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This paper studies the long-time behavior of the empirical distribution of age and normalized position of
an age-dependent supercritical branching Markov process. The motion of each individual during its life is a
random function of its age. It is shown that the empirical distribution of the age and the normalized position
of all individuals alive at time ¢ converges as t — 00 to a deterministic product measure.
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1. Introduction

We consider an age-dependent branching Markov process consisting of a finite collection of
particles distributed in R in which each particle lives for a random length of time and, upon its
death, gives rise to a random number of offspring. Further, during its lifetime, each offspring
migrates according to a prescribed Markov process, starting from the position where its parent
died. The motion process, offspring distribution and lifetime process are all independent of each
other. Further, we allow the motion process to be age-dependent and assume that the system is
supercritical, that is, the mean of the offspring distribution is greater than one. We also assume
that the probability of an individual producing zero offspring is zero. This implies that there is
no extinction. We shall describe the model more precisely in the next section.

We study two aspects of such a system. First, at time ¢, we consider a randomly chosen indi-
vidual from the population. We show that, asymptotically (as t — o0), the joint distribution of
the position (appropriately scaled) and age (unscaled) of the randomly chosen individual decou-
ples (see Theorem 1.1). Second, it is shown that the empirical joint distribution of the age and
the normalized position of the population at time ¢ converges in law as t — oo to a deterministic
measure (see Theorem 1.2).

Limit theorems (such as Theorems 1.1 and 1.2) for branching Markov processes where the
motion depends on the age do not seem to have been considered in the literature. Our results
on the age distribution (alone) in Theorems 1.1 and 1.2 are well known [2]. This has also been
established for the general Crump—Mode—Jagers process by Jagers and Nerman (see [6,7]). Our
focus here is on the joint distribution of the age (unscaled) and the scaled position. In this paper,
we have restricted ourselves to the case where the branching part is that of a Bellman—Harris
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process (see [2]). If one looks at the positions of the individuals in the embedded Galton—Watson
tree, it gives rise to a branching random walk. There are a number of results (see, e.g., [3,4])
on the asymptotic behavior of these random walks. Our setting is in continuous time and the
question of interest is the asymptotic behavior of the joint distribution of the age and positions of
the particles alive at time ¢ as t — oo.

1.1. The model

We begin with the description of the particle system. We assume (€2, F, P) to be a canonical
probability space on which all the random variables are defined. Suppose we are given the fol-
lowing:

(i) lifetime distribution G (-): let G(-) be a cumulative distribution function that is non-lattice
on [0, 00) with G(0) =0 and u = [;° sG(ds) < 00;
(i) offspring distribution p: let p = {pi}r>0 be a probability distribution such that po =0,
m=73 ;2 kpx >1and Y 2, klog(k)pr < 00;
(iii) motion process n(-): let n(-) be an R-valued Markov process starting at 0.

Let o be the Malthusian parameter defined by m fooo e G(ds) =1.

Branching Markov process (G, p, n). Suppose we start with an initial configuration Cy =
{(af), Xé):i =1,2,...,7Zo}, 0 < Zp < 00, aé, X6 denote the age and position of the ith par-
ticle at time 0, respectively. Each particle in the system lives for a random length of time L with
distribution G and upon its death gives rise to a random number of offspring & with distribution p.
During its lifetime L, the particle will move in R, according to the process {x +n(¢):0 <t < L},
where x denotes the position of its parent at the time of its birth. More precisely, if an individ-
ual is born at time t and at location x and has lifetime L, then it moves during [t, 7 + L) and
its movement {X (¢):t <t < v + L} is distributed as {x + n(t — t):7 <t < 7 + L}, thus the
movement of any individual is a random function of its age. We assume that the three objects
(L, &, n) associated with each particle are independent and that the family of triplets (L, &, n)
over all particles in the system are i.i.d.

Let Z; be the number of particles alive at time ¢ and

C={,XH:i=1,2,...,7Z) (1.1)

denote the age and position configuration of all the individuals alive at time 7. Since m < 0o and
G (0) =0, there is no explosion in finite time (i.e., P(Z; < 0o) = 1). Also, P(n(L) € R) =1 for
each particle. Thus, C; is well defined for each 0 < < oo and the process {C; : t > 0} is Markov.

For a particle chosen uniformly at random from those alive at time ¢, let My, {L;;, {n:;;i (u),0 <
u < L:}: 1 <i < M;}denote, respectively, the number of ancestors, the lifetimes, and the motion
processes of its ancestors and {n;y,+1)(u):0 <u <t — Z,M:tl L;;} the motion of the individual
concerned. If M; =0, then

ar=ap+t and X;= X9+ n(ap+1t)—n(ap), (1.2)
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where ag is the age and Xy is the location of the particle at time t = 0 and 7(-) is the assumed
motion process. If M; > 0, then the age and position, (a;, X;), of the particle are given by

M,
aj=t— Li (1.3)
i=1
and
M,
Xi = Xo+ m1(Lit) = ni1(ao) + Y i (Lei) + 1) (@) (1.4)
i=2

Note that, given {M;, L;;, 1 <i < M,}, the collection of stochastic processes {n;; (1), 0 <u <
L, 1 <i < M;} have the same distribution as 1 and are independent of each other.

Let B(R;) (and B(R)) be the Borel o-algebra on R (and R). Let M (R4 x R) be the space
of finite Borel measures on Ry x R equipped with the weak topology. Let M, (R x R) :=
(ve MRy xR):v=>"7,84x(C.),n €N,g; € Rj,x; € R}. For any set A € B(Ry) and
B € B(R), let Y;(A x B) be the number of particles at time r whose age is in A and position is
in B. As pointed out earlier, m < oo, G(0) = 0 implies that ¥; € M, (R x R) for all > 0 if
the same holds for Y. Fix a function ¢ € C; (R4 x R) (the set of all bounded, continuous and
positive functions from Ry x R to R, ) and define

Z
(¢, Y) zf¢dYt =Y ¢, X}). (1.5)

i=1

Since 7n(-) is a Markov process, it can be seen that {Y; :# > 0} is a Markov process and we shall
call Y = {Y;:t > 0} the (G, p, n)-branching Markov process. Note that C; determines Y; and
conversely.

1.2. Main results
In this section, we describe the main results of the paper.

Theorem 1.1 (Limiting behavior of a randomly chosen particle). Let (a;, X;) be the age and
position of a randomly chosen particle from those alive at time t. Let 1y = fooo se”*dG(s).
Assume that n(-) is such that for all 0 <t < o0,

E(n(t)) =0, v(t) = E(*(1)) < 00, sup v(s) <oo and (1.6)

0<s<t
o0
Ve E/ v(s)e"* G(ds) < oo.
0

Then (a;, i(—['l) converges, as t — 00, to (U, V) in distribution, where U and V are independent,

with U a strictly positive absolutely continuous random variable with density proportional to
e % (1 — G(-)) and V a normally distributed random variable with mean 0 and variance /TZ
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Note that in the theorem, as pg = O,~ P(Z;>0)=1forall 0 <t < oo since Zy > 0. Next,
consider the scaled empirical measure Y; € M, (R4 x R) given by

?Z(AXB):Yt(AZi\/;B) (1.7)
t

for A e BR;), B € B(R).

Theorem 1.2 (Empirical measure). Assume po = 0 and (1.6). The scaled empirical measure
Y;:, as defined above in (1.7), then converges in distribution to a deterministic measure v, with
VAXB)=P(U € A,V € B),where U and V are as in Theorem 1.1 for A € B(R;.), B € B(R).

1.3. Layout

The rest of the paper is organized as follows. In Section 2, we prove some preliminary re-
sults from renewal theory. In Section 3, we prove four propositions on age-dependent branching
processes which are used in proving Theorem 1.1 in Section 4. This is required because sampling
an individual from those alive at time ¢ introduces dependencies in the lifetimes of the ancestors
of the chosen individual. In Section 3, we also show that the joint distribution of coalescent times
for a sample of two individuals chosen at random from the population at time ¢ converges as
t — oo (see Theorem 3.1). This result is of independent interest and is a key tool that is needed
in proving Theorem 1.2 in Section 5. Some of the results presented in Sections 2 and 3 are known
in the literature. They are included here to make the paper more accessible and also in a form in
which they are needed for the proofs of the main results.

2. Results from renewal theory

Let {X;:i > 1} be an i.i.d. sequence of positive random variables with cumulative distribution
function G that is non-lattice and satisfies G(0) = 0. Let Sp =0, S, = Z?:l X;,n > 1. For
t>0,let N(t) =k if S <t < Sk41,k > 0. Further, let A, =t — SN([) and R; = SN(t)—H — 1 be,
respectively, the age and residual lifetime at time 7. Let u = fooo xdG(x) < o0.

Lemma 2.1. Let A;, N(t), R; and u be as above. Then:

@) N@) 2 1.

t "’
(ii) if @ € R is such that g(0) = fooo 69’(1 —G(1))dt < oo and u < 00, then
0
lim E@€?4) = lim E@®) = 80 2.1
t—>o0 —00 M

and, for any 0 <1 < oo,

1 o0
lim E@€4: A, > 1) = lim E@E® R, > = —/ e’ (1 - Gu))du, (2.2)
—00

t—00 w Ji
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hence

lim lim E@®:R, >1)=0. (2.3)

[—o00t—>00

Proof. Part (i) is a well-known result.
(i) Fort>0,0 e R, let f(0,1) = E(e“’) and g(0,1) = E(e‘gR’). It is easy to see that

1
76.0="(1-G0) + [ f6.1-wdGaw,
0
t
g(9,t):h(9,t)(1—G(t))+/ g(0,t —u)dGu),
0

where h(0, 1) = E(e?X~)|X > 1) with X 4 G. By the key renewal theorem, as t — oo,

Jo7 e (1 — G(u))du

f@O,1) — 29
"

and

S 10, u)(1 — G(u)) du
w

fooo E@X-1. X > y)du
- 0

E(ff e duy  [°e®P(X > u)du
- 0 - 0

Jo7 e (1 — G(u)) du
= ; .

g6,1) —>

This proves (2.1). This being true for all & < 0, it follows that as ¢t — oo, both A; i) A and

R; i) R, where Ay, and R, have the same distribution, namely, an absolutely continuous
one on (0, co) with probability density function W Since P(Ryo =1) =0,

l o0
E@E€ R, R, > 1) > E@R>; Roo > 1) = —/ e (1-G@)dt,
wJi

which proves (2.2). Under the hypothesis fooo e’ (1 — G(1))dr < oo, (2.3) follows easily
from (2.2) by the dominated convergence theorem. O

The first part of the following lemma is known in various forms in the literature (see [3-5]).
A proof is given here for our setup in the precise form in which we will need it.
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Lemma 2.2. Let {X;};>1 be i.i.d. positive random variables with distribution function G and
G(0)=0.Letm > 1and 0 < a < 0o be the Malthusian parameter given by m fooo e dG(x) =

1. Let {5(1-},-21 be i.i.d. positive random variables with distribution functi0n~C~}(x)~=~m X
fox e dG(y), x = 0. Let N(t), A;, R; be as defined above for {X;}i>1 and N(t), A;, R; be
the corresponding objects for {X;}i>1. Then:

(i) for any k > 1 and bounded Borel measurable function ¢ : Rf - R,
E(@ X1, X2, .... X1) = E€ S m* ¢ (X1, Xa, ..., X0)), (2.4)

where Sy = ZL] Xi;
(i1) foranyt >0, k > 0, c € R and Borel measurable function h, and ¢ > 0,

k
k, %izzlh(Xi) —c >8)>

E (e‘*Rfe“Ska"“I <N(z) =

= E(e"‘k’I (N(z) =

(2.5)

k
1 3
k, %} 1:h(X,-)—c
1=

(iii)
lim lim E@R R, >1)=0. (2.6)
[—o0t—>00
Proof. From the definition of G, for any Borel sets B;,i = 1,2, ..., k, we have

k k
P(X;€Bi,i=1,2,....k) = Hm/ e dG (x) = E(e“skmkHI(Xi € Bi)>.
i=1 VB

i=1

Therefore, (2.4) follows and (2.5) follows from it by setting, for given ¢t > 0, k > 0,
(X1, X2, .., Xgy1) € REFL

k
1
% Zh(x,-) —c
i=1

Gr(x1, X2, .oy Xkt1) :ear,l(sk <1t < Sk+1,

where r; =Zf;1xi —t,55=37_,xi, 1 <j<k-+1 Now,

/ ‘”(1 G(x)) dx

m/oo (/ _“de(y)) dx:m/oo</yew dx)e_“y dG(y) @7
0 0 0

= :
m

0

e dG(y) = ;(1 — n_/[) < Q.
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Therefore, (2.6) follows from (2.3). O

Corollary 2.1. Assume the setup of Lemma 2.2. Let py = mfoooxe"” dG (x). Then, for all
>0,

N(t 1
lim e"”E(mN(’) : ‘L - > 8) =0. (2.8)
=00 t Mo
Proof. By the definition of Ry,
e_‘”E(mN(I); Ny 1 > 8)
t Ha
N() 1

t

<e—0t(l—51v(t)+1)e—OtSN(t)-HmN(l)I <‘

D)
-e)) 29)

! Ha

o0

— l ZE(eaRre—aSk+lmk+1[(N(t) — k, k 1
m t

)

o

1 & s k
. ZE(e"‘R’I<N(t) =k,
m t e

k=0
> 5),

= lE eo‘R"
m 9

where the second-to-last equality follows from Lemma 2.2(ii). Since X satisfies the hypothesis

N© 1

! Mo

of Lemma 2.1(ii), the family of random variables {e""éf :t > 0} is uniformly integrable. Also,

by Lemma 2.1(i), & — ul_m with probability 1. Therefore, E(e‘“é'; |@ — u%' >¢g) — 0 as
t — 00. O

3. Results on branching processes

Let {Z; :t > 0} be an age-dependent branching process with offspring distribution {px}x>0 and
lifetime distribution G (see [2] for details). Let {¢x}x>0 be the embedded discrete-time Galton—
Watson branching process with ¢ being the size of the kth generation, k£ > 0. Since py =0,
P(Z; > 0) =1 for all # > 0. On this event, choose an individual uniformly from those alive at
time ¢. Let M; be the generation number and a, the age of this individual.

Proposition 3.1. Let o > 0 be the Malthusian parameter defined by m fooo e *dG ) =1.
(i) Forx >0,
Jo e (1 — G(u))du -

lim P(a; <x)= T e (= G = A(x). 3.1)

t



Age-dependent branching Markov processes 145

(i) Let po =m [5° xe~**dG(x). Then

M, 1
— 25— (3.2)
t Ha

ast — o0.

Proof. (i) Fix x > 0. Then P(a; < x) = E(A(t, x)), where A(t, x) is the proportion of individ-
uals alive at time 7 with age less than or equal to x. From [1], it is known that A(¢, x) 2 A(x).
By the bounded convergence theorem, the result follows.

(i1) Let {¢x}x>0 be the embedded Galton—Watson process. For each + > 0 and k > 1, let g,
denote the number of lines of descent in the kth generation alive at tlme t (i.e., the successive
lifetimes {L;};>1 of the individuals in that line of descent satisfying Zl (Li <t < ZkH L;).
Denote the lines of descent of these individuals by {¢x;; : 1 < j < & }. Now, for any k > 0, > 0,
let N(¢) be as in Lemma 2.1. Then

P(M, > kt) = E( Z ;,,) < P(Z, <e"n) + — Z E¢jq.

]>kt j>kt

However, E¢j; =m/ P(N(t) = j). Hence,

1 .
P(M; > kt) = P(Z; <e*n)+ —e ' > m/ P(N(t) = j)
j>kt

1
=P(Z; <e¥"n) + —e_‘”E(mN(’); N(t) > kt)
n
L (33)
=P(Z, <e"n) + —E(®; N@t) > kt)
nm

al

- 1 5~
< P(Z <e™n)+ —P(N(t) > ki) + — E@ R R, > 1),
nm nm

where the second-to-last step follows from an argument similar to that used in the proof of Corol-
lary 2.1. Now, by Lemma 2.1(i), limsup,_, ., P(N(t) > kt) =0if k > ul—a’ and by Lemma 2.1(ii),
lim sup;_, o, limsup,_, E@*R: R, > 1) =0. Also, as Z,fo 1 klog(k) pr < oo (see [2], Chapter
4), there exists a random variable W such that Z,e =%’ 2% W as t — oo and P(W <n)—0as
n | 0. Consequently, from (3.3), for k > Hi, we obtain

ocl

limsup P(M; > kt) < limsuplimsup P(Z; < e*'n) + — limsup P(N(t) > kt)

t—00 740 t—00 nmm t—oo

L : ok .
+ — limsuplimsup E(e*™ : R, > 1) =0.

nm | soco t—o00

Similarly, one can show that limsup,_, ., P(M; < kt) — 0 for k < L thereby obtaining the
result. This result has also been proven in [9], using a different method. (]
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Proposition 3.2 (Law of large numbers). Let ¢ > 0 be given. For the randomly chosen individ-

ual at time t, let {L;; : 1 <i < M;} be the lifetimes of its ancestors. Let h: [0, c0) — R be Borel
measurable such that m fooo [h(x)|e** dG (x) < 0. Then, as t — 00,

( ; >
P N
M;

i=1

Y h(Li)—c

> 8) — 0, (3.4

where c =m [y h(x)e™** dG (x).

Proof. Let ¢, &), be as in proof of Proposition 3.1(ii). We call §y,; bad if

(3.5)

k
1
. > h(Liji) —c| > ¢
i=1

where {Ly;j;}i>1 are the successive lifetimes in the line of descent ¢y,; starting from the ancestor.
Let i, denote the cardinality of the set {{xj: 1 < j < {&, and ¢y, is bad}. Then

( ; > )
Pl |— > €
M;

i=1

D h(Li)—c

o0 o0 o0

i=0 Sjtb i=08jt,b i—0Cjtb

=E<X:J+ﬂ) =E<X:/+ﬁ; Z, <e°‘tn) _}.E(X:J%; Z, ze“’,;) (3.6)
' t t

E(Z Ejz,b>,
j=0

where 1 > 0. Now, note that for j >0 and ¢ > 0,

<Pz «f

Jj+1

E({jtb) m]P(ZL <I<ZL1,

i=1 i=1

7{;1 Gl - c' >¢
J

:E(ij(Sj§t<Sj+17|ij|>8))’

where {L;} are i.i.d. G, §; = Z{zl LiandY; =

/ h Ll'
# — ¢. Thus,

>

j=0

I _
;e O”E(é'jz,b)

| & .
:52 (e™mII(S; <t < Sjs1,1¥;] > ¢))
j=0
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o
= i ZE(e"‘R’e_“Sf“ijl(Sj <t<Sj41, |1?j| > 8))
nm =
1 & 5 - =
= Z E(®I(N@) =j,17; > ¢)) (by Lemma 2.2(ii))
j=0

nm
e! 7 1 aRi. i
§n—mP(|YN(t)|>8)+n—mE(e ;R >1).

By the strong law of large numbers, |I71§,(t)| 2% 0 and, consequently, limsup,_, o, P(|)71§,(t)| >
¢) = 0. Applying (2.3) with & = o shows that the second term on the right-hand side of (3.6)
converges to zero as t — oo. Further, since limsup,_,qlimsup,_, , P(Z; < e’ n) =0, 3.4
follows. (]

Proposition 3.3. Assume that (1.6) holds. Let {L;};>1 be i.i.d. G and {77‘[},21 be i.i.d. copies of
n and independent of the {L;};>1. For 0 € R, t > 0, define ¢(0,1) = Ee?"0)  There then exists
an event D with P(D) =1, and on D for all 6 € R,

n
0 2
H¢<—,Lj)—>eg V2 asn— oo,
j=1 v

where U = [ v(s)G(ds).

Proof. Recall from (1.6) that v(r) = E((¢)) for t > 0. Consider

X},”‘:L forl<i<n

o))

and F =o(L;:i > 1). Given F, {X,;:1 <i <n} is a triangular array of independent random
variables such that for 1 <i <n, E(X,;|F)=0, >}, E(XZ”]—') =1.
Let ¢ > 0 be given. Let

La(e) =) E(Xp;: Xy, > €| F).

ni’
i=1
By the strong law of large numbers,

n L
Zj—lnv( /) Sy

w.p. L. 3.7
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Let D be the event on which (3.7) holds. Then, on D,

2 n
limsup L, (e) < limsup % Z E<

n—00 n—00 izl

(L) i (L2 > %‘f)

: : 2 ¢
< limsuplimsup o= 5 E(Ini (LI : [ mi(Lo)I* > KIF)

k—oo n—oo YN T

_ 2. 2. )
—whmsupE(|m(L1)| !Im(Ly) I°>k)  (by SLLN)

k—o00
=0.
Thus, the Lindeberg—Feller central limit theorem implies that on D, for all 8 € R,

H¢<L L ) — B0 X5 X0 | F) > 9/,

s Lj
i=1 ,/Z;!zlv(Lj)

Combining this with (3.7) yields the result. |
Proposition 3.4. For the randomly chosen individual at time t, let {Ly;, {n;i(u) : 0 <u < Ly} :
1 <i < My} be the lifetimes and motion processes of its ancestors. Let Z;1 = ﬁ Z,M:tl Ni (Lyti)
and L; =o{M;, Ly : 1 <i < M;}. Then

E(E@%11L) —e V2 ) 50 ast— o. (3.8)

Proof. Fix 0 € R, ¢; > 0 and ¢ > 0. Replace the definition of “bad” in (3.5) by

k

0 2
l_[¢<ﬁ,thjl> — ¢ 0"V /2 > €. (39)
i=1

By Proposition 3.3, we have, if the {L;};>; are i.i.d. G (as in Lemma 2.2),

ﬁ¢<9 L.> N
i=1 \/77 l

Using this and following along the lines of the proof of Proposition 3.2 (since the details mirror
that proof we avoid repeating them here), we obtain that for # sufficiently large,

(

M 0 2
¢<_7L ) Va2
i]] L

lim P (sup > 8) =0. (3.10)

k— 00 j>k

>81) <eé. 3.11)



Age-dependent branching Markov processes 149

Now, for all 0 € R,

M,
. 0
E(@%1|L,) = <—,Li>.
@711L,) E¢ A L

Therefore,
lim sup E(|E(eie(l/\/ﬁf) S i (L) L) — o0 Va/2 )
—>00
i S S
= 1ging<H¢<ﬁ,Lt,>—e )
- O G

<81+211tniigpP<E¢(\/—M_t,Ln>—e >81>

=¢e1 + 2e.
Since ¢ > 0, 1 > 0 are arbitrary, we have the result. |

The above propositions will be used in the proof of Theorem 1.1. For the proof of Theorem 1.2,
we will need a result on coalescing times of the lines of descent.

Theorem 3.1. Fort > 0, choose two individuals uniformly at random from those alive at time t
and trace their lines of descents backward in time to find the time of death t; of their last common
ancestor, also known as the coalescent time. Then, for 0 <s < 00,

lim P(ty <s)=H(s) existsand lim H(s)=1. (3.12)
—00 §—>00
Proof. Fors >0and ¢t > s, let {Z;_;:t >s},i=1,2,..., Zs, denote the branching processes
initiating from the Z; individuals at time s. Then
S ZiiZis
P(r,<s)=E< i#j=1 T ’> (.13)
Z(Z = 1)

As 322 klog(k) px < oo (see [2], Chapter 4), conditional on Z, e *¢=9Z,_ ; 28 W,e%asi
ast—ooforali=1,...,Z;, where {W;};> is a sequence of i.i.d. random variables with
W; <ooa.e.and E(W;) = 1. {as,;}i=1,...,z, are the ages of the individuals alive at time s. Hence,

,,,,,

Zy Zy . .
Zi;éj:l ths,iztfs,j ae. Zi;&j:l Wl‘ Wje"‘““e““sv/
—

Zi(Zi = 1) (X7, Wiewasi)?

(3.14)

Define the function g:N — N by

k k
Dizj=1 Wi Wj) 1 E< Yo W} )

gk)=E (
(Z?{:l Wi)z (Z{FZI Wi)z
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Since Zle Wl.2 < (Zf=1 W;)2, we have 0 < g (k) < 1. So, by the bounded convergence theorem,

Zy
E<Zi¢j—l ths,iztfs,j
Z(Z; = 1)

Zs) 2% g(Zy).

It follows from (3.13) and the bounded convergence theorem that

Aim Pz <s) = E(g(Zy)) = H(s).

We now claim that g(k) — 1 as k — oco. Again, by the bounded convergence theorem, it suffices
to show that

k
D iz Wi2 p
iy Wi)?
Since 2311 Jjlogjpj < oo, E(W;) =1, and hence, by the strong law,

k
1
EZW,- -1 ae. (3.15)
i=1
Consequently, it suffices to show that

1 k
—Zw.z—’éo. (3.16)

Since E(W;) =1 and the {W;};>; are i.i.d., for every ¢ > 0, Zfil P(W; >ig) < c0. So, by
the Borel-Cantelli lemma, with probability 1, W; <ie for all large i. This implies that if W} =
maxi<;<k Wi, then

*

lim sup —* <e w.p. L.
k— o0

This, together with (3.15), yields

k
1
lim sup o Z Wi2 <e w.p. 1.

k— 00 i=1

(3.16) follows from the above and the fact that the empirical age distribution converges. Since

Z 2% coass — 00, it follows by the bounded convergence theorem that lims_, oo H(s) = 1. UJ

A similar argument to the above leads to the following corollary. This, however, is not required
for the proof of Theorem 1.2.
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Corollary 3.1. Suppose r individuals are chosen at time t by simple random sampling without
replacement. Let t.; be the last time they have a common ancestor. Then

lim P(v.; <s)=H,(s) existsand lim H,(s)=1. 3.17)
§—> 00

t—00

4. Proof of Theorem 1.1

For the individual chosen, let (a;, X;) be the age and position at time ¢. As in Proposition 3.4, let
{Lyi, {nsi(u),0<u<L}:1<i <M} be the lifetimes and motion processes of the ancestors
of this individual and {n;,+1)(®):0 <u <t — Zle’l L;;} the motion of this individual. Let
Ly =0(M;, Ly, 1 <i < M;).Itis immediate from the construction of the process that

M,
a =1t — ZLti
i=1

whenever M; > 0, that it is equal to ap + ¢ otherwise and that

M,

X = Xo —ns1(ao) + Z Nei (Lei) + Nem,+1)(@r).
i=I

Rearranging the terms, we obtain

3o - )25 )

M i (L, .
where Z;1 = % and Z; = %ﬁn,(MtH)(a,). Let & > 0 be given,

P(Zp| >¢) = P(1Zia| > €,a; k) + P(|Zi2| > &,a, > k)
= P(Zp| > ¢ ,a, <k) + Pla; > k)

< E(1Zn*1(a < k)

B +P(a[>k).
&

By Proposition 3.1(i), a, converges in distribution to U and hence, for any n > 0, there is a k
such that for all k > k;, t > 0,

P(a; > k) < g

Next,

E(1Zn1 (@ < ky)) = E(I(a; < k) E(1Zia|*|L0) = E<I(at <k ”(ft)>

sup,, <, v(u)

t
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Hence,

sup, <y, v(u)

te? +

P(|Zn|>6) < g

Using (1.6), since ¢ > 0 and n > 0 are arbitrary, this shows that as t — oo,
Zn5o0. “.1)
Now, for A > 0, 6 € R, as a; is £; measurable, we have
E(e—xa,e—i(e/m)z,,)

= E(e_)»at (E (e_i(g/m)Ztl ’/-:z) _ e—ozlﬂa/(Z/m))) + 6_92%/(2““)E(e_)‘“1),

Proposition 3.4 shows that the first term above converges to zero and, using Proposition 3.1(i),
we can conclude that as r — oo,

1
<at, th1> A w.v). 4.2)

o

As Xy, ag are constants, by Proposition 3.1, (4.2), (4.1) and Slutsky’s theorem, the proof is com-
plete.

5. Proof of Theorem 1.2
Let ¢ € Cp(R x Ry ). By Theorem 1.1 and the bounded convergence theorem,

E((Y;, ¢)) = E(p(U, V). (5.1)
We shall show that
Var((Y;, $)) = E(Y;, $)?) — (E((Y;, $)))* — 0 (5.2)

as t — oo. This will yield that

(7. ) -5 ¢(U. V)

for all ¢ € Cp(R x R;). The result then follows from [8], Theorem 16.16. We now proceed to
establish (5.2).

Pick two individuals Ci, Cy at random (i.e., by simple random sampling without replace-
ment) from those alive at time ¢. Let the age and position of the two individuals be denoted by
(af, X;),i =1,2. Let 7, = 1¢,,c,,r be the birth time of their common ancestor, say D, whose
position we denote by X 7,- Let the net displacement of Cy and C; from D be denoted by
X! i =1, 2, respectively. Then sz)N(f, + X! i=1,2.

=1 t—1°
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Next, conditioned on this history up to the birth of D(= G,), the random variables (a!, X ;;r[),

i=1,2, are independent. By Theorem 3.1, & i) 0. Also, by Theorem 1.1, conditioned on

t
G, {(af, 5%),1’ =1, 2} converges in distribution to {(U;, V;),i = 1, 2}, which are i.i.d. with

distribution (U, V), as in Theorem 1.1. Next, by Theorem 3.1, {z; : > 0} is tight and hence

Xy P
L S 0ast— oo.

Vi .
Combining these, we conclude that {(a;', f;—;;), i =1, 2} converges in distribution to {(U;, V;),
i =1, 2}. Thus, for any ¢ € Cp (R4 x R), we have, by the bounded convergence theorem,

2 i 2
tl_i)rgoE(l—[¢<af, f—ﬁ)) =E[[oW:. V)= (E¢U. V).
i=1 i=1

Now,

S <¢<a,,xt/ﬁ)>2) 2 (iX_f)Zt(Z;—l)
E(Y,($)) _E<—Z, +E E¢ “i5) 7 )

Using the fact that ¢ is bounded and Z; e 00, we have
Jim E(¥i(¢)* = (E¢(U. V)™,
—> 00

This, along with (5.1), implies (5.2) and we have thus proven the theorem.
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