v in
R(v) and just write R.

We also estimate the moments of the imaginary part of the diagonal entries of the resolvent.
Recall that (see definition (3.1))

W(z) :=Ims(z) + 2.
nv

To simplify notations, we will often write W (v) and W instead of W (z).
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Lemma 4.2. Assuming conditions (CG) there exist a positive constant Hy depending on ug, V
and positive constants Ay, A1 depending on Hy and K such that forall 1 < p < Ainvandz €D
we get

ma%E|Iijj(z)|p < H(f\l’p(z)-
je

Note that the values of Ap and A in this lemma are different from the values of correspond-
ing quantities in Lemma 4.1, but for simplicity we shall use the same notations. Applying both
lemmas, we shall restrict the upper limit of the moment of order p to the minimum of the two
A7’s and the lower end of the range of v to the maximum of the two Ag’s via v > Aon~!

For any j € Ty, we may express RS.JJD in the following way

@ 1
Rii = an 4.2)
Z+ Zz kety; XikX iRy
(J) (J) @ (@D} @)
Lets +82] +£3] +84] where

@._ Ly . _1 ¥ oxRYD
€1 -—ﬁ Jji &yj = “a Z JhAGIRE ™

I#keTy

1 I .
e == 3 (K- IRY@. ey = (RO —TROD ().

keTy,
We also introduce the quantities A(J) (2) = (J) (z) — s(z) and
1
[6)) I D
0= e Ry
Jj€Ty

The following lemma, Lemma 4.3, allows to recursively estimate the moments of the diagonal
entries of the resolvent. The proof of the first part of this lemma may be found in [8] and it is
included here for the readers convenience.

Lemma 4.3. For an arbitrary set ] C T and all j € Ty there exist a positive constant co depend-
ing on ug, V only such that for all z=u +iv with V. > v > 0 and |u| < ugy we have

IRS)| = co(1 + 792 RSY[+ [ |[RS))) 4.3)
and
1 D)4
D@ CO(I T +m<°”)<z)|>' @4

Proof. See [18], Lemma 4.2. ([l
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Lemma 4.4. Assume that the conditions (CG) hold. Let Cy and so be arbitrary numbers such
that Hy > max(1/V, 6¢o), so > 2. There exist a sufficiently large constant Ay and small constant
A\ depending on Cy, sy, V only such that the following statement holds. Fix some v : vgsg <
U < V. Suppose that for some integer L > 0, all u,v',q such that v <v' <V, |u| <ug,1 <q <
Ar(nv')

@ .14 q
(max, max B[Ry’ (v)[" < C5. 4.5)

Then for all u, v, q such that v/so <v <V, |u| <ug, 1 <g < Ai(nv)

max max E’Rﬁg)(v)‘q < Cg.
J\JI<L—11,keTy

Proof. Let us fix an arbitrary so > 2 and v > v/sg, J C T such that |J| < L — 1. In the following
let j, k € Ty. By an obvious inequality we have

]E|e§f”)|2q <3%(E|e{? 24 +E[ef) + eg.)f" +E|ef£.’|2‘f).

From (CG) and Lemmas A.5—-A.6 we may conclude that

quq quq a.J)
— + ——FEIm? g .
n4 + (nv)4 0 @+ (nv)zq

Ciq°¢

E| SEJ) ’24 <
Applying Lemma A.1 and (4.5), we obtain the following estimate
E[Imm{ (2)]? <sici.
In view of these inequalities, we may write

(CCosp)iq?  Ciq

Ele®D % < . 4.6
e = T G @0
Similarly, we can estimate
@9 1 @) |29 V201 @ |24 2
E|T,”| 5(; > Ele] ) <;ZE|RJJ )| )
Jj€Ty J€Ty
4.7

3 3
_(CCisg)at | (CCoso)q”

(nv)% (nv)?

Applying Holder’s inequality and Lemma 4.3, we write

ERD)[! < Goyt (1 +E2 10 E2 R ) + E2 [ B2 R ()] *).
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Lemma A.l and assumption (4.5) imply E|R;“g)(v)|zq < ngsgq. Hence, we may use (4.6)
and (4.7) to show that

CCos0)™q%  (CCosp)Tq?  (CCoso)iq*
(CCos0)q +( 050) 2 ¢q ( 050)6]> 4.8

|R(J)(v)|q < (3c)q(1 + . :
(nv)4 (nv)2 (nv)?

The off-diagonal entries R;J,? may be expressed as follows

@) D
Rjp=-—+ Z XjR TRy
ZETJ j
Applying Holder’s inequality, Lemma A.1 and assumption (4.5) we obtain

Z leR(J ])

IETJ,

g} IR < (s9Co)7n~4 E>

IETJ]

ERY| <n 3R>

Khinchine’s inequality for sub-Gaussian random variables, Lemmas A.3, A.1 and assump-
tion (4.5) together imply

§ (J]ﬂ )

le'ﬂ‘J,_,-

(CSOCOCI)2

q

1 1
<(C 2 2

Z |R(JI 2

IETJ‘

E3

From the last two inequalities, we conclude the following bound

313,
(CCis)iq’

E|R(J) q
(nv)3

(4.9)

We may choose now the constants Ag sufficiently large, respectively A; sufficiently small such
that (4.8)—(4.9) result in

max JER(.J)U 1<t
jkeTy | /k()| — >0

for1 <q < A{(nv/sp), v=10/s9. O
Proof of Lemma 4.1. We first prove (4.1). Let us choose some sufficiently large constant Cp >

max(1/V, 6¢p) and fix sg := 2. Here ¢ is defined in Lemma 4.3. We also choose Ag and A as
in Lemma4.4. Let L := [logso V/vg] + 1. Since ||R(J)(V)|| <V~-!we may write

max max E|R(J)(V)|p SCg
J:|J|I<L 1,keTy

for all u, p such that |u| <2and 1 < p < A;(nV). Fix arbitrary v: V/sp <v<Vand p:1 <
p < Aj1(nv). Lemma 4.4 yields that

max max E‘R(J)(v)|p<Cp
J:J|<L—11keTy
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for1 < p<Ai;(nV/sg), v = V/so. We may repeat this procedure L times and finally obtain
max ]E‘le(v) |p < Cé’
1,keT

forl <p< Al(nV/sé) < Ai(nvp) and v > V/sé = vg. Thus, we proved (4.1). Similarly one
may prove (4.4). |

The following lemma is the analogue of Lemma 4.3 and provides a recurrence relation for
ImR jj+

Lemma 4.5. For any set J and j € Ty there exists a positive constant C1 depending on ugp, V
such that for all z=u +iv with V > v > 0 and |u| < ug we have

1
mRY (2) < Ci[Ims@)(1+ (|17 |+ 7] [RY) @) + [Ime}” + 1m AP ||RY ()]
1
+ (e + |1,212) MR ()],
Proof. The proof is similar to the proof of Lemma 4.3 and by this reason it is omitted. g

Lemma 4.6. Assume that the conditions (CG) hold. Let Hy be sufficiently large positive constant
and so be an arbitrary number such that so > 2. There exist sufficiently large Ay and small A
depending on Hy, so, V only such that the following holds. Fix some v : vgsg < v < V. Suppose
that for some integer L > 0, all u,v', q suchthat v <v' <V, |u| <up,1 <qg < A;(nv')

@ q
[z, maxElm Ry (v) < Hy ¥4(v). (4.10)

Then for all u, v, q such that v/so <v <V, |u| <ugp, 1 <g < Ai(nv)

IS T R ) 2 HEVT )

Proof. From Lemma 4.5 it follows that
b 3 @ 12
EIm? R} < (CCo)? Im? s(z) B2 (1 + (|&$ |+ |10 7)™
+ (CCp)? E? |Ime§fﬂ) +ImAD |2f1
3(leD D 13\24 2k 124 pd)
+C‘1]E2(}5j ’-}- ‘Tn |2) E3 Im quj .

To estimate E |8;J) |24 and E |T,1(°H) |2 we may proceed as in Lemma 4.4. We obtain the following
inequalities

@.11)

E|e(fﬂ)|zq<32q[cq‘1q (C)ig9  Cig* 1 } C4q1
DI <

nd (nv)? ()2 (nv)X = (nv)4



Local semicircle law 2387

and
1 2 cagt
E[r,P < ¢l (— > ]E|g@)|2‘1) <= 4.12)
n J %
jeTy (nv)

Choosing v’ := sov > v; we may show that 2¢ < Ajnv’. Applying Lemma A.2 and using the
assumption (4.10) we get

EIm* RY) (v) < 5o’ EIm* RY) (sov) < 557 Hy ! W (sov).
Since we need an estimate involving W24 (y) instead of W2 (sqv) on the r.h.s. of the previous
inequality we need to perform a descent along the imaginary line from sov to v. Hence, we again

need to apply Lemma A.2. Choosing suitable constants Ag and Aj in (4.11) and (4.12) one may
show that

H‘l
Elm? R < (CCo)?E2 [Ime” +1m AP | + 70111% (4.13)

Applying Lemmas A.7 and A.6 we obtain

Clq4 . C4q4%4
E|Ims§.ﬂ)|2q < ' b EIm? m,(lj"/)(z) + q2
(nv)4 (nv)%4

which may be rewritten as follows

(Csp)*q9 HY "
(nv)4 (nv)24°

E[me* < (4.14)

To estimate [E | Im Aﬁ[ﬂ) |7 we may proceed as in the proof of Theorem 1.1. We will apply Theo-
rem 2.1 (one has to replace in the definition of (2.12) the maximum over |J| < 1 by the maximum
over |J| < L) and assumption (4.10). Hence,

(Csp)*q1H?
(nv)4 RARTT

E[tm AP [ < (4.15)

Combining the estimates (4.14) and (4.15), we may choose constants Ag and A; (correcting the
previous choice if needed) such that

H(I
(CCo)?E?|Im e < 70\11‘1 (2).
The last two inequalities and (4.13) together imply the desired bound

@ q
]EIqujj sHolI/q. O
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Proof of Lemma 4.2. Let us take any u > 0 and any 0 > 2 + ug, |u| < ug. Furthermore we fix
an arbitrary J C T. We claim that

1
Ims(u +id) > E1111R§.J})(u+iﬁ). (4.16)

Indeed, note first that for all « (and |u| < ug as well)

) 1
ImR (u +i?) < =. 4.17)
)
For all |u| < ug and |x| < 2, we obtain
0 0 1
w2+ - Qrul+o? ~ 2
It follows from the last inequality that
1 2
Ims(u+iv) = — / \/ —x dx>— (4.18)
2w )5 (u— x)2

Comparing (4.17) and (4.18), we arrive at (4.16).
We now take v > max(v, V). Let Hy be some large constant, Hy > max(C’, C""). We choose
50, Ag and A1 as in the previous Lemma 4.6 obtaining

max max EIm? R(J) () < Hj W (z)
JJI=L jeTy

with L = [—log,, vo] + 1. We may now proceed recursively in L steps and arrive at

maxEImq Rji(z) < Hq\Ilq(Z)
jeT

forv>1vpand 1 <g < Anv. O

5. Delocalization of eigenvectors
In this section, we prove Theorem 1.3. The ideas of the proof are similar to [19], Theorem 1.4,
but for completeness we provide the details below. Note that the proof is essentially based on

Lemma 3.1.

Proof of Theorem 1.3. Let us introduce the following distribution function

Foj () := Y fu el L[ (W) < x].

k=1
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Using the eigenvalue decomposition of W, it is easy to see that

Rjj(Z)ZXn: Ju i | :/OO 1 an,(x)
kzlkk(W)—z

00 X —
which means that R ;(z) is the Stieltjes transform of Fy;(x). For any A > 0, we have

max |u]k| <sup(Fn](x+k) F,,j(x))525upAIijj(u+iA). 6.1
u

1<k=<n

To finish the proof, we need to show that with high probability the r.h.s. of (5.1) i 1s bounded by
n~'logn. Let us recall the following notations. We chose an arbitrary 0 < ¢’ < 1. Let X jk =
Xk LIIX ji <Dn2 -4, X]k = X ji 1[I X il < Dn? ¢’]—EX]k]l[|X]k| < Dn> ¢]andﬁnauy
X k= =X ]ko , where 62 :=FE |X 11|2 Let X X and X denote symmetric random matrices
with entries X k> X jk and X jk» respectively. Similarly we denote the resolvent matrices by R R
and R. In this case we have

~ c
P(W #W ,
W#W) < —

where ¢ := 8¢’. Let ug > 0 denote a large constant, whose exact value will be chosen later.
Applying [19], Lemmas A.1, A.2, it follows that

c

P(IWIl = uo) < —-

S
<

In what follows, we may assume that |[W]| <ug and W = W. Then for |u| > 2ugp and v > 0 we
get

1
IRjj(u+iv)| < an,(x)< — <c

/;u() Vix = u)2 + v?

where C is some large positive constant which will be chosen later. It remains to estimate
IR;j(u +iv)| for all —2up < u < 2uy. Denote this 1nterval by Up := [—2uo, 2ug]. By the tri-
angular inequality, we may write |R ;| = |R il < |R il + |R jj — Rjj|. Using the simple identity

R, R = [ROW- W],
we get
IRj; — Rjj| < [W—W]|[e]R],IIRe; .

where €; is a unit column-vector with all entries zero except for an entry one at the position j.
Using Lemma A.3 in the Appendix, we conclude that

P T B et~
IRjjl < IRjj1+ —IW =W/ [Rjj[IR); 1.
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It is easy to see that

plﬁ

~ o~ 1
IW =Wz =3 [EIXl 11X Dz )] <
J.k

We may take v = vg := Cin~!logn, with C; > Ag. Applying the inequality 2|ab| < a® + b?, we
get

sup |R;;| <3 sup |RH| (5.2)

MEU() uel 0

It remains to estimate SUP, er4, |f{ jj(u+1ivp)|. Itis easy to see that
R =W-z)"' = U_I(W - ZO’_lI)_l = (T_IR(O'_IZ). (5.3)
Applying the resolvent identity, we get
R(z) —R(07'2) = (z — 0 '2)R@R(c " '2). (5.4)
Combining (5.3) and (5.4), we obtain

~ - _ - _ |Z|( 1)
R — Ry < (07 = )[Ry (0 1z>|+LJ|R,,<z>||RH< 17)].

It is easy to check that e 1=1< Cn_% and max(|zﬁjj(z)|, |zf(jj (o~ 12)|) < C for some
constant C. Similarly to the previous calculations, we get that

sup |RH|<3 sup |R”| (5.9)

MEM() ueld 0

Note, that the matrix W satisfies the conditions (C1). Applying Lemma 3.1 with p =clogn, we
obtain
s, ER;;u+iv)l? 1
P(IRjj(u +ivo)| > Coec) < ————— < —.
(Coe®)”

We partition the interval L into k,, := n* disjoint sub-intervals of equal length, that is, —2uo =
x0 <x1 <--+ < X, = 2up. Then the Newton—Leibniz formula implies

sup|R”(u+zvo)‘< max sup ‘Rjj(x+ivo)]
uely sk=kn xj_1<x=<xy

Xk
< max }R”(xk 1+zvo)|+ max / }R’jj(u—l—ivo)]du.
1<k <kn <kzkn Jx,_,

We may write

. C
13}(:52/ ]R (u+lv0)|du§m.
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Thus we arrive at

k
. n . C
B( sup [y +ivo)| = 2Coe? ) = Y B(|Rjj(ximn +iv0)| = Coet) < 5. (5.6)
MEZ/{() k=1

We choose now A := vg. In view of (5.1), (5.2), (5.5) and (5.6), we get that there exist C and C|
such that

]P’( max |ujk|2§
1<j.k<n

Cilogn C
)Zl—nz—_d),

which concludes the proof. (]

6. Rate of convergence to the semicircle law

In this section, we prove Theorem 1.4 and Theorem 1.6. We estimate the difference between
F, (resp. E F,)) and G in the Kolmogorov metric via the distance between the corresponding
Stieltjes transforms. For this purpose, we formulate the following smoothing inequality proved
in [22], Corollary 2.3, which allows to relate distribution functions to their Stieltjes transforms.
For all x € [—2, 2] let us define y(x) :=2 — |x|. Given % > ¢ > 0 we introduce the following
intervals J, := {x € [-2,2] : ¥ (x) > ¢} and J,, := J; 2.

Lemma 6.1. Let vg > 0 and % > & > 0 be positive numbers such that

2(V2+ vy <e2.

Assume that F is an arbitrary distribution function with the Stieltjes transform f(z). Then for
any V > 0 and v' :=v'(x) :=vo//¥ (x), x € J., there exist absolute positive constants Cy, C
and C3 such that the following inequality holds

o0
A(F, G) §C1/ |f(u+iV)—s(u+iV)|du+C2v0+C3e%
o0

+ 2 sup

xell,

\%4
/ (f(x+iv) —s(x +iv))dv|.

Proof. See [22], Corollary 2.3, or [26], Proposition 2.1. O
In what follows, we will need the following version of this lemma.

Corollary 6.2. Assuming the conditions of Lemma 6.1, we have

1 x©
Er[af]’ < le E» m,,(u+iV)—s(u+iV)|pdu+C2vo+C3£%
> 6.1)
1 v 14
+CE? sup/ (m,,(x—i—iv)—s(x—i—iv))dv .
v

xel /v
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Proof. The proof is the direct consequence of the previous lemma and we omit it. For details,
the interested reader is referred to [26], Corollary 2.1. O

Proof of Theorem 1.4. We start from the part (i). We proceed as in the proof of Theorem 1.1
in [26]. We choose in Corollary 6.2 the following values for the parameters vy, € and V. Let us
take vy := Agn~'logn, € := (Zvoa)% and V := 4. We may partition J, into k, := n* disjoint
subintervals of equal length. Let us denote the endpoints of these intervals by xx, k =0, ..., k,.
We get =24+ ¢ =x9 < x| <:-- <xx, =2 — ¢. For simplicity, we denote A, (u +iv) :==m, (u +
iv) — s(u + iv) but we will not omit the argument. We start to estimate the second integral in the
r.h.s. of (6.1). It is easy to see that

sup . (6.2)

!
xel,

< max  sup
1<k<kn xj_1<x<xj

v
/ A, (x+iv)dv
vV

/

v
/ A,(x +iv)dv
vV

/

Applying the Newton—Leibniz formula, we may write

sup
Xk—1=X =Xk

=

\4
/ A, (xp—1 +iv)dv
v/

Xk \4
+/ / | A}, (x +iv)|dvdx.
Xp—1 Jv

It follows from Cauchy’s integral formula that for all z = x 4 iv with v > vy we have

1%
/ A, (x +iv)dv
.U/

6.3)

C
|AL(x +iv)| < = <cn’. 6.4)
We may conclude from (6.3) and (6.4) that

v C
f Ay(x +iv)dv + —.
n

.U/

sup
Xk—1 =X =Xk

=<

|4
/ Ap(xp—1 +iv)dv
U/

Applying this inequality to (6.2) together with expectations we obtain

p

< [E max
1<k<k,

P cp

1% 1%
E sup / A, (x +iv)dv / Ay (X1 +iv)dv| + —
XEJ; v v np

(6.5)
kn

=y

k=1

Vi P cp
/ E7 | Ay (1 +iv)|" dv| + —.
v npb

Since x € J ; it follows from Theorem 1.1 that

p
E|An(x +iv)]” < (%) ) (6.6)



Local semicircle law

2393
Choosing p = A1 (nvg) = clogn we finally get from (6.5) and (6.6) that
1
1 v P Ckllog?n C _ Clog?
E» sup/ Ap(x+ivydy| <081 T ZO08 R 6.7)
xel, /v n n n

It remains to estimate the first of the integrals in (6.1). It was proved in [19], Inequality 2.8, that

p+l
1 C P
EF| A+ V)| < 2@ 6.8)
n
which holds for all z=u +iV, u € R. Hence,

© 1 Cp (*® [*®  dudG Clog?
/ ]Ep|An(M+iV)|pdu§—p/ / u sc(x) < ogn
—00 n J-x

< (6.9)
X ((x—u)>+V2r

Combining now (6.1), (6.7) and (6.9), we get

n

2
- Clog n.

n

1
Since E» [A%]? is non-decreasing function of p, the last inequality remains valid forall 1 < p <
clogn. To finish the proof of Theorem 1.4, it remains to apply Markov’s inequality

*1p P 1oo2P
- E[A;] - C?log n. -
- KPP — KpPpp

P(Ay > K)

Proof of Theorem 1.6. Applying Lemma 6.1 with F :=E F,,, we get

o0
An 52/ |IEm,,(u+iV)—s(u+iV)|du~|—C1vo~|—C28%
o0

(6.10)
+ 2 sup

’
xell,

1%
/ (Emn(x—i—iv) —s(x+iv))dv .

Let us take vy := Agn~ !, g := (2v0a)% and V :=4. As before, we denote A, (u +iv) :=m, (u+
iv) — s(u + iv). The bound for the first integral follows from [28], Inequality 3.11

C 2
|EAn(u+lV)| < |S(Z)|
n

This bound gives

o
/ |EAn(u+iV)|du <
o

S|

(6.11)



2394 Gotze, Naumov, Tikhomirov and Timushev

To estimate the second integral we shall use the same arguments as in the proof of Lemma 3.5.
We denote by Yji, 1 < j <k <n a triangular set of random variables such that |Yjr| < D, for
some D chosen later, and

]Exj‘.k:EY;k fors=1,...,4.

By Lemma 3.4 these random variables exist. Let us denote WY := ﬁY, RY := (WY —zI)~! and
mz(z) = %TrRy(z). We will show below that for all j, j =1, ..., n, there exists ¢ > 0 such that

[ERj;(2) —ER}; ()] = —5= (6.12)
and, hence,
y
[Emn () = Emy ()] < —. (6.13)
It follows from [28], Theorem 1.3, that
C C
Em}(z) —s@)| < —5 + —— (6.14)

3 1°
nvi  nivi|zZ—43
Inequalities (6.14) and (6.13) together imply that

C C

C
[Ema(z) —s@2)| = —5 + .

nv#

3 3 1°
niv2|z2 — 4|3

Calculating the second integral in (6.10), we get

Ap =

S| A

It remains to prove (6.12). For every j,j =1,...,n, we do ”(”TH) replacements and corre-

sponding exchanges of R;; by R? i Let J,K c T. We denote by WIK) a random matrix W

with entries ﬁY wv in the positions (u, v), u € J, v € K. Assume that we have already replaced
the entries in positions (i, v), u € J, v € K and want to replace in addition the entry in position
(a,b),a € T\J, b e T\ K. Without loss of generality, we may assume that J] = &, K = & (hence

WK = W) and denote by V := W) Introduce

T T
El@b) _ e.e, +epe,, l1<a<b<n,

eael, a=>h.

and U:=W — %E(“’b ), where e ; denotes a unit column-vector with all entries zeros except in
the jth position. Using these notations, we may write

1 1
W=U+—=XE@?,  V=U+ —=Y,E@?.
+ﬁ ab +ﬁ ab
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Recall that R := (W — zI)~! and denote S := (V — zI)~! and T := (U — zI) . Applying (3.16)
and (3.17) we get

ERjj—ESjj_Z( Dl E[Xx" — Y4 E[(TE“?)" T] .
= n7 Ji
(_1)m+1 m—+1 (a,b) m+1
+ o E X" H[(TE®?) R]jj (6.15)
D" (@,byym+1
?EY” [(TE“?)™S] .

Without loss of generality we may assume that | X ji| < Dn2~% for some ¢ > 0 depending on «.
Choosing m and applying Lemma 3.2 we estimate the third term in (6.15) as follows

C
il = =5

1
e B Xl [T R]
n 2
The same bound obviously holds for the fourth term in (6.15). Let us consider now the first

term and investigate the part corresponding to X,, (the same estimates are valid for the part
corresponding to Y,p)

S ED8 gt JR[(TRC) ],
= ns Jj

It is straightforward to check that [(TE(“’b))“T]j ; is the sum of 2V terms of the following type

T./ilTiliz T

imim

Timj ’

whereij =aorij=bforl=1,...,m. Assume that a and b are not equal to j. Then, the first and
the last terms in the last product are off diagonal entries of the resolvent T. Applying Holder’s
inequality, Lemma A.8 and Lemma 3.2, we get

m

> ElXal BI[(TEP)'T] | <

n= 5”

C
n3toy”

Assume now that a or (and) b are equal to j. The number of configurations of this type is of
order n. Similarly to the previous inequality, we thus obtain the bound

m

> ,LIEIXabI’“‘E|[(TE(“”))“T] | =
u= =512

C
n2+e

Repeating the same steps for all n("'H) pairs of (a,b) we arrive at (6.12) and (6.13) respec-

tively. O
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Appendix: Auxiliary lemmas

A.1l. Inequalities for resolvent matrices
In this section, we collect some inequalities for the resolvent of the matrix W.
Lemma A.1. Forany z =u +iv € C* we have for any s > 1
|R(J)(u +iv/s)| < s|R(“H)(u +iv)
and

1
< %0 (A1)

|u+zv/so+mn)(u+lv/so)| |lu+iv+m, )(u+lv)|

Proof. See [18], Lemma C.1. O

Lemma A.2. Let g(v) := g(u+iv) be the Stieltjes transform of some distribution function G (x).
Then for any s > 1

Img(v/s) <slmg(v) and Img)<sImg(v/s).
Proof. See [18], Lemma C.2. ([l

Lemma A.3. Foranyz=u-+iv e C" we have

- Z RY | < Imm(‘]]) ). (A2)
l kET.]]
Foranyl e Ty
STRDP —1 R (A.3)
kETJ]
Proof. See [18], Lemma C.4. O

A.2. Moment inequalities for linear and quadratic forms in the
sub-Gaussian case

In this subsection, we estimate the moments of ,sg.) for v=1,...,4 (recall the definition (4.2))
in the sub-Gaussian case. It is well known that the random variables & is sub-Gaussian if and

onlyif E|£|7 = O(p%) as p — 00. We define the sub-Gaussian norm of & as

1§11y, = sup p TTET .
])>
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We may conclude that E |£(J)|P < Cp2 n~ 2. The following lemma is the Hanson—Wright in-

equality for quadratic forms, see [30]. The following improved version is due to [34].

Lemma A.4 (Hanson—-Wright inequality). Let X = (X1, ..., X;,) € R" be a random vector
with independent components X; which satisfy EX; =0 and || X|ly, < K. Let A = [ajk];'. v be

an n x n matrix. Then, for every t > 0
<2exp| —cmin , .
K4AlS K2IA]

( > aiX,; Xk—Za]]]EX

j.k=1
Proof. See [34], Theorem 1.1. O

A direct consequence of this lemma is the following result.
Lemma A.5. Assume that X1, ..., X, are i.i.d. sub-Gaussian random variables which satisfy
EX; =0and || X|ly, < K. Then for all p > 2 there exists a positive constant C depending on K
such that

C” CPpr
=t ()

Proof. Applying E|§|7 = p [;° 1P~ P(|§| > 1) dt and Lemma A .4, we get

EleW + PP < 2p ootp‘lz i a ! dt
|82] +s3]| =5 ), exp| —cmin KTROD[2 KIROT]

We may split the last integral in two integrals over the regions [0, [RY:/) ||%”R(J’j) 171 and
[IRTD (2RI~ 0o] obtaining

IpIIRE-D P oo 2 Ay poo b
Ele) +60)” < Pl ||2f pe—cir g 4 2PIRED f P g1
) 0 0

npP npb
CPp% CPpP
<L BmEm$ @)+ L
(nv)2 (nv)P’
where in the second inequality we applied Lemma A.3 and |[RY-D |7 < y~P, O

It remains to estimate & |8(°]])

in the following lemma.

|”. The bound for this term is distribution-independent and given

Lemma A.6. For p > 2, we have
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Proof. See [18], Lemma A.9. O
In order to bound EIm” R; we also need the following lemma.

Lemma A.7. Assume that X1, ..., X, are i.i.d. sub-Gaussian random variables which satisfy

EX; =0and | X|ly, < K. Then for all p > 2 there exists a positive constant C depending on K

such that

E|Ime(J) + Ime(J)|p <—
Proof. The proof is similar to the proof of the previous Lemma A.5. We omit the details. ]

A.3. Moment inequalities for off-diagonal entries of the resolvent

Lemma A.8. Assume that the conditions (C1) hold. Then forall 1 < j <k <nand 1<qg <
24 % there exists a positive constant C such that

E[R ;|7 <
(nv)?

Proof. Consider the following equality
(Z Xiji le )
L€T;

Applying Holder’s inequality, we get

E[R;|4 <n TR gt IR;j[*

Z leR(j)

LeT;

Conditioning, applying Rosenthal’s inequality and Lemma 3.2 we obtain

ERj|9 <C9n~ 2( IR <Z|R(’) ) + qﬂz E2<Z|R(J) 2(1))

1€T; 1€T;

This inequality and Lemma A.3 together imply that
q _q ) _q
EIRji? =Clq2 (nv)~2 4+ q%ps, (nv) 2.
Hence, for 1 <¢g <2+ % we get

E|Rj;|9 < C(nv)~ 3. 0
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