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Abstract

In this paper, a non-integrated defect relation for meromorphic maps from complete

Kähler manifolds M into smooth projective algebraic varieties V intersecting hyper-

surfaces located in k-subgeneral position (see (1.5) below) is proved. The novelty of this

result lies in that both the upper bound and the truncation level of our defect relation

depend only on k, dimCðVÞ and the degrees of the hypersurfaces considered; besides, this

defect relation recovers Hirotaka Fujimoto [6, Theorem 1.1] when subjected to the same

conditions.

1. Introduction

Fujimoto [4, 5, 6, 8] introduced the innovative notion of non-integrated, or
modified, defect for meromorphic maps over a complex Kähler manifold into the
complex projective space. Recent extensions and generalizations may be found
in Ru and Sogome [17] as well as Tan and Truong [19]. Below we will replicate
the essential elements in this aspect from those references.

Denote M an m-dimensional Kähler manifold with Kähler form o ¼ffiffiffiffiffiffiffi
�1

p

2

P
i; j hij dzi5dzj. Write Ric o ¼ dd c logðdetðhijÞÞ with d ¼ qþ q and d c ¼ffiffiffiffiffiffiffi

�1
p

4p
ðq� qÞ. Let f : M ! PnðCÞ be a meromorphic map, and let D be a

hypersurface in PnðCÞ of degree d with f ðMÞ 6� D. Take n
f
D to be the inter-

section divisor generated through f and D, and take m0 > 0 to be an integer.
Denote AðD; m0Þ the family of constants hb 0 such that there exists a bounded,
nonnegative, continuous function h on M, with zeros of order no less than

minfn f
D; m0g, satisfying

dhWf þ dd c log h2
b ½minfn f

D; m0g�:ð1:1Þ
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Here, Wf denotes the pull-back of the normalized Fubini-Study metric form on
PnðCÞ, and ½n� denotes the ð1; 1Þ-current associated with the divisor nb 0.

Note condition (1.1) says that for each nonzero holomorphic function c
on an open set U of M with n0c ¼ minfn f

D; m0g outside an analytic subset of

codimension at least 2, the function v :¼ log
h2kfk2dh

jcj2

 !
is continuous and pluri-

subharmonic, where kfk2 ¼
Pn

{¼0 jf{j
2 for a (local) reduced representation f ¼

ðf0; f1; . . . ; fnÞ : M ! Cnþ1 of f ¼ ½f0 : f1 : � � � : fn�.
The non-integrated defect of f regarding D, truncated at level m0, is defined

as

d f
m0
ðDÞ ¼ 1� inffhb 0 : h A AðD; m0Þg:ð1:2Þ

Then, like Nevanlinna’s or Stoll’s classical defects, 0a d
f
m0þ1ðDÞa d f

m0
ðDÞa 1,

d f
m0
ðDÞ ¼ 1 if f ðMÞ \D ¼ j, and d f

m0
ðDÞb 1� m0

m
for any integer mb m0 if

½n f
D � m�b 0 on f �1ðDÞ.

Further, we say f : M ! PnðCÞ satisfies the ‘‘condition CðrÞ’’ provided for
some constant rb 0, there is a bounded, nonnegative, continuous function h on
M such that

rWf þ dd c log h2
bRic o:ð1:3Þ

Now, the original result of Fujimoto [6, Theorem 1.1] can be stated as
follows.

Theorem 1.1. Assume M is an m-dimensional complete Kähler manifold such
that the universal covering of M is biholomorphically isomorphic to a ball in Cm.
Let f : M ! PnðCÞ be a linearly non-degenerate meromorphic map such that the
condition CðrÞ is satisfied, and let H1;H2; . . . ;Hq be qðb nþ 1Þ hyperplanes in
PnðCÞ that are located in general position. Then, one has the following defect
relation

Xq
j¼1

d f
n ðHjÞa nþ 1þ rnðnþ 1Þ:ð1:4Þ

Ru and Sogome [17] (see also Yan [20]), and Tan and Truong [19] gener-
alized independently the preceding Theorem 1.1 in the way that PnðCÞ is replaced
by a projective algebraic variety V � PNðCÞ and hyperplanes in PnðCÞ located in

general position are extended to hypersurfaces in PNðCÞ located in di¤erent types
of k-subgeneral positions. One recalls that the k-subgeneral position condition
used in [19] comes from Dethlo¤, Tan and Thai [3, Definition 1.1].

It is noteworthy that both the upper bounds and the truncation levels of the
defect relations obtained in [17, Theorem 1.1], [19, Definition 1.1 and Theorem
1.2] and [20, Definition 1.2 and Theorem 1.1] depend on a given constant e > 0,
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and both blow up to þy as e ! 0. Also, it’s not clear to us if those results can
recover Theorem 1.1 under the same assumptions.

In the sequel, assume that V � PNðCÞ is a smooth projective algebraic
variety of dimension nðaNÞ. qð> kÞ hypersurfaces D1;D2; . . . ;Dq in PNðCÞ are
said to be located in k-subgeneral position ðkb nÞ with respect to V provided for
every 1a j0 < j1 < � � � < jk a q,

\k
s¼0

suppðDjsÞ
 !

\ V ¼ j1.ð1:5Þ

Here, suppðDÞ is the support of the divisor D. One says D1;D2; . . . ;Dq are in
general position with respect to V , if they are located in n-subgeneral position
with respect to V .

The purpose of this paper is by combining the techniques used in [19] and
[20] to describe a hypersurface defect relation, with definite truncation level and
explicit upper bound, that will be exactly Fujimoto’s original Theorem 1.1 when
d ¼ 1, k ¼ n ¼ N and V ¼ PnðCÞ.

Fix an integer db 1. Write Hd the vector space of homogeneous poly-
nomials of degree d in C½w0;w1; . . . ;wN � and IV the prime ideal in C½w0;w1; . . . ;
wN � defining V . Denote

HV ðdÞ :¼ dimC
Hd

Hd \ IV

� �

to be the Hilbert function of V . Recall HV ðdÞ ¼ nþ 1 when d ¼ 1, n ¼ N and
V ¼ PnðCÞ.

Finally, we can formulate our main theorem of this paper as the following
result.

Theorem 1.2. Assume M is an m-dimensional complete Kähler manifold such
that the universal covering of M is biholomorphically isomorphic to a ball in Cm,
and assume V � PNðCÞ is an irreducible projective algebraic variety of dimension
nðaNÞ. Let f : M ! V be an algebraically non-degenerate meromorphic map
such that the condition CðrÞ is satisfied, and let D1;D2; . . . ;Dq be qðb k þ 1Þ
hypersurfaces in PNðCÞ that are located in k-subgeneral position ðkb nÞ regarding
V and have degrees d1; d2; . . . ; dq respectively. Denote by d the least common
multiple of d1; d2; . . . ; dq. Then, one has the following defect relation

Xq
j¼1

d
f

HV ðdÞ�1ðDjÞa
2k � nþ 1

nþ 1
HV ðdÞ þ

r

d
HV ðdÞðHV ðdÞ � 1Þ

� �
:ð1:6Þ

It is worthwhile to mention when d ¼ 1, k ¼ n ¼ N and V ¼ PnðCÞ, The-

orem 1.2 recovers exactly Fujimoto’s initial work. As HV ðdÞa
d þN

N

� �
, the

1As far as we can check, this condition (1.5) appeared first in Chen, Ru and Yan [2].
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truncation level in Theorem 1.2 is smaller than that in [19, Theorem 1.2] and also
better than those in [17, 20], yet the upper bound in (1.6) might be larger than
those in [17, 19, 20] (depending on their e).

2. Preliminaries

In this auxiliary section, we describe some basic notations and necessary
results that are used afterwards throughout this paper.

Denote kzk2 ¼
Pm

|¼1 jz|j
2 for z ¼ ðz1; z2; . . . ; zmÞ A Cm. Write BðrÞ ¼

fz A Cm : kzk < rg and SðrÞ ¼ fz A Cm : kzk ¼ rg for r A ð0;yÞ, and BðyÞ ¼ Cm.
Define

u| ¼ ðdd ckzk2Þ| for | ¼ 1; 2; . . . ;m on Cm; and

sm ¼ d c logkzk25ðdd c logkzk2Þm�1 on Cmnf0g:

Suppose f : BðR0Þ ! PnðCÞ is a meromorphic map with 0 < R0 ay.
Choose holomorphic functions f0; f1; . . . ; fn with f ¼ ðf0; f1; . . . ; fnÞ : BðR0ÞnIf !
Cnþ1 a reduced representation of f . Notice the singularity set If :¼ fz A BðR0Þ :
f0ðzÞ ¼ f1ðzÞ ¼ � � � ¼ fnðzÞ ¼ 0g of f is of dimension at most m� 2. Fix this
reduced representation f of f . Then, Wf ¼ dd c logkfk2 will be the pull-back of
the normalized Fubini-Study metric form on PnðCÞ through f .

Given r0 A ð0;R0Þ, the characteristic function of f for r A ðr0;R0Þ is defined
as

Tf ðr; r0Þ ¼
ð r
r0

dt

t2m�1

ð
BðtÞ

Wf5um�1;ð2:1Þ

which can also be written as

Tf ðr; r0Þ ¼
ð
SðrÞ

logkfksm �
ð
Sðr0Þ

logkfksm:ð2:2Þ

For a holomorphic function c on an open subset U of Cm and a ¼
ða1; a2; . . . ; amÞ A Zm

b0, an m-tuple of nonnegative integers, set jaj :¼
Pm

|¼1 a| and

Dac :¼ Da1
1 Da2

2 � � �Dam
m c where D|c ¼ qc

qz|
for | ¼ 1; 2; . . . ;m. Define n0c : U !

Zb0 by n0cðzÞ :¼ maxfk : DacðzÞ ¼ 0g for all possible a A Zm
b0 with jaj < k, and

write suppðn0cÞ :¼ fz A U : n0cðzÞ > 0g.
For a meromorphic function j on U , there exist two coprime holomorphic

functions c1, c2 on U with j ¼ c1

c2

such that nyj :¼ n0c2
and suppðnyj Þ :¼ suppðn0c2

Þ.

Take m0 > 0 an integer or y. For a meromorphic map f : BðR0Þ ! PnðCÞ
with a reduced representation f and a hypersurface D in PnðCÞ of degree d with
Q its defining homogeneous polynomial, let n f

D :¼ n0QðfÞ be the intersection divisor
associated with f and D on BðR0ÞnIf . The valence function of f regarding D,
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with truncation level m0, is defined to be

N
m0

f ðr; r0;DÞ ¼
ð r
r0

n
m0

f ðt;DÞ
t

dt;ð2:3Þ

where

n
m0

f ðt;DÞ :¼
1

t2m�2

ð
suppðn f

D
Þ\BðtÞ

minfn f
D; m0gum�1 when mb 2;

P
kzk<t minfn f

DðzÞ; m0g when m ¼ 1:

8><
>:

The first main theorem says N
m0

f ðr; r0;DÞa dTf ðr; r0Þ þOð1Þ (see [9, 10]).
Let d̂d f

m0
ðDÞ be Nevanlinna’s defect or its high dimensional extension by Stoll that

is defined as

d̂d f
m0
ðDÞ ¼ 1� lim sup

r!R0

N
m0

f ðr; r0;DÞ
dTf ðr; r0Þ

:

When limr!R0
Tf ðr; r0Þ ¼ y, then [6, Proposition 5.6] or [17, Proposition 2.1]

yield

0a d f
m0
ðDÞa d̂d f

m0
ðDÞa 1:ð2:4Þ

Below, we recall two results of An, Quang and Thai [1, 16]. The first one is
an extension to hypersurfaces of the celebrated Nochka weights [13, 14] con-
cerning hyperplanes.

Proposition 2.1 ([1, Lemma 3.3] or [16, Lemma 3]). Assume that V �
PNðCÞ is an irreducible projective algebraic variety of dimension n ðnaNÞ. Let
D1;D2; . . . ;Dq be q > 2k � nþ 1 ðkb nÞ hypersurfaces in PNðCÞ of common
degree d that are located in k-subgeneral position with respect to V. Then,
there exist q rational numbers 0 < o1;o2; . . . ;oq a 1 such that

(a.) for $ :¼ maxj A f1;2;...;qgfojg, one has

oj a$ ¼
Pq

j¼1 oj � n� 1

q� 2k þ n� 1
and

nþ 1

2k � nþ 1
a$a

n

k
2;ð2:5Þ

(b.) for each subset R of f1; 2; . . . ; qg with aR ¼ k þ 1, one has
P

j AR oj a

nþ 1;
(c.) for q arbitrarily given constants E1;E2; . . . ;Eq b 1 and each set R as in

(b.), there exists a subset T of R with aT ¼ rankfQjgj A T ¼ nþ 1 satisfyingY
j AR

E
oj

j a
Y
j A T

Ej ;ð2:6Þ

2Note this upper bound in the second estimate of (2.5) was discovered by Toda [15].
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where Qj is the defining homogeneous polynomial of Dj in PNðCÞ for j ¼ 1;
2; . . . ; q.

Lemma 2.2 ([1, Lemma 4.2] or [16, Lemma 5]). Under the same assump-
tions of Proposition 2.1, for each subset T � f1; 2; . . . ; qg withaT ¼ rankfQjgj A T
¼ nþ 1, there are HV ðdÞ � n� 1 hypersurfaces D�

1 ;D
�
2 ; . . . ;D

�
HV ðdÞ�n�1 in PNðCÞ

such that

rankffQjgj A T [ fQ�
i g

HV ðdÞ�n�1
i¼1 g ¼ HV ðdÞ:

Here, Qj and Q�
i are the homogeneous polynomials defining Dj and D�

i respectively.

3. Proof of Theorem 1.2

First, it’s interesting to notice the following consequence of our Theorem
1.2.

Theorem 3.1. Suppose M is an m-dimensional complete Kähler manifold
such that the universal covering of M is biholomorphically isomorphic to a ball
in Cm. Let f : M ! PNðCÞ be a meromorphic map that satisfies the condition
CðrÞ whose image spans a linear subspace of dimension n, not contained in any
of H1;H2; . . . ;Hq, where H1;H2; . . . ;Hq are q hyperplanes in PNðCÞ located in
general position. Then, one has the following defect relation

Xq
j¼1

d f
n ðHjÞa 2N � nþ 1þ rnð2N � nþ 1Þ:ð3:1Þ

This is a Cartan-Nochka type result. For the classical defect relation, the
associated second main theorem was originally suggested by Cartan and proved
by Nochka; for that with truncation, the associated second main theorem was
initially shown by Fujimoto [8, Theorem 3.2.12] and refined by Noguchi [15,
Theorem 3.1] with a better estimate about error terms.

For each j ¼ 1; 2; . . . ; q, set Qj to be the homogeneous polynomial of degree

dj defining Dj in PNðCÞ; replacing Qj by Q
d=dj
j when necessary, we may assume

Q1;Q2; . . . ;Qq A Hd , where from now on we use d to represent the least common
multiple of d1; d2; . . . ; dq.

Now, we will proceed to prove Theorem 1.2 by considering two situations

lim sup
r!R0

Tf ðr; r0Þ

log
1

R0 � r

< y and lim sup
r!R0

Tf ðr; r0Þ

log
1

R0 � r

¼ yð3:2Þ

when the universal covering of M is biholomorphic to a finite ball BðR0Þ in Cm.
Let p : ~MM ! M be the universal covering of M. Then, f � p : ~MM ! V

is again algebraically non-degenerate since f : M ! V is algebraically non-
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degenerate; also, one has d
f

HV ðdÞ�1ðDjÞa d
f �p
HV ðdÞ�1ðDjÞ. Hence, by lifting f to the

covering, we fix M ¼ Bð1Þ subsequently.
Consider first the former case in (3.2) that is more important.
Assume f ¼ ðf0; f1; . . . ; fNÞ and Qj ¼

P
b AId

ajbw
b, where Id is the set of

ðN þ 1Þ-tuples b ¼ ðb0; b1; . . . ; bNÞ A ZNþ1
b0 with jbj :¼

PN
{¼0 b{ ¼ d and wb :¼

w
b0
0 w

b1
1 � � �wbN

N . For every j ¼ 1; 2; . . . ; q, notice jQjðfÞj ¼ j
P

b AId
ajbf

bja
ð
P

b AId
%bjajbjÞkfkd so that

jQjðfÞja %kfkd with % :¼
Xq
j¼1

X
b AId

%bjajbj > 0:ð3:3Þ

Fix a basis ff1; f2; . . . ; fHV ðdÞg � Hd of
Hd

Hd \ IV
. Because f is algebraically

non-degenerate, F :¼ ½f1ðfÞ : f2ðfÞ : � � � : fHV ðdÞðfÞ� : M ! PHV ðdÞ�1ðCÞ is linearly
non-degenerate. In view of [6, Proposition 4.5], there exist HV ðdÞ m-tuples a l ¼
ða l

1; a
l
2; . . . ; a

l
mÞ A Zm

b0 with

ja l j ¼
Xm
|¼1

a l
| < l and

XHV ðdÞ

l¼1

ja l ja HV ðdÞðHV ðdÞ � 1Þ
2

;ð3:4Þ

such that the Wronskian Wa1���aHV ðdÞ ðFÞ of F is not identically zero on M,
where

Wa1���aHV ðdÞ ðFÞ :¼ detðDa l

flðfÞÞ1al;laHV ðdÞ:ð3:5Þ

For any subset T � f1; 2; . . . ; qg with aT ¼ rankfQjgj A T ¼ nþ 1, use the

hypersurfaces in Lemma 2.2 to define FT :¼ ½fQjðfÞgj A T :Q�
1 ðfÞ : � � � :Q�

HV ðdÞ�n�1ðfÞ�
(by abuse of notations). Then, there is a constant CT 0 0 such that
Wa1���aHV ðdÞ ðFT Þ ¼ CT Wa1���aHV ðdÞ ðF Þ.

Fix w A V \ f ðMÞ. Abusing the notation, w ¼ cw for some w A CNþ1nf0g
and all complex numbers c0 0. Pick a subset R of f1; 2; . . . ; qg with
aR ¼ k þ 1 such that jQjðwÞja jQsðwÞj when j A R and s A f1; 2; . . . ; qgnR;
using the k-subgeneral position hypothesis (1.5) and the continuity of

jQsðwÞj2

ðjw0j2 þ jw1j2 þ � � � þ jwN j2Þd
, there exists a constant gY > 0 such that

gYkfðzÞk
d
a min

s A f1;2;...;qgnR
jQsðfÞðzÞjð3:6Þ

for all z A f �1ðY ÞnIf , where Y is an appropriate open neighborhood of w
in V .

Take such a z and set Ej :¼
%kfðzÞkd

jQjðfÞðzÞj
b 1 for j A R; then, Proposition 2.1—

Parts (b.)&(c.) yields a subset T of R with aT ¼ nþ 1 such that the estimate
(2.6) holds. Noting (3.3), (3.6) and the estimate concerning these Ej for R, T ,
one observes that
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kfðzÞkdT
q

j¼1oj jWa1���aHV ðdÞ ðFÞðzÞj
jQ1ðfÞðzÞjo1 � � � jQqðfÞðzÞjoq

a
Y
j AR

%kfðzÞkd

jQjðfÞðzÞj

 !oj jWa1���aHV ðdÞ ðF ÞðzÞj

%Tj ARojg
Ts A f1; 2;...; qgnRos

Y

aK
kfðzÞkdðnþ1ÞjWa1���aHV ðdÞ ðFÞðzÞjQ

j A T jQjðfÞðzÞj

aK
kfðzÞkdHV ðdÞjWa1���aHV ðdÞ ðFT ÞðzÞjQ
j A T jQjðfÞðzÞj

QHV ðdÞ�n�1
i¼1 jQ�

i ðfÞðzÞj
:

Here, and hereafter, K > 0 represents an absolute constant whose value may
change from line to line but (in general) can be interpreted appropriately within
the context.

For simplicity, put

j :¼ Wa1���aHV ðdÞ ðFÞ
Qo1

1 ðfÞ � � �Qoq
q ðfÞ

and @ðFT Þ :¼
Wa1���aHV ðdÞ ðFT ÞQ

j A T QjðfÞ
QHV ðdÞ�n�1

i¼1 Q�
i ðfÞ

:

Considering the compactness of V , we have

kfðzÞkdfT q

j¼1oj�HV ðdÞgjjðzÞjaK
X
R;T

j@ðFT ÞðzÞj Ez A MnIf :ð3:7Þ

Here, the summation is taken over all the subsets T � R � f1; 2; . . . ; qg with
aR ¼ k þ 1 and aT ¼ nþ 1. Since q, k, n are all finite, there can only be
finitely many possibilities.

On the other hand, one may observe that

nyj a
Xq
j¼1

oj minfn f
Dj
;HV ðdÞ � 1gð3:8Þ

outside an analytic subset of codimension at least 2. As a matter of fact, when
z A MnIf is a zero of some QjðfÞ, it can be a zero of no more than k þ 1 functions
QjðfÞ by (1.5). Assume QjðfÞ vanishes at z for j A ~RR � f1; 2; . . . ; qg with a~RR ¼
k þ 1 yet QsðfÞðzÞ0 0 for s A f1; 2; . . . ; qgn ~RR. By virtue of Proposition 2.1—Part

(c.), putting ~EEj :¼ expðmaxfn f
Dj
ðzÞ �HV ðdÞ þ 1; 0gÞb 1 for j A ~RR, there exists a

subset ~TT of ~RR with a~TT ¼ rankfQjgj A ~TT ¼ nþ 1 such that

X
j A ~RR

oj maxfn f
Dj
ðzÞ �HV ðdÞ þ 1; 0ga

X
j A ~TT

maxfn f
Dj
ðzÞ �HV ðdÞ þ 1; 0g;

from which it follows that, in view of n0W
a1 ���aHV ðdÞ ðFÞ ¼ n0W

a1 ���aHV ðdÞ ðF ~TT Þ
,

X
j A ~RR

oj maxfn f
Dj
ðzÞ �HV ðdÞ þ 1; 0ga n0W

a1 ���aHV ðdÞ ðF ÞðzÞ:
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This estimate clearly leads to (3.8) upon verifying the following computations
at z

nyj a
Xq
j¼1

ojn
f
Dj

� n0W
a1 ���aHV ðdÞ ðFÞ ¼

X
j A ~RR

ojn
f
Dj

� n0W
a1 ���aHV ðdÞ ðFÞ

¼
X
j A ~RR

ojðminfn f
Dj
;HV ðdÞ � 1g þmaxfn f

Dj
�HV ðdÞ þ 1; 0gÞ � n0W

a1 ���aHV ðdÞ ðFÞ

a
X
j A ~RR

oj minfn f
Dj
;HV ðdÞ � 1ga

Xq
j¼1

oj minfn f
Dj
;HV ðdÞ � 1g:

Next, we suppose that

Xq
j¼1

ojd
f

HV ðdÞ�1ðDjÞaHV ðdÞ þ
r

d
HV ðdÞðHV ðdÞ � 1Þ:ð3:9Þ

When (3.9) is true, then by (1.2) and the first relation in (2.5), it yields that

Xq
j¼1

hjoj b$ðq� 2k þ n� 1Þ þ nþ 1�HV ðdÞ �
r

d
HV ðdÞðHV ðdÞ � 1Þ

for all nonnegative constants hj A AðDj;HV ðdÞ � 1Þ; that is,

Xq
j¼1

hj b q� 2k þ n� 1þ 1

$
nþ 1�HV ðdÞ �

r

d
HV ðdÞðHV ðdÞ � 1Þ

� �
:

This further implies that

Xq
j¼1

ð1� hjÞa 2k � nþ 1þ 1

$
HV ðdÞ � n� 1þ r

d
HV ðdÞðHV ðdÞ � 1Þ

� �
;

which, along with the lower bound in the second estimate of (2.5), leads to (1.6).
In the sequel, we show by contradiction the validity of (3.9).
Suppose it doesn’t hold. Then, by definition of non-integrated defect,

there are nonnegative constants ~hhj A AðDj;HV ðdÞ � 1Þ and continuous, pluri-
subharmonic functions ~uuj2�y, for every j ¼ 1; 2; . . . ; q, such that e~uuj jcjjakfkd ~hhj

and

Xq
j¼1

ð1� ~hhjÞoj > HV ðdÞ þ
r

d
HV ðdÞðHV ðdÞ � 1Þ:ð3:10Þ

Here, cj is a nonzero holomorphic function that satisfies n0cj
¼ minfn f

Dj
;HV ðdÞ �

1g. Define uj :¼ ~uuj þ logjcjj2�y that is continuous and pluri-subharmonic,
and satisfies euj a kfkd ~hhj . So, for Q1ðzÞ :¼ logjzajðzÞj þ

Pq
j¼1 ojujðzÞ with a :¼
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PHV ðdÞ
l¼1 a l A Zm

b0, seeing the preceding analyses and (3.8), one clearly deduces that
Q1 is pluri-subharmonic on M.

Note we assumed the condition CðrÞ satisfied; that is, (1.3) holds. By [6,
p252, Remark], there exists a continuous, pluri-subharmonic function Q2 2�y
such that eQ2 dV a kfk2rum. Here, and henceforth, we use dV to denote the
canonical volume form on M.

Set t0 :¼
2r

df
Pq

j¼1ð1� ~hhjÞoj �HV ðdÞg
> 0 and write y :¼ Q2 þ t0Q1. Then, y

is pluri-subharmonic and thus a subharmonic function on M ¼ Bð1Þ. In addi-
tion, one has

ey dV ¼ eQ2þt0Q1 dV a et0Q1kfk2rum ¼ jzajj t0et0T
q

j¼1ojujkfk2rum

a jzajj t0kfk t0dT
q

j¼1oj ~hhjþ2r
um ¼ jzajj t0kfk t0dfTq

j¼1oj�HV ðdÞgum:

By (3.4) and (3.10), we easily get t0ð
PHV ðdÞ

l¼1 ja l jÞ < v < 1 for some constant v > 0.

Therefore, recalling um ¼ 2mkzk2m�1
sm5dkzk and (3.7), we haveð

M

ey dV a

ð
M

jzaj t0 jjðzÞkfðzÞkdfT q

j¼1oj�HV ðdÞgj t0umð3:11Þ

aK
X
R;T

ð1
0

r2m�1

ð
SðrÞ

jza@ðFT ÞðzÞj t0sm

 !
dr

aK

ð1
0

r2m�1 R2m�1

R� r
TF ðR; r0Þ

� �v
draK

ð1
0

1

R� r
TF ðR; r0Þ

� �v
dr

when r0 < r < R < 1, where we applied [6, Proposition 6.1] (see also [17,
Proposition 3.3]) for the derivation of the third, or the second last, estimate
in (3.11).

Finally, seeing Hayman [11, Lemma 2.4 (ii)] and letting R ¼ rþ 1� r

eTF ðr; r0Þ
,

one has

TF ðR; r0Þa 2TF ðr; r0Þa 2dTf ðr; r0Þ
outside a set with finite logarithmic measure. Recall we assumed the case

lim sup
r!1

Tf ðr; r0Þ

log
1

1� r

< y in (3.2). The preceding analyses combined with [5,

Proposition 5.5] yields that

ð
M

ey dV aK

ð1
0

2

1� r

eTF ðr; r0Þ

TF ðr; r0Þ

0
BB@

1
CCA
v

draK

ð1
0

2d 2e

1� r
T 2
f ðr; r0Þ

� �v
drð3:12Þ

aK

ð1
0

1

ð1� rÞv log
1

1� r

� �2v
dr ¼ K

ð1� vÞ2vþ1
Gð2vþ 1Þ < y:

293a non-integrated hypersurface defect relation for meromorphic maps



This result however would contradict Yau [21] and Karp [12, Theorem B], as
M ¼ Bð1Þ has infinite volume with respect to the given complete Kähler metric;
see [17, p1147].

From now on, we shall consider the latter case in (3.2) and the situation
when the universal covering of M is biholomorphic to Cm simultaneously, since
both may be treated essentially in the same way through traditional defect
relation and (2.4). As can be seen from the following discussions, we don’t need
f to satisfy the growth condition CðrÞ in these settings.

Noting the description below (3.2), we without loss of generality assume
M ¼ BðR0Þ for some 0 < R0 ay afterwards. Moreover, when R0 ¼ y, we can
use the flat metric to see Ric o1 0; that is, all meromorphic maps f : Cm ! V
satisfy the condition Cð0Þ automatically.

Proposition 3.2. Under the same hypotheses of Theorem 1.2 concerning the
algebraic variety V in PNðCÞ and the hypersurfaces D1;D2; . . . ;Dq in PNðCÞ, let
f : BðR0Þð� CmÞ ! V be an algebraically non-degenerate meromorphic map with
0 < R0 ay. Then, one has

q� 2k � nþ 1

nþ 1
HV ðdÞ

� �
Tf ðr; r0Þa

Xq
j¼1

1

dj
N

HV ðdÞ�1
f ðr; r0;DjÞ þ Sf ðr; r0Þ;ð3:13Þ

where Sf ðr; r0Þb 0 satisfies Sf ðr; r0ÞaKflogþ Tf ðr; r0Þ þ logþ rg for all r A ðr0;yÞ
outside a set of finite linear measure when R0 ¼ y and

Sf ðr; r0ÞaK logþ Tf ðr; r0Þ þ
2k � nþ 1

2dðnþ 1Þ HV ðdÞðHV ðdÞ � 1Þ logþ 1

R0 � r
ð3:14Þ

for all r A ðr0;R0Þ outside a set of finite logarithmic measure when R0 < y.

Proof. Like the first case in (3.2), by (3.4), (3.7) and the argument in (3.11),
one has ð

SðrÞ
jzajðzÞkfðzÞkdfTq

j¼1oj�HV ðdÞgj�tt0sm aK
R2m�1

R� r
TF ðR; r0Þ

� ��vv
for r0 < r < R < R0, which further implies that, applying the concavity of
logarithm, ð

SðrÞ
logjza � jðzÞjsm þ

ð
SðrÞ

logkfkdfTq

j¼1oj�HV ðdÞgsmð3:15Þ

a
�vv
�tt0

logþ
1

R� r
þ Kflogþ TF ðR; r0Þ þ logþ Rg:

Here, �tt0; �vv > 0 are arbitrarily given constants satisfying �tt0ð
PHV ðdÞ

l¼1 ja l jÞ < �vv < 1.
Besides, use Jensen’s formula and (3.8) to derive thatð

SðrÞ
logjza � jðzÞjsm b�

Xq
j¼1

ojN
HV ðdÞ�1
f ðr; r0;DjÞ þOð1Þ;
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which combined with the first relation in (2.5) and (3.15) altogether leads to

f$ðq� 2k þ n� 1Þ þ nþ 1�HV ðdÞgTf ðr; r0Þ

a
Xq
j¼1

oj

d
N

HV ðdÞ�1
f ðr; r0;DjÞ þ

HV ðdÞðHV ðdÞ � 1Þ
2d

logþ
1

R� r

þ Kflogþ TF ðR; r0Þ þ logþ Rg

when
�vv
�tt0

approaches
HV ðdÞðHV ðdÞ � 1Þ

2
from the above. Since dj a d, oj a$

and
1

$
a

2k � nþ 1

nþ 1
, (3.13) follows immediately from the above inequality with

Sf ðr; r0Þ :¼
1

2d$
HV ðdÞðHV ðdÞ � 1Þ logþ 1

R� r
þ Kflogþ TF ðR; r0Þ þ logþ Rg:

The remaining estimates about Sf ðr; r0Þ appear to be exactly the same as those,
for instance, in [6, Proposition 6.2] or [17, Theorem 4.5] by virtue of [11, Lemma
2.4]. r

A natural consequence of Proposition 3.2 is the standard defect relation

Xq
j¼1

d̂d
f

HV ðdÞ�1ðDjÞa
2k � nþ 1

nþ 1
HV ðdÞ;ð3:16Þ

provided either R0 ¼ y and f is transcendental3, or R0 < y and

lim sup
r!R0

Tf ðr; r0Þ

log
1

R0 � r

¼ y. Thus, (1.6) follows from (2.4) and (3.16) so that our

proof is finished completely.

4. Some related uniqueness results

In 1986, Fujimoto [7] generalized the well-known five-value theorem of
Nevanlinna to the situation of meromorphic maps over a complete, connected
Kähler manifold M (whose universal covering is biholomorphic to a finite ball in
Cm) into PnðCÞ that satisfy the growth condition CðrÞ and share hyperplanes;
other closely related results can be found in [18, 20].

In this last section, under the same setting as this result of Fujimoto, we use
the techniques in the proof of Theorem 1.2 to describe two uniqueness results
regarding hypersurfaces located in k-subgeneral position, following essentially the
approach applied in [7, 18, 20].

3Notice when f is rational, then one can choose Sf ðr; r0Þ ¼ Oð1Þ to have (3.16).
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Considering the comments made in [7, Section 5], we will without loss
of generality suppose that either M ¼ Bð1Þ � Cm (finite ball covering of M) or
M ¼ Cm subsequently.

In fact, when f ; g : M ! V are the given meromorphic maps, then f � p;
g � p : ~MM ! V will satisfy all the hypotheses as meromorphic maps over the
lifted, complete universal covering ~MM of M. Since f � p1 g � p on ~MM implies
f 1 g on M, we simply assume M ¼ ~MM.

Theorem 4.1. Assume V � PNðCÞ is an irreducible projective algebraic
variety of dimension nðaNÞ. Let f ; g : Bð1Þð� CmÞ ! V be two algebraically
non-degenerate meromorphic maps, both satisfying the condition CðrÞ. Let
D1;D2; . . . ;Dq be q hypersurfaces in PNðCÞ of degrees d1; d2; . . . ; dq, located
in k-subgeneral position ðkb nÞ with respect to V. Suppose further that

lim sup
r!1

Tf ðr; r0Þ þ Tgðr; r0Þ

log
1

1� r

< y and f , g satisfy the following conditions

(1.) f �1ðDjÞ ¼ g�1ðDjÞ for j ¼ 1; 2; . . . ; q,
(2.) f ¼ g on

Sq
j¼1 f �1ðDjÞ,

(3.) f �1ðDj \Dj 0 Þ has dimension at most m� 2 for 1a j0 j 0 a q.
Then, one has f 1 g provided, for the least common multiple d of d1; d2; . . . ; dq,

q >
2k � nþ 1

nþ 1
HV ðdÞ þ

r

d
HV ðdÞðHV ðdÞ � 1Þ

� �
þ 2

d
ðHV ðdÞ � 1Þ:ð4:1Þ

Proof. Assume f ¼ ½f0 : f1 : � � � : fN � and g ¼ ½g0 : g1 : � � � : gN �, with reduced
representations f ¼ ðf0; f1; . . . ; fNÞ and g ¼ ðg0; g1; . . . ; gNÞ. Suppose in the fol-
lowing f 2 g. Then, there exist at least two distinct indices 0a {0�{{aN such
that the holomorphic function w :¼ f{g�{{ � f�{{g{ is not identically zero and satisfies
jwja 2kfk kgk on M ¼ Bð1Þ.

Employ the previous notations to have F as before and G :¼ ½f1ðgÞ :
f2ðgÞ : � � � : fHV ðdÞðgÞ�, both being linearly non-degenerate maps to PHV ðdÞ�1ðCÞ.
Thus, one finds two sets of HV ðdÞ m-tuples a l ; ~aa l A Zm

b0 with (3.4) satisfied
for each one, and Wa1���aHV ðdÞ ðF Þ �W~aa1���~aaHV ðdÞ ðGÞ2 0 with W~aa1���~aaHV ðdÞ ðGÞ :¼
detðD ~aa l

flðgÞÞ1al;laHV ðdÞ. Besides, for every subset T � f1; 2; . . . ; qg with aT ¼
rankfQjgj A T ¼ nþ 1, use the hypersurfaces in Lemma 2.2 to define GT similarly,
and there is a constant ~CCT 0 0 such that W~aa1���~aaHV ðdÞ ðGT Þ ¼ ~CCT W~aa1���~aaHV ðdÞ ðGÞ.

Recall j ¼ Wa1���aHV ðdÞ ðFÞ
Qo1

1 ðfÞ � � �Qoq
q ðfÞ

and @ðFT Þ ¼
Wa1���aHV ðdÞ ðFT ÞQ

j A T QjðfÞ
QHV ðdÞ�n�1

i¼1 Q�
i ðfÞ

. Analo-

gously, set ~jj :¼ W~aa1���~aaHV ðdÞ ðGÞ
Qo1

1 ðgÞ � � �Qoq
q ðgÞ

and ~@@ðGT Þ :¼
W~aa1���~aaHV ðdÞ ðGT ÞQ

j A T QjðgÞ
QHV ðdÞ�n�1

i¼1 Q�
i ðgÞ

.

Then, one has (3.7) and

kgðzÞkdfTq

j¼1oj�HV ðdÞgj~jjðzÞjaK
X
R;T

j~@@ðGT ÞðzÞj Ez A MnIg:ð4:2Þ

296 wei chen and qi han



Now, it is routine to see our condition (4.1) and (2.5) imply that

Xq
j¼1

oj > HV ðdÞ þ
2$

d
ðHV ðdÞ � 1Þ þ r

d
HV ðdÞðHV ðdÞ � 1Þ:ð4:3Þ

From our assumptions, we know wðzÞ ¼ 0 for all z A
Sq

j¼1 f �1ðDjÞ. As

oj a$, we can infer that nyj ; ny~jj a$ðHV ðdÞ � 1Þn0w and thus jw$ðHV ðdÞ�1Þ,
~jjw$ðHV ðdÞ�1Þ are both holomorphic functions on Bð1Þ. Recall the Kähler form

o ¼
ffiffiffiffiffiffiffi
�1

p

2

P
i; j hij dzi5dzj on Bð1Þ. By hypothesis, there exist two continuous,

pluri-subharmonic functions t1; t2 2�y such that

et1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhijÞ

q
a kfkr and et2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhijÞ

q
a kgkr:

Take t :¼ logjzaþ~aaj~jjw2$ðHV ðdÞ�1Þj t̂t0 for t̂t0 :¼
r

df
Pq

j¼1 oj �HV ðdÞg� 2$ðHV ðdÞ � 1Þ
> 0 with a ¼

PHV ðdÞ
l¼1 a l , ~aa :¼

PHV ðdÞ
l¼1 ~aa l A Zm

b0. Then, t is pluri-subharmonic and
one has

detðhijÞe
tþt1þt2 a jzajj t̂t0 jz ~aa ~jjj t̂t0 jwj2t̂t0$ðHV ðdÞ�1Þkfkrkgkr

aK jzajj t̂t0kfkrþ2t̂t0$ðHV ðdÞ�1Þjz ~aa ~jjj t̂t0kgkrþ2t̂t0$ðHV ðdÞ�1Þ

¼ K jzajj t̂t0kfkdt̂t0fT q

j¼1oj�HV ðdÞgjz ~aa ~jjj t̂t0kgkdt̂t0fT q

j¼1oj�HV ðdÞg:

Via (4.3), we get t̂t0HV ðdÞðHV ðdÞ � 1Þ < v̂v < 1 for some constant v̂v > 0. So,
seeing dV ¼ cmdetðhijÞum for an absolute constant cm > 0, (3.4), (3.7) and (4.2),
we have

ð
M

etþt1þt2 dV aK

ð
M

jzaj2t̂t0 jjðzÞkfðzÞkdfTq

j¼1oj�HV ðdÞgj2t̂t0um
� �1=2

ð4:4Þ

�
ð
M

jz ~aaj2t̂t0 j~jjðzÞkgðzÞkdfTq

j¼1oj�HV ðdÞgj2t̂t0um
� �1=2

aK
X
R;T

ð1
0

r2m�1

ð
SðrÞ

jza@ðFT ÞðzÞj2t̂t0sm

 !
dr

( )1=2

�
X
R;T

ð1
0

r2m�1

ð
SðrÞ

jz ~aa~@@ðGT ÞðzÞj2t̂t0sm

 !
dr

( )1=2

aK

ð1
0

1

ð1� rÞ v̂v
log

1

1� r

� �2v̂v
dr ¼ K

ð1� v̂vÞ2v̂vþ1
Gð2v̂vþ 1Þ < y
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by Hölder’s inequality, where a parallel argument concerning (3.11) and (3.12) is
used to derive (4.4). This contradicts the results of Yau [21] and Karp [12], and
thus f 1 g. r

Finally, we describe a uniqueness result when the growth condition CðrÞ is
dropped. Since it follows directly from the discussions in [7, Section 4] (see
also [18, Section 3] or [20, Theorem 4.2]) and our Proposition 3.2 (in particular
(3.14)), we only outline its proof.

Proposition 4.2. Under the same hypotheses of Theorem 4.1 concerning
the algebraic variety V in PNðCÞ and the hypersurfaces D1;D2; . . . ;Dq in PNðCÞ,
suppose f ; g : BðR0Þð� CmÞ ! V are algebraically non-degenerate meromorphic
maps satisfying the conditions (1.)–(3.). Fix d the least common multiple of
d1; d2; . . . ; dq. Then, one has f 1 g provided either

q >
2k � nþ 1

nþ 1
HV ðdÞ þ

2

d
ðHV ðdÞ � 1Þð4:5Þ

when R0 ¼ y or

q >
2k � nþ 1

nþ 1
HV ðdÞ þ

l

d
HV ðdÞðHV ðdÞ � 1Þ

� �
þ 2

d
ðHV ðdÞ � 1Þð4:6Þ

when R0 ¼ 1 with l :¼ lim inf
r!1

log
1

1� r
Tf ðr; r0Þ þ Tgðr; r0Þ

outside a set of finite logarithmic
measure.

Proof. From the derivation of (3.13) and the facts that w ¼ 0 onSq
j¼1 f �1ðDjÞ and Twðr; r0ÞaTf ðr; r0Þ þ Tgðr; r0Þ, one has for the valence function

N r; r0;
1

w

� �
of zeros of w

q� 2k � nþ 1

nþ 1
HV ðdÞ

� �
fTf ðr; r0Þ þ Tgðr; r0Þg

a
2

d
ðHV ðdÞ � 1ÞN r; r0;

1

w

� �
þ Sf ðr; r0Þ þ Sgðr; r0Þ

when we suppose f 2 g; that is, considering the first main theorem,

qa
2k � nþ 1

nþ 1
HV ðdÞ þ

2

d
ðHV ðdÞ � 1Þ þ lim inf

r!R0

Sf ðr; r0Þ þ Sgðr; r0Þ
Tf ðr; r0Þ þ Tgðr; r0Þ

:

If R0 ¼ y, a contradiction against (4.5) follows4; on the other hand, if R0 ¼ 1,

4Recall when f , g are rational, then Sf ðr; r0Þ ¼ Sgðr; r0Þ ¼ Oð1Þ.
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(3.14) yields a contradiction against (4.6) as lim inf
r!1

Sf ðr; r0Þ þ Sgðr; r0Þ
Tf ðr; r0Þ þ Tgðr; r0Þ

a

lð2k � nþ 1Þ
dðnþ 1Þ HV ðdÞðHV ðdÞ � 1Þ. r
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