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A FORMULA FOR THE ALGEBRAIC DEGREE
IN SEMIDEFINITE PROGRAMMING

DaNG TuaN Hiep

Abstract

In this paper we use the Bott residue formula in equivariant cohomology to show a
formula for the algebraic degree in semidefinite programming.

1. Introduction
Consider the semidefinite programming (SDP) problem in the form
(1) maximize trace(B-Y) subject to Y e and Y » 0,

where B is a real symmetric n X n-matrix, % is a m-dimensional affine subspace in
the (”erl)-dimensional space of real n x n-symmetric matrices, and Y > 0 means
that Y is positive semidefinite. We know that the coordinates of the optimal
solution are the roots of some univariate polynomials. If the data are generic,
then the degree of these polynomials depends only on the rank r of the optimal
solution. This is what we call the algebraic degree 6(m,n,r) of the semidefinite
programming (1).
Let m, n, and r be positive integers satisfying the following conditions

(2) (n_;+l)£m and (r;l)g(n;—l)_m'

Nie, Ranestad, and Sturmfels [6, Theorem 13] showed that the number J(m,n,r)
is equal to the degree of the dual of a determinantal variety. In the language of
intersection theory, von Bothmer and Ranestad [7, Proposition 4.1] showed that

3) o) = |

2 27r7%
S () SISy e (3 (57U,

where U and Q are respectively the universal sub-bundle and quotient bundle on
the Grassmannian G(r,n), S>Q and S>U* are respectively the second symmetric
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power of Q and the dual of U, and s;(E) is the i-th Segre class of the dual of
the vector bundle E. Note that [, o denotes the degree of the cycle class o on
X defined in [3, Definition 1.4]. Furthermore, a general formula for d(m,n,r)
was given in [7, Theorem 1.1]. In this paper we show another formula for
o(m,n,r). Our method is completely different from the previous one. We use
the Bott residue formula in equivariant cohomology.

1.1. Main result. Consider the polynomial ring Q[4;,...,4,] in n variables
Aly--.yAn. For each subset I C {l,...,n} and positive integer i, we define ¢; ;

to be the i-th elementary symmetric polynomial in (V |2+ 1) variables which are the
elements of the set

{Zd,‘lﬂa,‘ € {O, 1,2},20[ :2},

iel iel
ciLr ¢ 1 vt G
I e e - ciig
Aiy=det| O 1 ar - car]
0 0 0 1,1
T =[]0 - 4)
icl jél

We also define 4g ;=1 for all /. Note that ¢; ; =0 whenever i > (|I\2+1).

THEOREM 1. The algebraic degree

5 — 71 / s o
momr) = (1) ST,
where the sum runs over all subsets I consisting of r elements of {1,...,n}, I¢ is

the complement of I in {1,...,n}, and k, I stand for m — ("75*1), ("11) —m — ("}")
respectively.

The right-hand side of the formula in Theorem 1 is a rational polynomial
function, and the theorem claims in other words that it is in fact a constant
function, moreover it is an integer. Namely, for any numbers /; such that
A # A; for i # j, the right-hand side of the formula becomes the same integer.

2. Proof of Theorem 1

We use the Bott residue formula in equivariant cohomology to prove the
formula in Theorem 1. For more details on the Bott residue formula, we refer
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to [1, Proposition 9.1.5] for a topological version and [2, Theorem 3] for an
algebraic version. Our primary interest is as follows. Consider the diagonal
action of 7= (C*)" on C”" given in coordinates by

(oo ta) (X1, ) = (0161, 1),

This induces an action of T on the Grassmannian G(r,n) with (%) isolated fixed
points L; corresponding to (") coordinate r-planes in C". Each fixed point L; is
indexed by a subset I of length r of the set {1,...,n}.

By (3) and the Bott residue formula [1, Proposition 9.1.5], we obtain

Z SkT(SzQ|L,)51T(S2 U*lL,)
EulerT(NL,) ’

o(myn,r) =
1

where the sum runs over all subsets I consisting of r elements of the set
{1,...,n}. Foreach I, s{(S2Q|,,), s/ (S*U*|;,), and Eulery(Ny,) are evaluated
as follows.

Let U and Q be the universal sub-bundle and quotient bundle on G(r,n)
respectively. At each L;, the torus action on the fibers U|; and Qf; have
characters p; for i e I and p; for j ¢ I respectively. Since the tangent bundle on
the Grassmannian is isomorphic to U* ® Q, the characters of the torus action
on the tangent space at L; are

- pliel j¢1).

The normal bundle Ny, of L; in G(r,n) is just the tangent space of G(r,n) at

L;. Hence
Eulerr(Ny,) HH (4 —4)
iel j¢I

=Tj.
Note that the p; and 4; are defined in [1, Subsection 9.1.1].

Since the characters of the torus action on U*|; are —p; for i e I, the torus
action on S2U*| 1, has the characters

{—Zaipi|aie{0,1,2},2ai :2}.

iel iel
Thus ¢/ (S>U*|,,) is the i-th elementary symmetric polynomial in ("}') variables

which are the elements of the set

{_Zai;~i|ai€{0,l,2},za[:2}.

iel iel

This implies that c[T(SZU*|Ll) = (=1)'¢c;; for all i. Hence
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clT(SZU*|L,) czT(SZU*‘L,) C;(SZU*‘L,) CIT(SZU*|L,)
1 CIT(SZU*‘LI) CzT(SzU*‘L,) CIT—I(SZU*|L,)
sT(S2U”|,,) = det 0 1 of (SPU*,) - ¢[H(SPU%,)
0 0 0 clT(SzU*|L1)

ci,r Cr €31 v CLr

1 e e -0 coig

=(-D'det| 0 1 ar - o

0 0 0 Cl.1

= (=1)'4;,.

Similarly, since the characters of the torus action on Q|; are p; for ieI¢, the
torus action on S?Q|; has the characters

{Zaipimf e {0, 1,2},Zai = 2}.

iel¢ iel®

Thus ¢/ (S?Q|,,) is the i-th elementary symmetric polynomial in (""5*') variables

which are the elements of the set

{Za,-/l,-|a,- e{0,1,2},> a; = 2}.
iel¢ iel¢

This implies that ¢ (S*Q|, ) = ¢;sc for all i. Therefore, we have

ClT(SzQ|L,) CzT(SzQ‘L,) C3T(S2Q‘L,) CkT(SzQ|L,)
1 CIT(SZQ‘L,) CzT(SzQ‘L,) C/cT—l(SZQ|L,)
s{(S20|,,) = det 0 1 ol (S70l,) - ¢l (S70lL,)
0 0 0 - ¢ (S70l,)
Cl,qe €2 e €3¢ -+ Cl,1¢
1 cie cape o Chlre
—det| O 1 enpe 0 e
0 O O s 61714‘

= Ak"[r.

In summary, we obtain the desired formula.
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In the same way, we also obtain a formula [4, Theorem 1.1] for the degree of
Fano schemes of linear subspaces on hypersurfaces. An implementation of the
formula in Theorem 1 has been done in Schubert3 [5], which is a SAGE [§]
package for computations in intersection theory and enumerative geometry.
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