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In the random-effects model of meta-analysis a canonical representation of the restricted likelihood function
is obtained. This representation relates the mean effect and the heterogeneity variance estimation problems.
An explicit form of the variance of weighted means statistics determined by means of a quadratic form is
found. The behavior of the mean squared error for large heterogeneity variance is elucidated. It is noted
that the sample mean is not admissible nor minimax under a natural risk function for the number of studies
exceeding three.
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1. Parameter estimation in meta-analysis: Random-effects
model

In the simplest random-effects model of meta-analysis involving, say, n studies the data is sup-
posed to consist of treatment effect estimators x;,i = 1, ..., n, which have the form

xi=pn+bi+ei.

Here y is an unknown common mean, b; is zero mean between-study effect with variance 72,

72> 0, and &; represents the measurement error of the ith study, with variance al.z, al.z > 0. Then
the variance of x; is 72 + oiz. In practice o; is often treated as a given constant, s;, which is the
reported standard error or uncertainty of the ith study.

The considered here problem is that of estimation of the common mean p and of the het-
erogeneity variance 72 from the statistical decision theory point of view under normality as-
sumption. If 72 is known, then the best unbiased estimator of w is the weighted means statistic,

Popt =2 a)?xi , with the normalized weights,

1 1 \!
0
w; = E , 1.1
! rz—l—siz( 12~|—s,%> (.1

k

> @Y = 1. Its variance has the form

1 -1
Var(flop) = [Z —2] :
— 12 +5;
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When 72 is unknown, to estimate  the common practice uses a plug-in version of Ropts

-1
N X 1
= : 1.2
fipg = #2152 <Z 72 +S,~2> (1.2

i i

so that an estimator 72 of 72 is required in the first place.
Usually such an estimator is obtained from a moment-type equation [15]. For example, the
DerSimonian-Laird [3] estimator of 72 is

2 (i —8ap)2s;t—n+1
DL = ;) —4 )
s =i /2D
with dgp = ) _;s; 2x; /i 2 denoting the Graybill-Deal estimator of . The popular

DerSimonian—Laird p-estimator is obtained from (1.2) by using the positive part of f]%L.
Similarly the estimator of 72,

b i === 1Y s n
g = )

n—1

leads to the Hedges estimator of 1.

The paper questions the wisdom of using under all circumstances the tradition of plugging
in 72 estimators to get  estimators. Indeed the routine of plug-in estimators may lead to poor
procedures. For example, by replacing the unknown 72 by 2 in the above formula for Var(fLopt)
one can get a flagrantly biased estimator which leads to inadequate confidence intervals for .

A large class of weighted means statistics is motivated by the form of Bayes procedures de-
rived in Section 2.2. These statistics which typically do not admit the representation (1.2) induce
estimators of the weights (1.1) which shows the primary role of p-estimation.

The main results of this work are based on a canonical representation of the restricted likeli-
hood function in terms of independent normal random variables and possibly of some y2-random
variables. An important relationship between the weighted means statistics with weights of the
form (1.1) and linear combinations of x’s, which are shift invariant and independent, follows
from this fact. Our representation transforms the original problem to that of estimating curve-
confined expected values of independent heterogeneous x2-random variables. This reduction
makes it possible to describe the risk behavior of the weighted means statistics whose weights
are determined by a quadratic form.

We make use of the concept of permissible estimators which cannot be uniformly improved
in terms of the differential inequality in Section 2.3. This inequality shows that the sample mean
exhibits the Stein-type phenomenon being an inadmissible estimator of u under the quadratic
loss when n > 3. A risk function for the weights in a weighted means statistic whose main pur-
pose is p-estimation is suggested in Section 2.4. It is shown there that under this risk the sample
mean is not even minimax. Section 2.5 discusses the case of approximately equal uncertainties,
and Section 3 gives an example. The derivation of the canonical representation of the likeli-
hood function is given in the Appendix; the proof of Theorem 2.1 is delegated to the Electronic
Supplement [16].
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2. Estimating the common mean

2.1. Restricted likelihood, heterogeneity variance estimation and quadratic
forms

The setting with the common mean y and the heterogeneity variance 72 described in Section 1
is a special case of a mixed linear model where statistical inference is commonly based on the
restricted (residual) likelihood function.

The (negative) restricted log-likelihood function ([17], Section 6.6) has the form

= Ly G 5004 2) o3 -
214 t2+s? - ! irz—i—siz '

It is possible that some of sl.2 are equal; let sl.2 have the multiplicity v;, v; > 1, so that Y v; =n.
Then with the index i now taking values from 1 to p,

(i — Du?

1 Vi (Xi — flop)? 9 ( V; ) ]
L= P LN yilog(r? +s2) +1o — )y =
2[21: w2457 Xi:l B(r o s7) + log erz+s,.2 Z 2+ 57

Here, p denotes the number of pairwise different siz, Xi = ka:si Xi/vi represents the av-

erage of v; x’s corresponding to the particular sl.z,i =1,...,p, and utz is their sample vari-
ance when v; > 2. To simplify the notation, we write x; for X;, so that fiope = ), v; (2 +
siz)_lx,-/ > i (2 + siz)_l. In our problem x = (xp, ..., x,) and “12 = Zk:.vk:vi (xx — %)/ (i —

1), v; > 1, form a sufficient statistic for x and t2.

Throughout this paper, we assume that p > 2. Otherwise all p-estimators reduce to the sample
mean (but see Section 2.5 where 72-estimation for equal uncertainties is considered). The results
in the Appendix relate the likelihood function £ to the joint density of p — 1 independent normal,

zero mean random variables yi, ..., y,—1. The (p — 1)-dimensional normal random vector y =
(6 P y,,_l)T which is a linear transform of x has zero mean (no matter what w is) and the
covariance matrix, diag(r2 +£2,.. .2+ 62;71)’ with tlz, el t12;71 larger than rninsiz.

To find these numbers, we introduce the polynomial P (v) =[], (v + siz)"f of degree n, and its
minimal annihilating polynomial M (v) = []; (v + sl.z) which has degree p. Define

P’ (v)
P :Zi:v,- 1_[ (v—i—s,%). 2.1

k:k#£i

Q) =M(v)

Thus Q is a polynomial of degree p — 1 which has only real (negative) roots, denoted by

—tlz, —ti_l (coinciding with the roots of P’ different from —sf, e, —s,z,). Thus Q(v) =

A INCES t}). Note that M(—z}) #0.Whenv; =1, M(v) = P(v), and Q(v) = P'(v).
According to (2.1),

X:log(r2 + Slz) + log(z Jﬁ) = leog(f2 + tjz) + logn,
i i j

i
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so that by using (A.8) one gets

1 V3
EZE[XJ:r2+t2+ZIOg )

+Zu +Z(v, — 1)10g(r + 5 )+logn]

- r2+s

(2.2)

The representation (2.2) of the restricted likelihood function very explicitly takes into account
one degree of freedom used for estimating ., as it corresponds to p — 1 independent zero mean,
normal random variables y; with variances 2 4+ tf, j=1,..., p—1.In addition, this likelihood
includes independent uiz, each being a multiple of a x2-random variable with v; — 1 degrees of
freedom. When v; > 1, ”,2 is an unbiased estimator of 2 + sl.z, ”,2 ~ (124 siz))(‘i_1 /(vi —1). For
v =1, ulz = 0 with probability one. According to the sufficiency principle, all statistical infer-

ence about 72 involving the restricted likelihood can be based exclusively on ylz, cee yi_l and
u%, ey u%, Their joint distribution forms a curved exponential family whose natural parameter

is formed by (% + t]?)—l (and perhaps by some (2 + siz)_l).

Evaluation of the restricted maximum likelihood estimator (REML) 72 is considerably facil-
itated by employing ylz, ey yﬁ_l and u%, ey u%. Indeed (2.2) shows that this estimator can be
determined by simple iterations as

2_42 22
N yi—oG (vi—l)(ui—si)> ( 1 v — 1 )
T _@ <f2+f.?>2+,z (B2 +57)2 / ;<f2+t%>2+,z<f2+s3>2

with f]%L as a good starting point, and truncation at zero if the iteration process converges to a
negative number. Thus, 77 is related to a quadratic form whose coefficients are inversely propor-
tional to the estimated variances of yjz — t]? and of ulz — si2 (cf. [4], Section 8).
The form of the likelihood function £ also motivates the moment-type equations based on
general quadratic forms, ) i4j yjz +> (v — l)r,-ui2 with positive constants g, r;. The moment-
2

type equation written in terms of random variables ylz, e, y;q and u% P is

E[quy]z + Z(Vi - l)r,-uiz] = [Zq./ + Z(w - 1)r,':|r2 + qut]z- + Z(Ui — Dris?
j i j i j i

Then the estimator of 2 by the method of moments is

2 X qjF = 1)+ ;v = Driuf —s7)
a 2 q;+ 2 i = Dri '

Unless 72 is large, the probability that 72 takes negative values is non-negligible. Non-negative
statistics f}r = max(£2, 0) are used to get p-estimators of the form (1.2).
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The representations of two traditional statistics in Section 1 easily follow,

D tj—zyf. + 3 = Ds U —n+ 1
S = D

DL =

and
22 _ X507~ D+ X = D —5)
2
n—1

A different method-of-moments procedure suggested by Paule and Mandel [12] is based on
solving the equation,

i (xi — [1)? vi — Du?
Z\}l(-xl I’L) +Z(l ) i :n—l,
i

- 12457 12457

which has a unique positive solution, 72 = fl\z/u,, provided that ) ; v; (x; — )?GD)zsi_ 24 i —
l)uizsi_2 > n — 1. If this inequality does not hold, fI%,IP = 0. Because of (A.8), the equation can
be rewritten in terms of y’s and #’s as

2 2
Yi (vi — Du;

E + E =n—1.
2413 2 + 57

This representation allows for an explicit form of ff,ﬂ, in some cases.
Indeed, whenn = p =2, ff,lp = f[z)L = fﬁ = max|[0, y% — tlz], which is also the REML. When
n=p=3,y}/t}+y3/13>2,

O k  1eas R  d G2 1O
MP 4 ) 4 2 4 ’

We conclude this section by noticing that the widely used heterogeneity index I ([1],
page 117) in terms of y’s and u’s takes the from

2 th]._zy]2.~|—2i(vi - l)si_zuiz—n—{—l

0<1%<1.
-2.2 -2 2 ’ -
it yj—i-zi(v,-—l)si u;

2.2. Weighted means statistics and suggested estimators

Let us look now at the generalized Bayes estimator of u when A is a prior distribution for 72
while u has the uniform (non-informative) prior. Under the quadratic loss this estimator has the
form with £ given in (2.2)

_Jo” Boprexp{—LYdA(r?) N
' fooo exp{—L}dA(2) Za)lx,. (2.3)
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Thus 6 is a weighted means statistic with normalized weights, w; o v; fooo (r2 —i—sl-z)’1 D vk(t2 +
s,%)_l]_lexp{—ﬁ}dA(tz), > iw; = 1, which are shift invariant, w;(x; +¢,...,x, +¢) =
w;(x1, ..., xp) for any real c. (Any function of yi, ..., y,—1 is shift invariant.) Indeed the use
of restricted likelihood is tantamount to the practice of weighted means statistics with invariant
weights as u estimators. (cf. [17], Section 9.2).

Formula (A.10) in the Appendix gives

) I (@ + 1) exp{—L}dA(?) .
=i I T B PR
J

J

with y; discussed in Section 2.1. Positive coefficients b; (the diagonal elements of the diagonal
matrix ATJ 1A defined in Lemma A.1) can be found from (A.3) or rather from (A.11); w jis

the posterior mean of (t2 + t}?)—l,

wj = —212 logk(ylz, e, ylzj_l, u% e ui)
dy ;
with A = fooo exp{—L} dA(rz). Thus positive w; is designed to estimate (12 + tjz)_l, w;j < tj_z,
and as a function of y%, w; decreases. The inequalities, tjz < tgz, and w; > wy, are equivalent.

If p > 2 and the support of A has at least two points, § does not admit representation (1.2)
which suggests a more general class of w-estimators. Namely, we propose to use weighted
means statistics § = ), w;x; with weights w; =1/p — Zj w;A;j. The Bayes weights belong
to a smaller part of this polyhedron, namely to the convex hull of the vectors with coordinates

(r2 + tlz)’l, e (r2 + tf’f])’1 for 72 > 0. If 72 is an estimate of t2, the weights corresponding
to (1.2),
= ! 2.4
YT e ey
j
lie on the boundary of this convex hull. A corner point, (¢ 2, e t;fl), of the convex hull always

is an inner point of the polyhedron.
Thus the focus in this paper is on estimators § of p, which admit the representation,

S:Zwixizi—Z@wjyj (2.5)
i J

withw;,0 <w; < t;z, y; and b; as defined above. The last term in the right-hand side of (2.5)
can be viewed as an arguably necessary heterogeneity correction to x.

Notice that (2.5) does not need an estimate of 72 as a prerequisite. Since w; is an approxi-
mation to (7% + tjz)_l, when 1 = p, the form of the REML 72 in Section 2.1 suggests such an

estimator: [ w? v — t]z)]+ /> w?. If some of the multiplicities exceed one, an estimator of
(2 + sl.z)’l can be derived from w; by replacing tjz. by siz. According to (A.10), fiop as well as
X, has the form (2.5). In fact, all traditional statistics (1.2) admit this representation.
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2.3. Estimation of multivariate normal mean and permissible procedures

We look now at the quadratic risk behavior of p-estimators of the form (2.5). If § = ), wix;
is such an estimator with positive normalized weights w; which are shift invariant functions of
X1,...,Xp, then it is unbiased. Its variance does not depend on y and can be written as

~ ~ 2 Vi ! ~ 2
Var(8) = Var(flop) + E (8 — flopt)” = [Z fz—ﬂz} + E(8 — flop) (2.6)
i i

by independence of [iope and § — fLopt. This and more general decompositions of the mean squared
error are discussed by Harville [5]. The second term in the right-hand side of this identity is an
important variance component which shows how well § approximates the optimal but unavailable
fLopt, and which relates our setting to the classical estimation problem of the multivariate (p — 1)-
dimensional normal mean.

Proposition 2.1. If the coefficients w; = w); (ylz, e ylz)_l, u%, e, ui) defining the estimator
(2.5) are piecewise differentiable in y’s, then

Var(8) = Var(flop) + ij Ey‘/2~ <wj h 7:2——i—t2>
; J

=Var(i)+Eij(fj2 —2aiy_f,~>,
j ./

where f; = y;w;. When p > 3, X is an inadmissible estimator of |1 under the quadratic loss.

The omitted proof of Proposition 2.1 is based on (A.10), (A.11), and on familiar integra-
tion by parts technique. It demonstrates linkage of our situation to the differential inequality
of a statistical estimation problem [2]. Namely, if for some vector 6, Y ~ N,_1(6,I), then
> bj(f} —28f/dy;) is an unbiased estimate of Y- ;b E(Y; + f;(Y) = 0))> = 3 b;07.
Therefore Y + g(Y), g = (g1, ...,g,,_l)T, improves on Y + f(Y), f = (f1,---, f,,_l)T, as a
6-estimator provided that for all values Y1,...,Y, 1,

a a
;bj<fj2—2a—ijj)z;bj(gjz—Za—ngj) @7

Following [13], let us call a (piecewise differentiable) vector function f permissible if (2.7) does
not have any solutions g providing a strict inequality at some point. Thus, ¥ + f is a permissible
estimator of the vector normal mean 6 if and only if the corresponding scalar p-estimator, x —
> j Vb ; fj» cannot be improved upon in the sense of differential inequality (2.7). Since for p > 3,
f =0 is not a permissible function, the sample mean x is inadmissible in the original setting.
Indeed the left-hand side of (2.7) is negative for ff =y, wf, wf =(p-3)/(b;) yg/bg) proving
this statement.
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The differential operator in (2.7) does not involve #’s or s’s, but in our problem only functions
fj such that |f;] < |y.,'|tj_ and fj/y; > 0 are of interest. Since (2 + t2) ! is positive and

cannot exceed tj_z, according to the first equality in Proposition 2.1, w; can be improved by
max[0, min(w;, tj_z)].
The proof of Theorem 1 in [2] shows that any permissible w; in our situation is of the form

d 1
w; =max| 0, min[ ——— logA, —
’ [ < oy tf)]

with some piecewise differentiable positive function A = A(yl, e yp 1 u% ... 2) When
n = p and A = A(q) for a positive quadratic form g = Z qjyl ,qj > 0, one gets w; =
min[—gq;(log1)' (), 1 2]. If there are multiplicities exceeding one, the quadratlc form ¢ is to

be replaced by ¢ = Z,’ qjy/. + (v — 1)r,-ul. . For example, the function, A(g) = ¢~ %, a > 0,
leads to the estimator (2.5) with
. [ g 1] 28)
w; = min ,—= | .
! Y0 qey? + i — Driu?’ 12

The statistic ijS = min(w 2) corresponding to g; = b "' =p—3, whenn = pis
similar to the positive part of the Stein estimator of the Vector normal mean which improves
over Y. However, 1n the meta-analysis context it is desirable having the coefficients g; of the
same ordering as 1 2, and this condmon may not hold for g; o b !, As a matter of fact, despite
doing better than w i =0or wS e the weights wjj $ do not produce a good estimator of u. The
same is true for many other procedures (2.8) satisfying condition (2.10) of Theorem 2.1 in the
next section. This theorem shows that if p <3 < n, X is an inadmissible estimator of x although
the function f = 0 is permissible then.

2.4. R-risk and asymptotic optimality

According to (2.6) the variance of estimator (2.5) is completely determined by the term, E(§ —
;lopt) which can be interpreted as a cost of not knowing 72> when estimating /1, or as a new risk
of & viewed as a procedure providing approximations to (2 + t2) lj=1,...,p—1. More

conveniently, with 52 = =) ;s lz/n define

EG = fiop)® EY, (@i — of)xi]?

R(5,7%) = =
(.7 Var(x) — Var(fiop) — (t2+52)/n —[>; vi/ (2 + )]~

to be the R-risk of §. Because of (A.10) and (2.5), the ensuing random loss function has the form,

(8 — fop)” X, =1/ +r2))2bjy,
@2 +s)/n=[ /@ +sPIT b/ @2+ 1)

L(S, 12) =
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This loss is invariant under a scale change of y;, 7, ¢; (or of x;, 7, 5;). For 72 > 00,

2 2 —1 2 272
T2+ _[Z Vi i| Y oivi(sy —s%)

n 252 n27?

3

i

so that the normalizing factor in the definition of L amplifies the error in approximating fiop
when 72 is large. The results of this section show that for estimators § satisfying conditions of
the following Theorem 2.1,

- - A 2 2 452 1
Var(§) = Var(x) + [Var(x) — Var(,uopt)] [R((S, T ) — 1] = " + O(ﬁ)
when 72 — oo. Thus, Var(x) = ('L’2 + sz) /n is the dominating contribution to the variance of §
when 7 is large. The R-risk is a useful tool for the comparison of estimators (2.5), as unlike the
normalized quadratic risk, E(§ — M)z / Var(x), it removes this linear in 72 term.

If 8 = fiplug With an invariant £2, then R(fiplug, 72) can be interpreted as a conventional risk
of the estimator 72. However under this risk large values of #> are not penalized very much no
matter what 72 is. Indeed 72 is not designed to estimate 72 itself, but rather (2 + t]?)—l estimates
2+ tjz)_1 (cf. [11], page 329). When n = p = 2, the estimator x, which corresponds to 2=
00, is even admissible which of course cannot happen for any unbounded loss function. This
circumstance explains why an estimator 72 may have a large quadratic risk, while the associated
estimator fiplyg in (1.2) has a small variance. That phenomenon is known to happen in the case
of the DerSimonian—Laird procedure [6].

The estimator ¥ has a constant risk, R(¥,t%) = 1, which raises the question of its R-
minimaxity, i.e., if infs sup,2 R(S, rz) = 1. In contrast, for the Graybill-Deal estimator, R(5gp,
) = Y b +1H 7 M/[X bj(e? + 1371, so that its R-risk, which vanishes when
72 =0, grows quadratically in 72. The next result gives a large class of estimators with bounded
R-risk improving on x when n > 3.

Theorem 2.1. Under notation of Section 2.1, let forn > 3, g = Zj qj yjz +> i — 1);",'141.2 bea

quadratic form with positive coefficients q;, r;. If § has the form (2.5) such that for g — 00, w; ~
aj/q,0 <aj < oo, then

1
lim R(5,73)=1——— b;

200
x [2a~E g —a’E g } (2.9)
j ' ‘
ZZQZZ%'i‘Zi riXEI.,1 ! (quZZ%"FZi riXSl.,l)z
2

> 9

“n—1
where independent standard normal z\, ..., z,—1 are independent of )(3171, ey Xfp—l' Equal

coefficients q; = r; (and only they) provide the asymptotically optimal quadratic form. If q; =



1988 A.L. Rukhin

ri = 1, the optimal choice is aj = n — 3. The sample mean X is not R-minimax, any estimator
(2.5) with weights (2.8) improves on it if

PSRN, BV B 2.4
min[min; ¢5¢7, min;.,,>2 17571 bjq;
0<a<2(n-—3) e = L

(2.10)

2.4
max[max ; q;it;s

max; .y, >2 1757 ] > qujz-.

Theorem 2.1 shows that the traditional weights (2.4) with 72 = g/a are not asymptot-
ically optimal unless the quadratic form ¢ coincides (up to a positive factor) with ¢*° =
Zj yjz. + i — l)ui2 = ;vilxi — 02+ > — l)ul.2, and « = n — 3. Only then (2.9) is
an equality. Thus, the Hedges estimator for which @ =n — 1 and R(dy, 12) ~2n— 3)_1, is not
asymptotically optimal albeit its performance is the best when 72 is large. For the Mandel—
Paule estimator from Section 2.1, as well as for the REML, (2.9) also holds with the same
quadratic form and the same «. The DerSimonian—Laird estimator is defined by the quadratic
form ¢° = Zj y]2./tj2. + i — 1)“1'2/Si2 witha =3, z‘j_2 +> (i — l)si_z. Therefore, these
three statistics are not optimal for large 72 either.

The case when n = p =2 was studied in [14]. Then x is admissible (so that it is automatically
minimax under R). Any estimator (2.5) has the form (1.2) with some 2= fz(y%), and its R-risk
grows linearly in 7,

V2 [ yidy

Vo (245220

Forn=p=3,as 1> — o0, R(8, 7%) ~ Clog t? (see Electronic Supplement). By analogy with
the Stein phenomenon, admissibility of the sample mean when n = 3 is expected.

R(8,7%) ~

2

2.5. Equal uncertainties and minimax value

When n > 3, the minimax value, infssup,2 R(3, rz), (which does not exceed one since
R(X, %) = 1) cannot be smaller than 2(n — 1)~!. Indeed for any estimator §,

supR(S, ‘172) > lim sup R((S, 1:2) >

72 2500 n—1

This fact can be proven by constructing a sequence of proper prior densities for 72 such that the
corresponding sequence of the Bayes R-risks converges to 2(n — 1)~!.

Thus for large 72, the estimators (2.5) with ¢*, @ = n — 3, cannot be improved upon. The
most natural of these statistics, say, §; has the form (2.5) with

1 o (n—=3 1
w; =min < 3 ) 2.11)
q 1

Another modified Hedges estimator, 8y, has the form (1.2) with 2 = (n —3)"1[¢® =} j ;]2 -

> i — l)si2]+ and also is asymptotically optimal although in general its performance is worse
than that of (2.11).
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If 3", vi(s? — s2)2 — 0, so that all tjz and s? tend to s> =Y, vis?/n, w; (v) > w(v),

o 1 2 v
R((S, T2) — (T2 +S2)2/0 |:UJ(U) — 1_2—_|_S2i| dGn+1 <‘[2——|—s2)

Here and further Gy is the distribution function of x2-law with k degrees of freedom. Thus if
si2 ~ 52, our problem is that of estimation of the reciprocal of the scale parameter o = 2 + 52
under the restriction, o > s2. The “data” v in this problem is Xz—distributed, v~oO X,f iy and
the invariant loss function, 02(w — 0’_1)2, corresponds to the R-risk. Then the minimax value,
2(n — 1)~L, is the same as in the non-restricted (s = 0) parameter case [8]. As in unrestricted
scale parameter estimation, the generalized prior, do /o, 0 > s2, or d‘l,'z/ (r2 + s2), provides a
least favorable distribution. See also [9] for more general results.

Thus in meta-analysis problems with s? exhibiting little variation, the minimax value is ex-

pected to stay close to 2(n — 1)~!. Indeed when w(v) = min(av ™!, s‘z), &= oesz/(r2 + s2),

4

2
R(5, ) > 1 - (1 B %)GM@) 2001 -Go1€) | @*(1=Gr3(®)

n—1 n—DHm-=3) °

(2.12)

The formula (2.12) shows that the estimator (2.11) is minimax unlike 8,,g for which w(v) =
{lv—(—1Ds?l4/(n —3) + 2.

The DerSimonian—Laird rule, wpy (v) = {[v — (n — Ds?]1/(n — 1) + s} L a =n — 1, co-
incides in this situation with the REML and the Hedges estimator. For the proper maximum
likelihood estimator of (t2 + s2)~!, « = n + 1. None of these procedures is minimax which
indicates that their good properties in meta-analysis may be attributable to a large number of
individual studies (large n) or to lack of interest in high heterogeneity (small 7).

Figure 1 shows the graphs of the R-risk in (2.12) when s2 = 1. It suggests that the estimator §;
performs quite well for small/medium #»’s. Indeed this estimator is better than other procedures
except for small 72 in which case Spr. dominates 8y (at the price of higher risk for larger values
of 72).

3. Example: p =2
When there are only two different values S12 and s22 with multiplicities vi and vy, n = vi + vy > 3,

2 2
2 V25 +vis5

2
=1 = ,
1 n
2 2
viva(sy —s3)
An=-Ay=—7>5—-,
n
2 2N\2
viv2(sy — 85)
bj=b=——1_"27

n3
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Figure 1. Plots of R-risks of estimators corresponding to §py, (dash-dotted line), 8y (line marked by
diamonds) and §; (line marked by %) when n = 5 (left panel), and of the same risks when n = 15 (right
panel). The straight line depicts the minimax value 2(n — 1)_1.

and if s12 > s%,
o vix —x2)
yr=y —ﬁ .

Any estimator (2.5) has the form (1.2) for some 72,

Xt viva(s? — 53)(x1 — x2)

P
2 n2(32 +12)

For 81, 2 = [(n —3)"1¢® = 214, ¢> = y*> + (vi — Du? + (v, — Du3. The modified Hedges
estimator 8y with £2 = (n —3) "' [¢>® — 12 — (v — 1)s12 — (v — 1)s§]Jr typically has its R-risk
at2=0 larger than that of §;. (The exact condition for g to have a smaller R-risk at 2=0
than &7 is: n > 5, and if v{ < vy, then vi <n(n —4)/2n —95), [n(n — 1) —v1(2n — 5)]s§ >
[n(n —4) —v1(2n — 5)1s7.)

The R-risk of 8; at t2 =0 can be larger than 2/(n — 1). Indeed

*® /n-3 2
R(81,0) =/ < — 1) dF (1),
(

n—3) v

where F (v) is the distribution function of #? x7 + sfxfl o+ s%xfz_l. With a = t2/[t6s12(”‘71) X
sg(vz_l)]l/("“), according to the Okamoto inequality [10], F(tzv) < Gu4+1(av). Thus, since
[((n=3)v ! =1]isan increasing function of v, v >n — 3,

® /n-3 2
R(61,0) >/ ( — 1) dGp41(av)
¢

n—3) v

=1-Guyi(a(n —3))
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201 =3)all = Gy (aln — 3))]
n—1

(n —3)a’[1 — G,_3(a(n — 3))]
+ .
n—1

This inequality shows that R(61,0) > 2(n — DL, if a < ag < 1, where ag = ag(n) is mono-
tonically increasing to 1 in n,ap(4) = 0.637...,a0(10) = 0.798... For small a, §; cannot
have its risk at the origin smaller than 2(n — 1)’1. For example, when n =4,v; = 1,v, =3,
R(31,0) <2(n — 1)~ if and only if s/s3 > 0.173..., i.e.iff a > 0.679....

The DerSimonian-Laird estimator Spy, with 23, = (¢ —n+1)4/(1/t* + (v — 1) /s? + (v —
1)/s3),q° = y2/t2 + (vi — Du?/s? + (v — Du3/s3, has its R-risk at 72 = 0 of the form

(e.¢] 1 2
R(p1,0) = —1] dG
(801 0) /(,,1)[1+K—1<v—n+1) } 1)

with k = 14+ 22[(v — 1)/s? + (v2 — 1)/s2].
For the estimator §p defined by (2.5),

—1 1
UJ? =m1n<n—0, 1)—2,
q ¥

so that 72 = %[¢%/(n — 1) — 1]4. Its risk at 72 =0,

*® /n—1 2
R (80, 0) =f ( - 1> dG41(v),
¢

n—1) v

is always smaller than that of §;.
But & is also competitive against dpr.. Indeed R(8p, 0) < R(dpL,0) if and only if x <n — 1,
that is, iff

(n—Ds? (1 —Ds?  vnmn-2) n
. 2 < — 2 —
V1S5 V28] n Viv2

Thus provided that vy, v, > l,sf/s2 ~ /(v — D1 /[(va — Dvy], 8¢ improves upon Spr. for
small 2. If, say, v; = 1, this domination means that sl2 < s22. Thus, when one study reports
a smaller uncertainty than all other studies whose standard errors are approximately equal, §
improves upon the DerSimonian—Laird estimator for small 72.

However, there is no uniform domination as the condition, k < n — 1, means that for large
72, R(89, t%) > R(8pL, 72).

4. Conclusions

Author’s attempt was to give a perspective of a meta-analysis setting from the point of view of
the statistical decision theory. Although concepts like admissibility or minimaxity have not so
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far generated much interest among meta-analysts, there is a realization that different desirable
qualities of the employed procedures call for different loss functions. The quadratic loss for the
mean effect estimators from a wide class leads in a natural way to the R-risk suggested and
studied in this paper. This risk strongly recommends against the use of the sample mean as a
consensus estimate which still happens in some collaborative studies.

Moreover, the R-risk questions well recognized excellent properties of the DerSimonian—Laird
estimator Spr, in the situation when s; are almost equal, or when one study claims a high precision
while all other studies report larger uncertainties which are about the same. The unsatisfactory
performance of the Graybill-Deal estimator §gp is well known in the latter case. It is of interest
that 8y improves on the DerSimonian—Laird estimator for moderate/small 72. Inference on the
overall effect can be obtained before the heterogeneity variance is estimated, but even in the
simplest cases considered here there is no unique rule dominating all others.

This paper is dedicated to the memory of George Casella who was always interested in impli-
cations of the statistical decision theory results to practical estimation problems [7].

Appendix

A.1. Partial fraction decomposition and weighted means

Let e denote unit coordinates vector whose dimension is clear from the context, and put J =
diag(vi,...,vp), S = diag(slz/vl, el slz,/vp). In the used here notation of Section 2.1 the vector

x has the diagonal covariance matrix, C =72J ! + §.

Lemma A.1. For any v different from —tjz,j =1,....p—1l,andforanyi=1,..., p,

-1
e D Ober] B Dr A
v+ s; k % n jv—i—tj
where
A MM ) (A2)
Y= 5D '
NG
Forany j,j=1,...,p—1,
2 242 2
A Ay M (A3)
Vi

N o ST
ERR TS

T 2N\
0'(~13)
Ifthe p x (p — 1) matrix A is determined by its elements A;; in (A.2), then

ATe =0, (A.4)
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and

1 . ])'s.z
Ae=—J(S—s%I)e, §2 = L. (A.5)
n

n
The matrices ATJ 1A = diag(b1,...,bp—1) and ATSA = diag(bltlz, e, bpflt[%_l) are diago-
nal, and

JeeTJ
elJe

AATITA) AT = — (A.6)

With,o:((1:2+t12)_1,...,(r2+t§71)_1)T,
ATT=1C1 77V A = diag(ATJ ' A +< L) ATT VA0 (ATT 1 40)", (A7
g (L) o) Py (AD

and

N 2

Vi (x; — Mopt)2 Vi
E — = E . A.8
2+ s} T 17 (A.8)

i

Proof. By the definition of the polynomial Q in Section 2.1,

Vi v [Z Vi i|_1_2_ v; P(v)
noov+s? p v+ s} n (v+sHP'(v)

_&_ v M (v) _ Vi[nj(v+tj2)_nk7g[(v+5£)]
n (w+sHOoW) 0(v)

with the right-hand side of this identity being the ratio of two polynomials of degree p — 2 and
p — 1, respectively. The formulas (A.1) and (A.2) easily follow from the classical result on partial
fraction decomposition for such ratios.

For any fixed j,

P'(—1%)

2_ 2" 2y
—si—1t P(=t7)

J

so that (A.4) follows from (A.2),

M(— tz)

Zij Q( IZ)ZZ =0.

i ./'

By equating coefficients at v"*7~2 of QP and MP’, one gets th Zs — s2. The
comparison of coefficients at v”~2 of two equal polynomials, nZ A, j ]—[# v+ tzz) and
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vi[l—[j (w+ tjz) - Hk#(v + S,g)], shows that

nZA,-j =v; (Zt/z — Zs,%) =v; (s,2 — va,%/n),
j k

j ki
which implies (A.5).
For any j

v _ 0=
~ (71D M(=th)

and

vt _ o ,0'(=1)
DB Z(s P ey

so that (A.3) is established by substituting (A.2) for A;;.
For any different j and ¢

0= Zz Zz = '—’?);m

which implies that ) _; vi_lA,-jA,-g =0,orthat AT/ 'Aisa diagonal matrix.
This argument also shows that

2

STA;A;

i Aij 1520’
Z Vi

. 1
1

as
2
U,’Si 2 R A
Xi: (7= ) (sF—1 Z (s — 2)(s —1})

To prove (A.6), observe that for i # k, the (i, k)th element of the matrix A(ATJ~1A4)~1AT
has the form,

=y .
Z b ' ; (tjz —sl.z)(t2 —sk)

J
Vi Vi bj bj ] Vi Vi
[ - | =

Se TS LT s TS

Here we used the facts that A;; = —v,-bj/(t/? — sl.z), and Zj bj(t.% — sl.z)’1 =(s?— siz)/n.
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To determine the diagonal elements of A(ATJ~'A)~1AT, observe that according to the defi-
nition of Q, Q(—sl.z)/M/(—siz) = v;. Therefore for any i,

: — 7 — S n
J j o7

AL _ Ay o[M(=sH 17 v}
R T e e LI RS
j 5 — O(—s7)

Thus, (A.6) holds.
Because of (A.2),

ATJ1c1e=_<Z Tzis2>(ATJ A)p. (A.9)

To prove (A.7) for fixed j, £, multiply (A.1) by A;;, A;¢, divide by vl.z, and sum up over i to
get the following expression for the (j, £)th element of the matrix ATJ~1C~17~14,

<Z V; >|: /Eb Z Az/AtﬁAzm ]
—~ 72+ s? vi(r2 +12
where §;; is the Kronecker symbol (§;; =1, if i = j; = 0 otherwise). It is easy to see that

Y i AijAic Ay, 2 =0, unless there are at least two equal indices among j, £, m. When all three
of these indices coincide,

A3, M3(— t2)

2_12]_ [Q/(— t2)3Z(S 2)3

X l)l-
M(—HIQ" ()M (~17) =20 (~1)) M (=13)]
2[0'(—1))P
_bIQ M=) = 2Q' (—HM (—1D)] 530" (=17) + 20, M/ (1)
B 200 (=P - 20/(~13)

If, say, m = j # ¢,

ZA%ing M>(=t})M (—1}) Z v;
Vo QPO S P —iDAsE - 1)

_ MZ(—t})M(—tg) Z Vi
[/ (— PO (—1}) 1} —1}) S (57— 1])?

M(=1)M(=17) bjby
T o= Q' (=)t} —17) ﬂ_;g‘
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The last formula shows that off-diagonal elements of ATJ~1C~1J~1A, for j # ¢ have the form

_(Z Vi >|: bjbg + bjb/g :|
24P =@+ @ -2+ 1)

i

_ <Z Vi ) bjbg
245t ) @@+

i

that is, (A.7) holds for the off-diagonal elements.
We demonstrate now the equality of the diagonal elements of matrices in (A.7). These elements
for the matrix ATJ=!1C~1J~1A are

oy s
N 2452 )n = (2 —i))(x2 +12) 200(=H(2+1h) |
Define the polynomial Q; by the formula,

be b; Q" (=13) +2M'(—17)

Qj(f2)=2 +
0) D@ 1) 20E 1)

Then the degree of Q; is p — 2, and this polynomial is determined by its values at —tzz, {=
L...,p—1: Qj(—t2) = by Q' (—t}) (1} — 1) = —M(—t})/(t} - zj),z # j, and Qj(—t]?) =
bjQ"(=13)/2+ M'(=t3). It follows that

MG | b0 0(H)

24 17 (22 413)? n

0j(7?)

Indeed, the polynomial in the right-hand side has degree p — 2. Since

M@ +1) +0;0(0%) b; Q" (~1})

lim M (=3 + —— 1~
22 (@2 +17)? (=17) 2
it assumes the same values as Q; at —tzz, ¢=1,..., p— 1, which establishes (A.7).

Because of (A.6) and (A.2), x — figpte = X — ¥e + (X — flop)e = [I — eeTJ/(eTJe)lx +

(pTATx)e. Thus the quadratic form in the left-hand side of (A.8) can be written as

[77'A(ATI7'A) AT 4 ep"ATx] T [T A(ATT T A) T ATk 4 epTATx]
=yT[(AT77'A) "2 AT T 4 (ATT 1 4) % peT]
x CTUI7 A(ATT 1 A) T2 1 epT(ATT14) Py
= y" diag(p)y,
where the second equality follows from (A.7) and (A.9). O
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The following important representation for fLop;

fop=%— Aijxi =)E—Z\/7yj (A.10)
¥ ;

is a consequence of Lemma A.l. Here y; = ) ; A; jx,-/\/bT- are independent normal, zero
mean random variables with the variances 72 + tjg. Indeed the normal random vector y =
(ATJ=1A)~1/2 ATx has the covariance matrix (ATJ~1A)"1/2ATCA(ATJ 1 A)~1/? = diag(z?> +
tlz, LT tﬁ_l). Since Ey;(flopt — 1) =0, flopt and y; are independent implying indepen-
dence of [iopt and § — flgpe in Section 2.3.

The coefficients A;; provide a simple expression for Var(x) — Var(flop). Indeed, by dividing

(A.1) by v; and multiplying it by A;,, one gets after summing up over all i and £ and using (A.4),
(A.5),

P(r%z A M@ Zw(s?—sz)

P'(t2) & 2457 nQ() o~ 1244}

D e
12 4 52 n — (12 +12)

i

This formula can be written in the form,

b; ivi(s? =) [T (T2 + D)
Y = Var(®) — Var(iop) = b3 [z K (A.11)

w241 nQ(t?)
which provides the representation of the left-hand side of (A.11) as a ratio of two polynomials
of degree p — 2 and p — 1, respectively and which allows numerical evaluation of b’s without
calculating A;;.

Supplementary Material

Restricted likelihood representation and decision-theoretic aspects of meta-analysis: Elec-
tronic supplement (DOI: 10.3150/13-BEJ547SUPP; .pdf). The supplement contains the proof
of Theorem 2.1.
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