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We consider a class of probability measures u§ . which have explicit Cauchy-Stieltjes transforms. This
class includes a symmetric beta distribution, a free Poisson law and some beta distributions as special cases.
Also, we identify /4"2 as a free compound Poisson law with Lévy measure a monotone «-stable law. This
implies the free infinite divisibility of u? 2 Moreover, when symmetric or positive, u 2 has a representation
as the free multiplication of a free P01sson law and a monotone a-stable law. We also mvestlgate the free
infinite divisibility of u§ . for r # 2. Special cases include the beta distributions B(1 — -, 1 + ) which are
freely infinitely divisible if and only if 1 <r <2.
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1. Introduction

In random matrix theory, a Marchenko—Pastur law describes the asymptotic behavior of the spec-
trum of the so-called Wishart matrices [11]. In free probability, a Marchenko—Pastur (or free
Poisson) law plays the role that a Poisson distribution does in probability theory: it is the limiting
distribution of ((1 — %)80 + %61)51\’ when N — oo. For this reason, it is called a free Poisson
law in the context of free probability. On the other hand, an arcsine law appears in probability
theory as the law of the proportion of the time during which a Wiener process is nonnegative.
In monotone probability, an arcsine law plays the role of a Gaussian law [13]. In particular, an
arcsine law is a monotone stable law with stability index o = 2 [9].

Arizmendi et al. [3] found an interplay between Marchenko—Pastur and arcsine laws. They
introduced a class FTA of freely infinitely divisible distributions whose Lévy measures are mix-
tures of a symmetric arcsine law. The building block of this class is a symmetric beta distribution

b =~ (- lxl) P —F s

The free Lévy measure of by coincides with an arcsine law. Moreover, by is equal to the free
multiplicative convolution of an arcsine law with a Marchenko—Pastur law, and hence, is freely
infinitely divisible. Moreover, its Cauchy—Stieltjes transform (or Cauchy transform for short) can
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be calculated explicitly as

Gbx(z)z—\/g\/l—\/l—sz_z, s> 0. (1.1)

This paper studies a class of Cauchy—Stieltjes (or Cauchy for short) transforms related to
Marchenko—Pastur laws and monotone stable laws. We deform the above Cauchy transform (1.1)
to introduce a family of probability measures which include the symmetric beta distribution by,
Marchenko—Pastur and some other beta distributions as special cases. More explicitly, for 0 <
o <2, we define

1—(1—=s(=1/2)0)Vr
S

1/
G‘;‘,r(z)=—r1/0‘< > , r>0,seC\{0}. (1.2)

The branches of powers have to be defined carefully and the precise definition is presented in
Section 3. It can be shown that the function (1.2) defines the Cauchy transform of a probability
measure ug . for 1 <r < oo and (o, s) satisfying what we call an admissible condition. This
condition is related to stable distributions.

The reciprocal Cauchy transforms Fy', = GL

satisfy

Fsofr © thv,u = Fzzv,ur'
We note that the same relation appears for probability measures introduced by Mtotkowski [12].
This relation enables us to calculate the inverse map explicitly:

(Fsofr)_l ZF;l/r,l/r' (13)

The inverse map of the reciprocal Cauchy transform, which is hard to calculate in general, is
crucial to investigate free infinite divisibility. Therefore, the explicit form of (FS"fr)’1 is quite
useful and we can prove the free infinite divisibility of ¢, for some parameters.

The probability measure . , turns out to be a free compound Poisson distribution with Lévy
measure a monotone «-stable law a{,. From Proposition 4 of [14], if symmetric or positive,
M?,Z coincides with the free multiplicative convolution of a Marchenko—Pastur law m and the
monotone «-stable distribution ag‘/ 4

o _ o
Mg, =mK ag )y

Moreover, i, is freely infinitely divisible for other parameters, not only for » = 2. An interest-
ing case of ug, is ul_l’r which is a beta distribution with the density Wx_l/’ (1=x)" on
(0, 1). We prove that this is freely infinitely divisible if and only if 1 <r < 2. We also mention
that, while an arcsine law is not freely infinitely divisible, some monotone stable laws are. This
fact was implicitly proved by Biane in a different context; see Corollary 4.5 of [8].
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2. Preliminary results

2.1. The Voiculescu transform and the R-transform

In this paper, C;+ and C_, respectively, denote the upper half-plane and the lower half-plane
of C.

An additive free convolution u HH v of compactly supported probability measures pu and v
on R is the probability distribution of X 4 Y, where X and Y are self-adjoint free independent
random variables with distributions p and v, respectively, [17]. This convolution was extended
to all Borel probability measures in [7]. A probability measure p on R is said to be H-infinitely
divisible if for any n € N, there is u,, such that u = MEH"

For a probability measure pu on R, let us denote by G, the Cauchy transform and by F),

; ; . _ u(dx) _ 1

its reciprocal: G, (z) = Jp T= and F,(z) = .0
existence of n,n" > 0 and M, M’ > 0 such that F}, is univalent in ', ps := {z € C4: Imz >
M, |Imz| > n|Rez|} and 'y py C F, (' ar). The Voiculescu transform ¢, is defined in I'yy

to be F " 1(2) — z. The free convolution w B v is characterized by

Bercovici and Voiculescu [7] proved the

¢MEBU(Z) =¢u(2) + ¢v(2)

in 'y for some n”, M" > 0. R, (z) := zd)u(%) is called an R-transform. A probability mea-
sure u is H-infinitely divisible if and only if ¢,, is the restriction of an analytic map from C4
into C_ U R [7]. This is also equivalent to the Lévy—Khintchine type representation suggested
in [4]

1
R, (2) =cz+az® +/ ( -1 —le{x|§1}(x)>v(dx), (2.1)
rR\1—xz

for some ¢ € R, a > 0 and a nonnegative measure v satisfying v({0}) = 0 and fR min{1, x2} x
v(dx) < oo. We call v the Lévy measure of .

The following is useful to calculate the Lévy measure. For a BB-infinitely divisible measure p,
its Voiculescu transform can be written as

¢>,L(z)=y+/R( ! * )(1+x2)z<dx>

z—x 1+x2

for some y € R and a nonnegative finite measure t [7]. The measure T can be calculated, by
using the Stieltjes inversion formula [1,16], as

v l v
/ (1+x?)7(dx) = —— limf Im ¢, (x +iy) dx (2.2)
u b }’\0 u
for all continuity points u, v of 7. Considering the relation R, (z) = quu(%) and (2.1), we obtain
ljfzthg\{o} = v|gr\(0} and 7({0}) = a, where a is the real number of (2.1). In particular, if the

functions f,{ (x):= —% Im ¢, (x +1y) converges uniformly to a continuous function f, (x) (¥
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0) on an interval [u, v], then 7 is absolutely continuous in [u, v] with density f,,(x). Hence, v is
also absolutely continuous in [u, v] with density

1+ x2
22

Ju(x). (2.3)

Regarding atoms, the following formula holds: t({x}) = ﬁ limy\ o1y, (x + iy) for any
x eR.

2.2. The S-transform

Multiplicative free convolution X for probability measures on [0, c0) was investigated in [7,
18]. This convolution corresponds to the probability distribution of X'/2Y X/2 or equivalently
Y'/2Xy1/2 where X and Y are positive free independent random variables. This convolution
is characterized by S-transforms defined as follows. For a probability measure u on R, we
let ¥, (2) == Jp 7 f); ~(dx). ¥, coincides with a moment generating function if p has finite
moments of all orders. In [7], ¥, was proved to be univalent in the left half-plane iCy for
a probability measure w1 on [0, 00) with u({0}) < 1. Moreover, ¥, (iCy) contains the inter-
val (1 — u({0}),0). Then a map x,: ¥,(C4) — iC4 is defined by the inverse of . The
S-transform is defined as

14z .
Su(z) == Txu(z), ze Y, (Cy). 2.4)
Using the S-transform, u X v is characterized as

Sumv (2) = 8,(2)$v(2) (2.5

in a common domain including an interval of the form (—¢, 0).

More generally, a multiplicative convolution i X v can be defined if © or v is supported
on [0, 0c0). While (2.5) is expected to hold also in this case, it is not known whether an S-
transform can be defined for every probability measure. It was shown in [18] to hold for mea-
sures with bounded support and nonvanishing mean, while the bounded case when p has van-
ishing mean was solved in [15]. For the unbounded case, as a partial solution, Arizmendi and
Pérez-Abreu [2] defined an S-transform of a symmetric probability measure as follows. For a
symmetric distribution p # 8, there is a unique probability distribution 12 # 8y on [0, o) such
that ¥, (z) = ¥,2 (z%) for z € C.. Using a property of ¥,,2, we can conclude that ¥, is univalent
in H:= {z € C4: Imz > |Rez|}. Moreover, ¥, (H) contains the interval (1 — . ({0}), 0). There-
fore, we can define x, = 1//121: Y, (H) — Hand S, (z) := %Xﬂ(z). Then (2.5) still holds if w«
or v is symmetric and the other is supported on [0, 00).

Finally, we recall the analogues of compound Poisson distributions, which will be important
in this paper.

Definition 2.1. A probability measure 1 is said to be free compound Poisson if R, (2) = Ay, (2)
for a probability measure v with v({0}) = 0 and a A > 0. In this case, Mv coincides with the Lévy
measure of 4.
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The Marchenko—Pastur law m with mean one belongs to the class of free compound Poisson

measures; the pair (X, v) is given by (1, 81). m is also characterized by S,,(z) = ZJFLI in terms of
the S-transform.

3. Probability measures uf ,

Letr >0,2>a > 0ands € C\ {0}. For any n > 0, we will find an M > 0 such that the function

_ el ay1/r\ l/a
1—(1—s(=1/2)%) ) 3.1)

N

G?,r(z) = _rl/ot(

is defined as an analytic map in I';) »s. To make the definition precise, we take branches of powers
Ve 71/ and 7% as follows:

(1) z!/* and z¥ are, respectively, defined as e'/*1°2(1) = and ¢%1°21)  jn C\ [0, 00), where log
denotes a logarithm satisfying Im(log z) € (0, 27);

(2) z'/7 is defined to be e!/"1°2@ 7 in C \ (—o0, 0], where log,) is a logarithm satisfying
Im(logy) 2) € (=, 7).

We show that these branches enable us to define GY, as an analytic function in I', » for an

M > 0 depending on n > 0, s € C\ {0}, r > 0. Under the definition (2), the function (1 + w)l/”
is equal to the generalized binomial expansion ZZOZO 1/rCaw" for |w| < 1, where 1/,C, is the

generalized binomial coefficient 121/ ril)’;!'(l/ r=ntD) Therefore, for z € C, with large |z|, the
1-(1—s(=1/20)"/"

\

L= =s(=1/M)V 1\ & ot ()"

where (—%)”“ is defined by ((—%)"‘)". Forany n > 0,s € C\ {0}, r > 0, there is an M > 0, inde-
pendent of o € (0, 2], such that the image of the map I';, s > z (—%)"‘ fo;l 1/rCn(—s)”_l X

function can be written as

(—%)("’1)"‘ is contained in the sector {z € C\ {0}: argz € (0, am)}. Therefore, we can take the
power of (3.2) by 1/« and G¢, is well-defined as an analytic map in I'y p.

We note that GY ,(z) can be expanded in a series regarding (— %)“:

1\¢ 00 1 (n—1a l/a
G?,r(z)=—rl/a((—g) Zl/rcn(_s)nl<_g) )
n=1
1 00 1\ 1/a
= 2(1 +r21/rcn+l(_s)n (_z> ) (3.3)

n=1

1 & 1\
=—ch(a,s,r)<——> ) zelym
4
n=0

Z
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for some complex coefficients ¢, («, s, r) with ¢g = 1. In the second line, we used the formula
((-%)“(1 +o(1/2)))l/e = —5(1 + 0(1/z))!/%. This formula is valid in T,y if the function

(14 0(1/z))"/* is understood to be the generalized binomial expansion.
Let us define Fy, (z) := G+@ for z € T'; i, where M > 0 is large enough depending on

(n, s, r). Then we have the following.

Theorem 3.1. Letr,u >0,2>a>0,n>0ands € C\ {0}. Then
FY oF% =F%

s,r us,u us,ur

holds in T'y p for some M > 0.

1—(1—us(—1/7)%)1/"

Proof. We note that (—G7; ,(z))” is equal to in 'y ps with large M > 0. Also,

we note that ((1 + w)'/")/* = (1 + w)!/® for small |w|. Then
1/r\ 1 1
_rl/a(l — (1= 5(=Gyi; ,(2)) /’) o _(W)l/a(l — (- uS(—l/z)")l/(’”)) e

N us

forzel', u. |

Under further conditions on (r, «, s), the function Gl‘j,"r is well-defined in C; with values in
C_, and therefore defines a probability measure.

Theorem 3.2. Suppose 1 <r < 00,0 <a <2ands € C\ {0}. Assume that either of the follow-
ing conditions is satisfied:

(D) O0<a<land(l —a)mw <args <,
2) l<a<2and0<args <(2—oa)m.

Then G¢, is the Cauchy transform of a probability measure, which we denote by |5 .. More-
over, G?", is univalent in Cy. If («, s) satisfies (1) or (2), it is said to be admissible.

Proof. Let r > 1. We can immediately check that ng‘, +(z) = 1l as z — 0o, z € C4, nontangen-
tially. Therefore, what needs to be proved is that Gf , analytically maps the upper half-plane to
the lower half-plane.

We first focus on the case 0 < o < 1 and 6§ := args € [n(1 —«), w]. Then the image of the map

—(1—s(— ayl/r o, . . . . . .
% in C. can be described as in Figure 4 after some steps described in Figures 1-3.

0

Figure 1. The image of C under the map z > (— %)“.
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9//,/”

L, L2 /

Figure 2. The image of C4 under the map z+ 1 — s(——)"‘ L1 and L, are half lines contained in the
upper half-plane and the lower half-plane, respectively. L 3 and L_4 are preimages of L3 and L4 of
Figure 3 for the map z — 2/, respectively.

Figure 3. The image of C4 under the map z +— (1 — s(——)"‘)l/r 01 and 6, are defined by 6] = w
and 6, = Tg Ly and L, are the same half lines as in Figure 2. L3 and L4 are starting at 0. /1 is tangent

to L; at 1 since z!/” is a conformal mapping. Moreover, it approaches L3 asymptotically. /5 is tangent to
L, at 1 from the same reason and approaches L4 asymptotically.

We can see that the image of the map M is contained in the sector {z € C: 0 <
arg z < am}. This implies the desired concluswn
In the case 1 < o < 2, we draw similar pictures; see Figure 5-8. In Figure 8, the image of

M is contained in the sector {z € C: 0 < argz < amt}. Therefore, the image of the

<1 s(— 1/z>“ U /e

map ( is contained in C.

ut 1/r .
Figure 4. The image of C4 under the map z M which can be obtained from the rotation
and the translation of Figure 3./’ is tangent to L and 12 1s tangent to the x axis at 0.
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0

Figure 5. The image of C under the map z — (— %)".

L
La/ y
0 1
: V

Figure 6. The image of C under the map z+> 1 — s(—%)“. Ly and L, are half lines starting at 1. L_3

N

N

and L_4 are preimages of L3 and L4 of Figure 7 for the map z — M, respectively.
In each step described in the figures, a new univalent map is added, so that after all the steps,

the map G¢, is also univalent in C;.. O

Remark 3.3. (i) The admissible condition is related to monotone stable distributions as men-
tioned in the next section.

Figure 7. The image of C under the map z +— (1 — s(—%)“)l/’. 6 and 6, are defined by 8; = =% and

-
6 = M. L and L, are the same half lines as in Figure 6. L3 and L, are starting at 0. /1 is tangent

to L1 at 1 and approaches L3 asymptotically. /> is tangent to L, at 1 and approaches L4 asymptotically.
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0

L' .~ (2-o)m

Figure 8. The image of C4 under the map z which can be obtained from the rotation

1-(1=s(=1/2))'/"
N
and the translation of Figure 7. /1’ is tangent to the x axis and />’ is tangent to L at 0.

(i) We have u{ | = 8o for any admissible (e, s). Therefore, the right inverse of Fy", can be

calculated as (FS"fr)’1 = Fy), ,,, from Theorem 3.1.
(iii) From the relation (F s“fr)_l =F ».1/r» We can conclude that G, does not define a proba-

bility measure for 0 < r < 1 and admissible (¢, s5). The reason is as follows. If u is a probability
measure and not a point mass, then Im F,(z) > Imz for any z € C; see Corollary 5.3 of [7].
Hence, Im F/ l(z) <Imzifz= Fj(w) and F), is univalent around w. Therefore, F~ I cannot be
written as F,, for a probability measure v on R.

(iv) The measure u§ . satisfies self-similarity with respect to s as follows. If  is a probability
distribution of a random variable X, then let D.u denote the distribution of ¢X. For ¢ > 0, we
have

o o4
Hes r = Dc'/o‘u’s,r'

4. A relation to monotone stable and free Poisson laws

Let af be a monotone (strictly) «-stable distribution [9] characterized by

Fu@=(+ D15, zec,,

where (o, s) satisfies the admissible condition. as2 is the centered arcsine law with variance s/2
and axl is a Cauchy distribution or a delta measure. The following properties are valuable to note
here.

(1) ay is supported on [0, 0o) if and only if 0 < @ < 1 and args = 7.

(2) ay is symmetric if and only if args = (1 — 5)7.

(3) Both a}e/f and al_/ ; are free %-stable distributions, but not strictly stable.
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The proofs are as follows. Let s := re'?, r > 0. From the Stieltjes inversion formula, the density

p¥(x) of a¥ is given by

sin[(1/a) arg(|x|% + rel@m—7+0))]
(|x]2% — 2r|x|* cos(am + 0) + r2)1/C0)°
sin[(1/a) arg(|x|* + re!™ )]
7(|x|2% — 2r|x|® cos 6 4 r2)1/Ca)’

py(x) =

where arg z is defined in (C UR) \ {0} so that it takes values in [0, 7t]. Now the properties (1)
and (2) can be proved easily.

(3) It was proved in [7] that free %-stable distributions are characterized in terms of the
Voiculescu transform ¢, (z) = bz'? + ¢, where ¢ € R and argb € [m, 31 /2]. Moreover, strictly
stable laws correspond to the case ¢ = 0. Since Fa;/z (z) = (z1/% — is)?, we have ¢a;/2 (z) =

./2(2) z = 2isz!/? — 52, which for s = —R or s = iR means that asl/2

is free %-stable, but not
strlctly stable.

The main theorem of this section is the following.

Theorem 4.1. u7 , is a free compound Poisson distribution for any admissible (a, s). Moreover,
its Lévy measure V?fz is given by the monotone stable distribution a;"/4.

Proof. Thanks to Proposition 4 of [14], it suffices to prove that Rgz(z) = 1//a;>t/4 (z), or equiva-
lently, ¢¢',(2) = ZzGa;r/4 (z) — z, in an open set of the form I"; ».

As in (3.3), a naive relation (zw)* = z*w* may not be valid. To avoid this problem, we un-
derstand that (1 — %(—%)“)1/ “, appearing below, is defined by using the generalized binomial
expansion (1 + w)l/e = ZZO:() 1/aCow" for |w| < 1. Then for any n > 0, the following calcula-
tion is correct in I';, s with large M > O:

1/a
2+ ( D~ 1)

1/
% - —( 1)“)

o= (=

(+
(1)
~(=(-3(-2))”
(-5
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Therefore,
b4
(1= (/) =1/

On the other hand, the Voiculescu transform of M? , 1s given as

2 _ _
Z GagM(Z) 7= Z.

¢g’2(Z) = Eft/z,l/z(z) —Z
—_— 1 J—
(= (1= (s/2)(=1/2)0)?) /5) /e
1
T ((s(=1/2)% — (s2/4)(=1/2)%) [s) /e
1

T (1 (0= (/1T
Z
T (= (/A (=1 e
in I';) ». Therefore, we have proved ¢;‘f2(z) = zzGag/4 (z) — z. ([l

With Proposition 4 of [14], the above result implies uf , =m X a;"/ 4 if puf 5 and a;"/ 4 are sym-
metric or supported on [0, c0). We do not know if this holds for any admissible pair («, s) since
S-transforms are not defined for probability measures which are not symmetric or supported on
[0, c0).

Theorem 4.2. Let (, s) satisfy either of the following conditions: 0 <« < 1 and args € {(1 —
a/2)yn, n}; 1 <a <2andargs = (1 —a/2)n. Then /‘?,2 =m &an.

Example 4.3. In general, the density of u , is difficult to calculate. In some cases, however, the
density is explicit as we show below.

(1) Let us consider (o, s, r) = (1,1, 2). Then /Lil , is the free multiplicative convolution of the
Marchenko—Pastur law and a symmetric Cauchy distribution. This is absolutely continuous with
a strictly positive density on R written as

g(,lw/@—ﬁ).

We mention that this probability measure belongs to a class proposed in [10].
(2) Let (o, s,7) = (%, —1,2). Then the corresponding probability measure is supported on
[0, co) with a density

#(\/%— —1+ 1+%>.
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(3) Asshown in [3], Mf , for s > 0 is a symmetric beta distribution:

1
12,5 (dx) = n—ﬁw”z(ﬁ— x)dx,  —Js<x <

In addition to i ,, some monotone stable distributions are also H-infinitely divisible. This
property was essentially proved by Biane [8].

Proposition 4.4. a? is B-infinitely divisible if and only if («, s) satisfies either of the following
conditions:

(1) %50{ < landargs € {(1 —a)m, t};
2) a=1.

In fact, Biane considered only special values for arg s, but the same proof can be applied to the
above result.
Finally, we note the S-transforms of /L?yz and a.

Proposition 4.5. Let («, s) satisfy either of the following conditions: 0 < « <1 and args €
{d—a/2)nt,n}; 1 <o <2andargs = (1 —a/2)n. Then

(1) Sag(z) = —L(UF=L) Ve 2 e (—1,0),
1/a a_
(2) S, (2) = — 5 (FE=H) V= 8,0(2) Sy, (2), 2 € (=1,0).

Proof. The Voiculescu transform ¢« can be calculated as ¢qo(w) = F, a_al (w) —w = (w* +

(—=1)%s)/¢ — w. Let us define z := Rqe (w) = wepze (L). Then (1 4 2) = 1 + s(—w)®. Since
Ry2 (2842 (z)) = z holds, the desired formula follows. A similar calculation is possible for ,u“;‘ﬁz. U

5. More on free infinite divisibility of u{ ,

In the previous section, we proved that uf , is H-infinitely divisible whenever r = 2. In this
section we will determine infinite divisibility for r # 2. We found the general case is too difficult
to treat, so that we only consider the problem for some parameters. The main results of this
section are the following.

(1) fO<a<land1<r<2,then M?,r is HH-infinitely divisible.

@) Ifl<sa<2andl=<r< %, then u‘s",r is HH-infinitely divisible.

3) ,u;’3 is B-infinitely divisible if and only if args = 7.

(4) If a > 1, there exists an ro = ro(«, s) > 1 such that uf, is not H-infinitely divisible for
r > ro.

We also show that some beta distributions are H-infinitely divisible, and some are not.
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5.1. Thecasel <r <2

To prove the free infinite divisibility of uf ., we introduce a subclass of H-infinitely divisible
distributions.

Definition 5.1. A probability measure 1 is said to be in class UL if F, w is univalent in C and,
moreover, F,° U has an analytic continuation from F,(CL) to C4 as a univalent function.

The following property was implicitly used in [6].
Proposition 5.2. © € UT implies that . is B-infinitely divisible.

Proof. The Voiculescu transform ¢, has an analytic continuation to C,. defined by F,° ') —z.
If there existed a point zg € C such that Im ¢, (z0) > 0, then Im F,:l (z0) =Im(zo + ¢ (z0)) >
Imzp > 0. Since Im Fj (w) > Imw for w € C4, Im Fﬂ_l(z) <Imz for z € F,(C,). Therefore,
zo never belongs to F, (C,). However, since F, " !is univalent in C and F, " I(FM (Cy)=Cy,

zo must satisfy Im F " !(z0) <0, which contradicts the inequality Im F, " (z0) > 0. Therefore, du
maps C; into C_ UR. ]

Remark 5.3. 1f ;1 is H-infinitely divisible, then F), is always univalent in C. This can be proved
for instance by using the so-called subordination functions. Let u be H-infinitely divisible and
Uy = ,U,Ea’ be the probability measure corresponding to the Voiculescu transform #¢,,. For s <1,
an analytic function wy;: C4 — C4 exists so that it satisfies F},; o w5 = F),,. wy; is called a
subordination function. The reader is referred also to equation (5.4) of [5], where the following
replacements are required: u by MEES and ¢ by t/s. The relation F,, o ws ; = F},, is equivalent to

/s oz
F/L, (2) = —t/s _ lws,t(z) i/s — I

Moreover, it is proved in Theorem 4.6 of [5] that

5.1

|w5.1(z1) — w51 (22)| = Az1 — 22, 21,22 €Cyp
Taking the limit s — 0 in (5.1), we get
| (z1) — Fu (22| = 3121 — 221, 21,22 € Cop,

so that F,, is univalent in C_.

For instance, the normal law ﬁe‘xz/ 2dx is in UZ from the result of [6]. Moreover, we can
easily prove that Wigner’s semicircle law, the Marchenko—Pastur law and the Cauchy distribution
belong to UZ.

IThe symbol UT stands for univalent inverse reciprocal Cauchy transforms.
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UT is closed under the weak topology. This is proved as follows. The convergence of
implies the local uniform convergence of the Voiculescu transforms ¢,,, [7]. Since F i l(z) =
Z+ ¢y, (z) converges locally uniformly, the limit function is univalent. Also F),, itself converges
to a univalent function. Therefore, the limit measure belongs to the class (/7.

We note that U7 is a proper subset of all E-infinitely divisible distributions. For instance,
let o be a probability measure characterized by the Voiculescu transform ¢, (z) = z%l + %
Then FM_I(Z) =z+¢,2)=2z+ Z_Ll + er—l We can find two distinct points zj, z> such that
FM_1 (z1) = Fu_l(Zz) with z; =1y for small y > 0 and z, near to i. This example also proves that
UT is not closed under the free convolution, since the measures v and A, respectively, defined by
¢v(2) == zlfl and ¢, () := z%l-_l’ both belong to UZ.

From Theorem 3.2, the map Fsofr is univalent in C; for any admissible (¢, s) and r > 1, so
that we only have to prove the inverse (F, ;’fr)_l is univalent in C..

Theorem 5.4. Let (a, s) be an admissible pair. Then u§ , € UT if either of the following condi-
tions holds:

(D) O0<a<landl <r <2

(2 l<a<2and1<r<2,

Proof. By Remark 3.3, the explicit formula for (E;’f,)_l () is

1
(1= (1= (s/r)(=1/2)*)") /s)/*"

1=/ (=1/2)0)"
N

(F;fr)_l (1) =~

Let us define 6 := args and Eﬁ,(z) = . First, we consider 1 < a < 2. Since
the image of the function 1 — f(—%)“ for z € C is contained in the sector {z € C: z #0, —(7t —
) < argz < —(m —0) +am}, one can easily see that EY . (C) contains a half line starting from
0. In particular, E{, is univalent in C.. Therefore, we can take that line as a slit for the function
z > z//® which then becomes univalent outside the slit.

Let us focus on the case 0 < o < 1. If 1 <r <2, one can prove that Eﬁr(C+) is contained in a
sector with central angle raw and therefore EY, is univalent in C.. Since ram < 2a/w, the map

1/a

Z+> z/% can be defined as a univalent map in that sector. (]

We take « = 1 and s = —1 as a special case. Then ,u,l_l’r is the beta distribution B(1—1, 1+ %)

-
forl <r < oo:

(1 —x)"/"dx, 0<x<l1.

Ml_l L(dx) = rsin(—n/r)x_l/r
’ b4

Indeed, now we have G! | ()=r(1— (1 — %)1/’). It holds that

—1,r

yli{‘I})ImGL],r(x+iy) =0
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ifx >1orx <0and

; 1—x\!/" 1—x\""
lim ImGL1 L +iy) = —rlm(em/r( ) ) =—r sin(n/r)( )
N0 ’ X X

if x € (0, 1). The Stieltjes inversion formula [1] w(dx) = —% limy\ o Im Gl_l’r (x +1y) dx implies
the conclusion.

A consequence of Theorem 5.4 is that the beta distribution B(1 — % 1+ %) is H-infinitely
divisible for 1 < r < 2. More strongly, we can prove the following.

Theorem 5.5. The beta distribution B(1 — 1,1+ 1) (1 <r < c0) is B-infinitely divisible if and
only if 1 <r <2.The Lévy measure vll . for 1 <r <2 can be calculated as

| sin(rm)| X2 )r —x)"
O<x<-—.

1
dx) = dx,
v_y . (dx) (I/r —x)% —2x"(1/r — x)" cos(rm) + x2 r

Proof. By Remark 3.3(ii), (F!, )~!is calculated as

(F'y )@= (1 - <1 - é) )_1.

If r > 2, the function 1 — (1 — %)’ has a zero point in the upper half-plane, so that (Fl 1 r)_l

never be defined as an analytic function. If r < 2, (F! 1 r)_l is analytic and univalent in the upper
half-plane.
For the Lévy measure, the Voiculescu transform is ¢11,r(1) =1-0-= %)’)’l — z. It holds

that Im(1 — (1 — r(xlTy))’) —0asy\ 0ifx > 1/r or x <0 and that

1—(1 ! )r 1 i”‘<x_1/r>r o, 1
—(—m —1—e E , xe(,1/r)

as y \( 0. After some more calculations, one can see

T(dx) = — limImg! | . (x +iy)dx

(1 +x2) y\O
1 i "(I/r —x)"
[sin(rm)|x"(1/r — x) dx. xe0.1/r),
=3 n(l+x2) (1/r —x)2 —2x"(1/r — x)" cos(rm) + x2"
0, otherwise,

where 7 is the measure in (2.2). 7 does not have an atom since limy\ g1y, (x +1iy) =0 for any

1 14x2

x € R. The Lévy measure v_, , is equal to —=—7 as explained in Section 2. ]
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If s = Re'? is not real, the support of /’Li,r is unbounded. The density for large |x| can be
calculated as

o .
1 T 1/r \ R"sin(nd)
MReieyr|lx\>R(dx) = —; Z (n + 1) an dx.

In particular, usl,r belongs to a class introduced in [10].

5.2. Thecasea=1,r=3

In Section 5.1, the free infinite divisibility of u{, was proved for some parameters in terms of
the class 7. In Section 3, we succeeded in proving the free infinite divisibility of u{, since
the Voiculescu transform had a quite explicit form. For other parameters, it is difficult to in-
vestigate the free infinite divisibility. A possible case is for « = 1 and r = 3. In this case, the
Voiculescu transform has a quite explicit form as in the case r = 2 and H-infinite divisibility can
be determined completely. Indeed, the Voiculescu transform is

3s —3s7% — 5%z

1 _—_ —_ = —-—_aum
¢3S’3(Z)_1—(1+s/z)3 ¢ 322 4 3zs + 527

In contrast to the case » = 2, infinite divisibility depends on the parameter s if » = 3.

Theorem 5.6. Let 0 < args < m. Then ng is B-infinitely divisible if and only if args = 7. The

p 1 1
Lévy measure vy, 5 for M3; 3 can be calculated as

9x2 d
x
T(9x* +3x2 4+ 1)

vy 5(dx) = ,  xeR.

Proof. Because of Remark 3.3(iv), let us consider s = ¢!’ for simplicity. After some calculations,
we get
9x*sin® + 3x3 sin26

[3x2 4 3xs + 522

Therefore, if 6 # 0, T, %, we can find a point xg € R such that Im ¢35 3(xg +10) > 0. If 8 = 7,
we can calculate

Im g3 5(x +i0) = —

yI6y* +6(x —1/2)> —1/2]
[3x2 4 3xs + 522
and therefore ¢33 takes a positive value at a point. By symmetry, also ¢33 can take a positive

value. Therefore, 343 is not B-infinitely divisible for 6 # %
For 6 = %, after some calculations, it holds that

Img!; 5(x +iy) =

Ox* 4 18x2y%2 + 9y* + 12x%y + 12y + 6y2 + y
<

0,
[3x2 +3xi — 12

Imgl 5(x +iy) = —
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so that /’L;i 5 is B-infinitely divisible. The measure 7 in (2.2) is absolutely continuous with respect
to the Lebesgue measure since

9x* _ 9x*
n3x2 4 3ix — 12 w(Ox*+3x2 4+ 1)

1 .
- Im¢31i’3(x +iy) —

locally uniformly in R as y Y\ 0. The Lévy measure is given by 1;‘21, where t is defined

in (2.2). 0

5.3. Noninfinite divisibility for 1 < « <2 and large r
We prove the following.

Proposition 5.7. For o > 1 and args € [0, (2 — a) 7], there exists an ro = ro(c, s) > 1 such that
W - is not B-infinitely divisible for r > ro.

Proof. Let 6 := args. It is sufficient to find a zero point of the function EY, (z) :=

w. The function 1 — £ —%)"‘ maps C; to a shifted sector Q:={z € C: z #
0,—(m—0) <arg(z—1) < —(w —0) + an}. If @ > 1, Q and the unit circle {z € C: |z| =1}
have intersection which is an arc with an end point 1. Let us denote by ¢ € (—m, m) \ {0} the
angle of the other end point of that arc. We can take ro(c, s) to be %. ]
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