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POSITIVE TOEPLITZ OPERATORS OF FINITE RANK

ON THE PARABOLIC BERGMAN SPACES

Masaharu Nishio, Noriaki Suzuki and Masahiro Yamada

Abstract

We define the Toeplitz operators on the parabolic Bergman spaces by using a

positive bilinear form. In this setting we characterize finite rank Toeplitz operators.

A relation with the Carleson inclusion is also discussed.

§1. Introduction

We consider the a-parabolic operator

LðaÞ :¼ q

qt
þ ð�DxÞa

on the upper half space Rnþ1
þ , where Dx :¼ q2x1 þ � � � þ q2xn is the Laplacian on

the x-space Rn and 0 < aa 1. Here we denote by X ¼ ðx; tÞ, Y ¼ ðy; sÞ and
Z ¼ ðz; rÞ points in Rnþ1

þ ¼ Rn � ð0;yÞ. We denote by ðb2aðlÞ; h� ; �iÞ the Hilbert
space

b2aðlÞ :¼ fu A L2ðRnþ1
þ ;V lÞ;LðaÞ-harmonic on Rnþ1

þ g;

where l > �1 and V l is the ðnþ 1Þ-dimensional weighted Lebesgue measure
tl dxdt on Rnþ1

þ . Note that if la�1, then b2aðlÞ ¼ f0g. Since for X A Rnþ1
þ

the point evaluation u 7! uðXÞ : b2aðlÞ ! R is bounded (see [5, Proposition 4.1]),
the orthogonal projection from L2ðV lÞ :¼ L2ðRnþ1

þ ;V lÞ to b2aðlÞ is represented
as an integral operator by a kernel Ra;l, which is called the a-parabolic Bergman
kernel.

For a positive Radon measure m on Rnþ1
þ , put

DomðT l
m Þ :¼ u A b2aðlÞ;

ðð
jRa;lð�;Y ÞuðYÞj dmðY Þ A L2ðRnþ1

þ ;V lÞ
� �
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and for u A DomðT l
m Þ we set

ðT l
m uÞðXÞ :¼

ðð
Ra;lðX ;YÞuðYÞ dmðYÞ:ð1Þ

We call T l
m a positive Toeplitz operator with symbol m and weight tl. For the

case l ¼ 0, under the assumption on m thatðð
1

ð1þ tþ jxj2aÞt
dmðx; tÞ < yð2Þ

for some t > 0, we proved in [9] that DomðT l
m Þ ¼ b2að0Þ and T l

m : b2að0Þ ! b2að0Þ is
bounded if and only if m is an a-parabolic Carleson measure. Furthermore, we
have already discussed its compactness ([10]) and Schatten class ([12] and [14]).

In this note, we shall study the rank of positive Toeplitz operators on b2aðlÞ
for l > �1. In order to discuss without the assumption (2), we give an alter-
native definition of Toeplitz operator. We recall the following general theory
(see, for example, [3] or [4]): Let ðH; h� ; �iÞ be a real Hilbert space and E be
a bilinear form defined on a subspace D of H. We denote by D the closure
of D in H. If E is positive, i.e., Eðu; uÞb 0 for all u A D, and if E is closed,
i.e., complete with respect to the inner product h� ; �iþ Eð� ; �Þ; then there exists a
unique positive self-adjoint operator ~TT on a dense subset Domð ~TTÞ in D such that

Eðu; vÞ ¼ h ~TTu; vi

for every u A Domð ~TTÞ and every v A D. Note that the domain of
ffiffiffiffi
~TT

p
coincides

with D, and Eðu; vÞ ¼ h
ffiffiffiffi
~TT

p
u;

ffiffiffiffi
~TT

p
vi holds for u; v A D.

Let mb 0 be a Radon measure on Rnþ1
þ and l > �1. Applying the above

general theory to H ¼ b2aðlÞ, D ¼ b2aðlÞVL2ðRnþ1
þ ; mÞ and a bilinear form

Eðu; vÞ :¼
ðð

uðXÞvðX Þ dmðXÞ;

we have a positive self-adjoint operator ~TT l
m on Domð ~TT l

m ÞHD such thatðð
ð ~TT l

m uÞðXÞvðXÞ dV lðXÞ ¼
ðð

uðX ÞvðXÞ dmðXÞð3Þ

for every u A Domð ~TT l
m Þ and v A D. Then we also define the rank of ~TT l

m by

rankð ~TT l
m Þ :¼ dimð ~TT l

m ðDomð ~TT l
m ÞÞÞ:

Now, we shall state our main theorem.

Theorem 1. Let l > �1 and m be a positive Radon measure on Rnþ1
þ .

If there exists a dense subspace D0 in b2aðlÞ such that D0 HDomð ~TT l
m Þ and

dimð ~TT l
m ðD0ÞÞ < y, then m is a finite linear combination of point masses and

rankð ~TT l
m Þ ¼asuppðmÞ ¼ dimð ~TT l

m ðD0ÞÞ
holds, where aA denotes the cardinal number of a set A.
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We note that if m satisfies (2), then ~TT l
m is a self-adjoint extension of T l

m (see
Remark 1 below). Moreover, if suppðmÞ is compact, then ~TT l

m ¼ T l
m on b2aðlÞ.

Hence denoting rankðT l
m Þ :¼ dimðT l

m ðb2aðlÞÞÞ, we have the following

Theorem 2. Let l > �1, and let mb 0 be a Radon measure on Rnþ1
þ with

compact support. If the corresponding Toeplitz operator T l
m is of finite rank, then

the support of m is a finite set, and moreover we have rankðT l
m Þ ¼asuppðmÞ.

Theorem 1 implies Theorem 2, but we give a direct proof of Theorem 2
in section 4. Using Theorem 2 we give a proof of Theorem 1 in section 5. In
section 6, we make a relation to Carleson inclusions.

In the theory of classical holomorphic Bergman space on the unit disc in the
complex plane, Luecking [7] solved the finite rank problem for complex measures
with compact support. A generalization to higher dimensions is given by Choe
[1].

§2. Preliminaries

We recall some basic properties of a fundamental solution of LðaÞ, of
fractional derivatives of Riemann-Liouville type and of the parabolic Bergman
kernel, which we use later. For proofs and more information about them, see
[8], [5] and [6].

Let 0 < aa 1. A measurable function u on Rnþ1
þ is said to be LðaÞ-

harmonic, if u is continuous on Rnþ1
þ and if LðaÞu ¼ 0 in the sense of distribution,

i.e., ðð
uðX Þ � ððLðaÞÞ�jðX ÞÞ dVðXÞ ¼ 0

for every j A Cy
c ðRnþ1

þ Þ, where

ðLðaÞÞ�jðx; tÞ :¼ � q

qt
jðx; tÞ � cn;a lim

d#0

ð
jyj>d

ðjðxþ y; tÞ � jðx; tÞÞjyj�n�2a
dy;

cn;a ¼ �4ap�n=2Gððnþ 2aÞ=2Þ=Gð�aÞ > 0 and jxj ¼ ðx2
1 þ � � � þ x2

nÞ
1=2.

We put

W ðaÞðx; tÞ :¼ ð2pÞ�n

ð
R n

expð�tjxj2a þ
ffiffiffiffiffiffiffi
�1

p
x � xÞ dx t > 0

0 ta 0:

8<
:

This is a fundamental solution of LðaÞu ¼ 0 so that

LðaÞW ðaÞ ¼ dð0;0Þ ðin the sense of distributionsÞ
holds, where dðx; tÞ denotes the point mass (Dirac measure) at ðx; tÞ A Rnþ1. Note
also that W ðaÞðx; tÞb 0 and for every 0 < s < t,

W ðaÞðx; tÞ ¼
ð
Rn

W ðaÞðx� y; t� sÞW ðaÞðy; sÞ dyð4Þ
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holds. When a ¼ 1 or a ¼ 1=2, we see the explicit closed form: for t > 0,

W ð1Þðx; tÞ ¼ ð4ptÞ�n=2
e�jxj2=4t and W ð1=2Þðx; tÞ ¼ Gððnþ 1Þ=2Þ

pðnþ1Þ=2
t

ðt2 þ jxj2Þðnþ1Þ=2 :

To describe the a-parabolic Bergman kernel with a weight, we use the
fractional derivatives. For k A R and j A Cy

c ðð0;yÞÞ, we put

q�k
t jðtÞ :¼ 1

GðkÞ

ð t

0

ðt� tÞk�1jðtÞ dt

when k > 0, and in general, taking m A N with k�m < 0, we put

qk
t jðtÞ :¼ qk�m

t qm
t jðtÞ:

We define Dt and its fractional power Dk
t as the dual of qt in the sense of

distributions:

Dt :¼ ðqtÞ� ¼ �qt and Dk
t :¼ ðqk

t Þ
�:

Then for k > 0 and k�m < 0 with m A N , if a function f on ð0;yÞ satisfiesðy
1

jðDm
t f ÞðtÞjtk�m dt < y;

then

Dk
t f ðtÞ ¼

1

Gðm� kÞ

ðy
t

ðt� tÞm�k�1ðDm
t f ÞðtÞ dt:

Now let l > �1. The reproducing kernel Ra;l of b2aðlÞ is given by a
fractional derivative of W ðaÞ:

Ra;lðX ;YÞ ¼ Ra;lðx; t; y; sÞ :¼
2lþ1

Gðlþ 1ÞD
lþ1
t W ðaÞðx� y; tþ sÞ:

In fact, it is shown in [5, theorem 5.2] that Ra;l has a reproducing property on
b p
a ðlÞ:

b p
a ðlÞ :¼ fu A LpðRnþ1

þ ;V lÞ;LðaÞ-harmonic on Rnþ1
þ g;

where 1a p < y, i.e., for any u A b p
a ðlÞ,

uðXÞ ¼
ðð

Ra;lðX ;YÞuðY Þ dV lðY Þ :¼ Ra;luðXÞð5Þ

holds true. Also, there exist constants C1;C2 > 0 such that

jRa;lðX ;Y ÞjaC1ðtþ sþ jx� yj2aÞ�ðn=2aþ1Þ�l for every X ;Y A Rnþ1
þ

and ðð
Ra;lðX ;YÞ2 dV lðY Þ ¼ C2t

�ðn=2aþ1þlÞ=2 for X A Rnþ1
þ :ð6Þ
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Moreover if we define

Rn
a;lðX ;YÞ :¼ 2nþlþ1

Gðnþ lþ 1Þ s
nDnþlþ1

t W ðaÞðx� y; tþ sÞ;

then for n > �ðlþ 1Þð1� 1=pÞ,

DnðlÞ :¼ fRn
a;l f ; f A LpðRnþ1

þ ;V lÞ; suppð f Þ is compactgð7Þ

is a dense subspace of b p
a ðlÞ, and for every u A DnðlÞ, there exists a constant

C > 0 such that

juðx; tÞjaCð1þ tþ jxj2aÞ�ðn=2aþ1Þ�ðnþlÞð8Þ
on Rnþ1

þ .

§3. Linear independence of the parabolic Bergman kernels

We begin with the following lemmas.

Lemma 1. Let t0 > 0: Then the bounded linear operator P
ðaÞ
t0 : L2ðRn; dxÞ !

L2ðRn; dxÞ, defined by

P
ðaÞ
t0 f ðxÞ :¼

ð
Rn

W ðaÞðx� y; t0Þ f ðyÞ dy;ð9Þ

is injective.

Proof. Using the spectral decomposition of the Laplacian on L2ðRn; dxÞ,

�D ¼
ðy
0

l dEðlÞ;

we have

P
ðaÞ
t0 ¼

ðy
0

e�t0l dEðlÞ;

because the fundamental solution W ðaÞ we use here is defined by the Fourier
transform, which is equivalent to the spectral decomposition. Hence, if f A

L2ðRn; dxÞ satisfies P
ðaÞ
t0 f ¼ 0, then we haveðy

0

e�t0ldkEðlÞ f k2 ¼ 0:

Since dkEðlÞ f k2 is a positive measure on ½0;yÞ, we see

k f k2 ¼
ðy
0

dkEðlÞ f k2 ¼ 0;

which implies f ¼ 0. r
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Lemma 2. Let m be a signed measure on Rnþ1
� :¼ fðx; tÞ A Rn � R j t < 0g.

Suppose that m is a finite linear combination of point masses. If W ðaÞ � m ¼ 0 on
Rnþ1

þ , then m ¼ 0, where

W ðaÞ � mðX Þ :¼
ð
R nþ1

W ðaÞðX � YÞ dmðYÞ:

Proof. Suppose that m0 0 and write m ¼
PN

k¼1 ckdðxk ;�tkÞ with ck 0 0
ðk ¼ 1; . . . ;NÞ. Let t0 :¼ minftk; 1a kaNg > 0 and put

utðxÞ :¼ W ðaÞ � mðx; t� t0Þ ¼
XN
k¼1

ckW
ðaÞðx� xk; tþ tk � t0Þ:

Then ut belongs to L2ðRn; dxÞ for all t > 0 and by (4) and our assumption
W ðaÞ � m ¼ 0, we have

Pt0utðxÞ ¼
ð
W ðaÞðx� y; t0ÞðW ðaÞ � mðy; t� t0ÞÞ dy ¼ W ðaÞ � mðx; tÞ ¼ 0:

Hence Lemma 1 shows ut ¼ uð�; tÞ ¼ 0 for all t > 0. However this contradicts
the fact that

lim
t!0

juðxj; tÞj ¼ jcjj lim
t!0

W ðaÞð0; tÞ ¼ y;

where we take j such that tj ¼ t0. This implies m ¼ 0. r

Now, we shall show the linear independence of some families related with
the fundamental solution, which is a key in the proof of our main theorems.

Proposition 1. Let l > �1. Then the family ðRX
a;lÞX ARnþ1

þ
is linearly in-

dependent, where RX
a;lðYÞ ¼ Ra;lðX ;Y Þ.

Proof. In the proof, we write WX
a ðYÞ ¼ W ðaÞðx� y; tþ sÞ. Then for every

X A Rnþ1
þ , WX

a A b p
a ðlÞ if p > 2aðlþ 1Þ=nþ 1 (see [5, Theorem 1 (2)]). Hence by

(5), we have

ðð
RY

a;lðZÞWX
a ðZÞ dV lðZÞ ¼ WX

a ðY Þ ¼ WY
a ðX Þ

for every X ;Y A Rnþ1
þ , so that any finite linear relation

PN
k¼1 ckR

Xk

a;lðX Þ1 0

implies the relation
PN

k¼1 ckW
Xk
a ðXÞ1 0. Writing m :¼

PN
k¼1 ckdðxk ;�tkÞ, where

Xk ¼ ðxk; tkÞ, we have

W ðaÞ � mðXÞ ¼
XN
k¼1

ckW
Xk
a ðXÞ ¼ 0 on Rnþ1

þ ;

and hence Lemma 2 gives us m ¼ 0, which implies c1 ¼ c2 ¼ � � � ¼ cN ¼ 0. r
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§4. Proof of Theorem 2

Let mb 0 be a measure on Rnþ1
þ with compact support. Then as in the case

that l ¼ 0, the Toeplitz operator T l
m is bounded on b2aðlÞ (in fact, it is compact,

see [10]). Moreover for every u; v A b2aðlÞ

hT l
m u; vi ¼

ðð
ðT l

m uÞðX ÞvðXÞ dV lðXÞ ¼
ðð

uðX ÞvðX Þ dmðX Þ:ð10Þ

Note that Domð ~TT l
m Þ ¼ DomðT l

m Þ ¼ b2aðlÞ and ~TT l
m ¼ T l

m .

Now we return to a proof of Theorem 2. Let Rl
m :¼ T l

m ðb2aðlÞÞ be the range
of T l

m and assume that dimðRl
m Þ < y. Put

M :¼ fX A Rnþ1
þ ; uðXÞ ¼ 0 for every u A ðRl

m Þ
?g;

where R? is the orthogonal complement of a subset R in b2aðlÞ. If X A M and
u A ðRl

m Þ
? then by (5),

hRX
a;l; ui ¼

ðð
Ra;lðX ;YÞuðYÞ dV lðYÞ ¼ uðX Þ ¼ 0:

This implies that fRX
a;l;X A MgH ððRl

m Þ
?Þ? ¼ Rl

m , and hence Proposition 1
shows aMa dimðRl

m Þ < y. Moreover, for each u A ðRl
m Þ

?, we have

0a

ðð
u2ðX Þ dmðX Þ ¼ hT l

u u; ui ¼ 0;

by (10). This implies mðfX A Rnþ1
þ ; uðXÞ0 0gÞ ¼ 0, i.e., suppðmÞH fX A Rnþ1

þ ;
uðX Þ ¼ 0g: Hence

suppðmÞH 7
u A ðR l

m Þ
?
fX A Rnþ1

þ ; uðX Þ ¼ 0g ¼ M;

which shows asuppðmÞaaMa dimðRl
m Þ ¼ rankðT l

m Þ < y. Since rankðT l
m Þa

asuppðmÞ is trivially true, we complete the proof of Theorem 2. r

§5. Proof of Theorem 1

Let K be an arbitrary compact set in Rnþ1
þ , and consider the restricted mea-

sure mjK and the corresponding Toeplitz operator T l
mjK

. Then T l
mjK

is a bounded
operator on b2aðlÞ and

h ~TT l
m u; ui ¼

ð
R n

uðX Þ2 dmðXÞb
ð
R n

uðXÞ2 dmjK ¼ hT l
mjK u; uib 0ð11Þ

for every u A Domð ~TT l
m Þ. Since dimð ~TT l

m ðD0ÞÞ < y, T l
mjK

is of finite rank and

rankðT l
mjK Þa dimð ~TT l

m ðD0ÞÞ
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holds true. To show this, let u1; . . . ; um be any finite elements in b2aðlÞ such that
their images T l

mjK
u1; . . . ;T

l
mjK

um are linearly independent. Denote by H the linear
hull of fu1; . . . ; um;T l

mjK
u1; . . . ;T

l
mjK

umg. Let 1H be the projection map from b2aðlÞ
onto H. Then 1H � T l

mjK
gives a symmetric linear map on a finite dimensional

Hilbert space H, so that there exist an orthonormal system w1; . . . ;wm A H and
real numbers l1 b � � �b lm > 0 such that

hT l
mjKwi;wji ¼ ljdij;

where dij stands for the Kronecker delta. Take 0 < e < 1=ð2mÞ with

e <
4

27

lm

kT l
mjK

k
;

where kT l
mjK

k is the operator norm of T l
mjK

: b2aðlÞ ! b2aðlÞ. Since D0 is a dense

subspace of b2aðlÞ, we can choose ~ww1; . . . ; ~wwm A D0 such that

k~wwj � wjk < e; j ¼ 1; . . . ;m:

Then the family ð~wwjÞmj¼1 is also linearly independent, if e > 0 is small enough

(which is easily seen by considering their Grammians). Denoting by H and ~HH
the linear hull of fw1; . . . ;wmg and f~ww1; . . . ; ~wwmg, respectively, and considering
a natural correspondence of ~ww ¼ a1 ~ww1 þ � � � þ am ~wwm with w ¼ a1w1 þ � � � þ amwm

between ~HH and H, we have for any ~ww A ~HH with k~wwk ¼ 1,

2

3
a

1

1þme
a kwka 1

1�me
a 2;

because kw� ~wwkamkwke. Then we also have

jhT l
mjK ~ww; ~wwi� hT l

mjKw;wija ekT l
mjKkðk~wwk þ kwkÞa 3ekT l

mjKk;

and hence by (11),

h ~TT l
m ~ww; ~wwib hT l

mjK ~ww; ~wwib hT l
mjKw;wi� 3ekT l

mjKk

¼
Xm
j¼1

a2j lj � 3ekT l
mjKkb

22

32
lm � 3ekT l

mjKk > 0:

This implies dimð ~TT l
m ðD0ÞÞbm, because dim ~HH ¼ m, and hence dimð ~TT l

m ðD0ÞÞb
rankðT l

mjK
Þ follows. Since K is arbitrary, Theorem 2 shows that m is a finite

linear combination of point masses and

rankð ~TT l
m Þb dimð ~TT l

m ðD0ÞÞbasuppðmÞ

holds. Since asuppðmÞb rankð ~TT l
m Þ is trivially true, we have rankð ~TT l

m Þ ¼
dimð ~TT l

m ðD0ÞÞ ¼asuppðmÞ. This completes the proof of Theorem 1. r
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We close this section by making the following remark.

Remark 1. Let l > �1 and mb 0 be a Radon measure on Rnþ1
þ . If m

satisfies a growth condition (2) with some constant t > 0, then Domð ~TT l
m Þ is dense

in b2aðlÞ and ~TT l
m is a self-adjoint extension of T l

m . In particular, ~TT l
m ¼ T l

m on

b2aðlÞ if T l
m is bounded.

In fact, by (2), (7) and (8), if n > �ðlþ 1Þ=2, then DnðlÞ is included in
L2ðRnþ1

þ ; mÞ and dense in b2aðlÞ, and hence D :¼ b2aðlÞVL2ðRnþ1
þ ; mÞ is dense in

b2aðlÞ. This shows that the domain Domð ~TT l
m Þ is also dense in b2aðlÞ. Next, take

u A DomðT l
m Þ arbitrarily. Then by the Fubini theorem, we see that for every

v A b2aðlÞ,

hT l
m u; vi ¼

ðð
ðT l

m uÞðXÞvðXÞ dV lðXÞ

¼
ðð ðð

Ra;lðX ;YÞuðYÞ dmðYÞ
� �

vðXÞ dV lðXÞ

¼
ðð ðð

Ra;lðX ;YÞvðXÞ dV lðX Þ
� �

uðYÞ dmðYÞ ¼
ðð

uðYÞvðY Þ dmðY Þ:

This shows that u A L2ðRnþ1
þ ; mÞ, and hence u A D. Thus, for evry v A Domð ~TT l

m Þ,
we have

hu; ~TT l
m vi ¼ Eðu; vÞ ¼

ðð
uv dm ¼ hT l

m u; vi;ð12Þ

which shows u A Domðð ~TT l
m Þ

�Þ and T l
m u ¼ ð ~TT l

m Þ
�
u. Since ~TT l

m is self-adjoint, u A
Domð ~TT l

m Þ and ~TT l
m u ¼ T l

m u follows.

Above argument explains that the assumption (2) for symbol measures of
Toeplitz operators is very natural in a sense.

§6. Relation to the Carleson inclusion

If a measure mb 0 on Rnþ1
þ satisfies the growth condition (2) for some t > 0,

then the corresponding Carleson inclusion

ilm : b2aðlÞ ! L2ðRnþ1
þ ; mÞ : u 7! u;

whose domain is DomðilmÞ :¼ b2aðlÞVL2ðRnþ1
þ ; mÞ ¼ D, is densely defined and is

a closed operator (see Remark 1). In this section, we discuss some relations
between operators ~TT l

m and ilm .
Hereafter, for two linear operators T and S on a Hilbert space, we write

T HS if DomðTÞHDomðSÞ and T ¼ S on DomðTÞ hold. Then we have

Proposition 2. Let l > �1. If a measure mb 0 satisfies (2) for some t > 0,
then ~TT l

m ¼ ðilmÞ
�ilm holds.
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Proof. We remark that DomððilmÞ
�ilmÞ ¼ fu A b2aðlÞ; u A DomðilmÞ; ilmu A

DomððilmÞ
�Þg. Now we take u A Domð ~TT l

m Þ arbitrarily. Then by (12), for every

v A DomðilmÞ, we have

h ~TT l
m u; vi ¼ hilmu; i

l
mviL2ðR nþ1

þ ;mÞ ¼
ðð

uðX ÞvðX Þ dmðX Þ
� �

;ð13Þ

which implies ilmu A DomððilmÞ
�Þ and ðilmÞ

�
ilmu ¼ ~TT l

m u; i.e., ~TT l
m H ðilmÞ

�
ilm holds.

Next, since ðilmÞ
�ilm is clearly symmetric and ~TT l

m is self-adjoint, we have

~TT l
m ¼ ð ~TT l

m Þ
� I ððilmÞ

�ilmÞ
� I ðilmÞ

�ilm ;

which shows the proposition. r

If the Carleson inclusion ilm is bounded on b2aðlÞ, then the corresponding
Toeplitz operator is bounded. More precisely, we have

Proposition 3. Let l > �1 and m be a positive Radon measure on Rnþ1
þ . If

ilm is bounded, then the measure mb 0 satisfies the growth condition (2) with
t > ðn=2aþ 1Þ þ l and ~TT l

m is bounded. Moreover, k ~TT l
m ka kilmk

2
and ~TT l

m ¼ T l
m

holds on b2aðlÞ.

Proof. We assume that ilm is bounded. Then as in the proof of Proposi-
tion 1 in [9], we see mðQaðXÞÞaCV lðQaðXÞÞ for all X A Rnþ1

þ with some
constant C > 0 (use also [5, Proposition 3.2]), where QaðX Þ is the a-parabolic

Carleson box centered at X A Rnþ1
þ . By a similar argument to [9, Proposition 2],

we have ðð
1

ð1þ tþ jxj2aÞt
dmðX ÞaC

ðð
tl

ð1þ tþ jxj2aÞt
dxdt:

Hence if we take t > ðn=2aþ 1Þ þ l, then m satisfies (2). Thus we can use
Proposition 2, which gives k ~TT l

m ka kilmk
2. Moreover, by (13), we have

~TT l
m uðXÞ ¼ h ~TT l

m u;R
X
a;li ¼

ðð
Ra;lðX ;YÞuðYÞ dmðYÞ ¼ T l

muðX Þ:

This completes the proof. r

Conversely, we have

Proposition 4. Let l > �1 and mb 0 satisfy the growth condition (2) for

some t > 0. If ~TT l
m is bounded, then ilm is bounded and kilmka

ffiffiffiffiffiffiffiffiffiffiffi
k ~TT l

m k
q

:
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Proof. We assume that ~TT l
m is bounded. Then Domð ~TT l

m Þ ¼ b2aðlÞ so that
L2ðRnþ1

þ ; mÞH b2aðlÞ. Hence by (12),

kuk2L2ðR nþ1
þ ;mÞ ¼ h ~TT l

m u; uia k ~TT l
m ukb2

a ðlÞ � kukb2a ðlÞ a k ~TT l
m k � kuk

2
b2
a ðlÞ

:

This shows the proposition. r
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