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KAEHLERIAN MANIFOLDS WITH VANISHING
BOCHNER CURVATURE TENSOR

By YosHIkKO KuBO

§1. Introduction.

Let (M, F, g) be a Kaehlerian manifold of real dimension »# with almost
complex structure F and Kaehlerian metric g We cover M by a system of
coordinate neighborhoods {U; x"}, where here and in the sequel the indices
h,i,j, k- run over the range {1, 2, -+, n} and denote by g;;, V., K;;i", K;;, K
and F,* local components of g, the operator of covariant differentiation with
respect to the Levi-Civita connection, the curvature tensor, the Ricci tensor, the
scalar curvature and F of M respectively.

The Bochner curvature tensor of M is defined to be [6]

Bkjih: K+ O} L;;—0% Ly, + Lyg;i— Li*gw

- F My —F "My 4 M *F j— M, "F y—2(M, ,F - F MY

where
L= K.t 1 Kg,;
" n4+4 I 2An4-2)(n+4) T

Ly'=L,g*",

]\/[.”:—L]thLt:"_
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1 1 h__ th
nA Hj+ T2t KF;;, M"=M,g",

It is known that a Kaehlerian manifold with vanishing Bochner curvature ten-
sor is a complex analogue to a conformally flat Riemannian manifold and that
the Bochner curvature tensor has properties quite similar to those of Weyl
conformal curvature tensor.

Recently, S.I. Goldbreg [1] proved

THEOREM A. Let M be an n-dimensional (n=3) compact conformally flat
Riemannman manifold with constant scalar curvature. If the length of the Ricci

tensor is less than K/~n—1, then M is a space of constant curvature.
Also, S.1. Goldberg and M. Okumura [2] proved

THEOREM B. Let M be an n-dimensional (n=3) compact conformally flat
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Riemanman manifold. If the length of the Ricci tensor is constant and less than
K/ ~/n—1, then M 1s a space of constant curvature.

The purpose of the present paper is to prove the following theorems corre-
sponding to those of Goldberg-Okumura, replacing the vanishing of the Weyl
conformal curvature tensor of a Riemannian manifold by that of the Bochner
curvature tensor of a Kaehlerian manifold.

THEOREM 1. Let M be a Kaehlerian manifold of real dimension n (n=4)
with constant scalar curvature whose Bochner curvature tensor vamishes. If the

length of the Ricci tensor 1s not greater than K/ ~n—2, then M 1s a space of
constant holomorphic sectional curvature.

THEOREM 2. Let M be a Kaehlerian manifold of real dimension n (n=4)
whose Bochner curvature tensor vanishes. If the length of the Ricci tensor is

constant and not greater than K/ ~/n—2, then M 1s a space of constant holomor-
phic sectional curvature.

§2. Preliminaries.
In a Kaehlerian manifold, we have
F;thsgts:gji ’ VszhZO ’ F_;LFlsKts:Kji .

Under the assumption that the Bochner curvature tensor vanishes, we can
prove [7]

h k it __ 1 s T 2(n+l) T 1
(2.1) K" Ky K= [4K K, K-S KK KO —n—+2~K3],
M. Matsumoto [3] proved

LEMMA A. If a Kaehlerian space with vamshing Bochner curvature tensor
has constant scalar curvature, then its Ricci tensor 1s parallel.

The Ricci formula for Ricci tensor Kj; is given by
(22) VleKji—VleKji:_Klk]TKrl—KLInTK]r'

If M is a Kaehlerian manifold with constant scalar curvature whose Bochner
curvature tensor vanishes, we get, from Lemma A and (2.2),

(23) Klk]TKn_l_Klker;r:O-
Transvecting (2.3) with g* K", we find
(24) — K, KA KK, K7 =0.
Hence, using (2.1) we get, from (2.4),

et 2ntl) . _
(25) TthsKs KT ) KKle] +H—HK3_O
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K. Yano and S. Ishihara [7] prove

LEMMA B. In a Riemanman mamfold of dimension n, for Q defined by

Q=nK KK — 20D gpe g L g

Tnf2 n+2
we have 3 X X
n jii__ AY 5
Q:P+WWK(KJ'1'_T§JW)<K] — g’"),
where,
P=nK KK~ KK i LK

S. Tachibana [6] proved

LEMMA C. If the Bochner curvature tensor of a Kaehlerian manifold vanishes
and the mamfold 1s an Einstein manifold, then the Kaehlerian manifold 1s of
constant holomorphic sectional curvature.

On the other hand, by a straightforward computation, we obtain

MK K= K )+ KT 7 K+ KKK

(2.6) N
— Ky KK KA, K, —V K, ).

In a Kaehlerian manifold M, put

Bk]t_V Kjl V Kk1.+ 2(n+2> (gkt g;15k+FktF Fan

@27

F2F,FF K
Then, by a straightforward computation, we find [6]
(2.8) VoBji*=—7t n+4 Byj. .

Using (2.7), (2.8) and the assumption that the Bochner curvature tensor vanishes,
we have, from (2.6),

(2.9) '%_A(K;iKﬁ)ZQ'i‘(VnKﬁ)(VhKﬂ) +—2‘(%+2T{(”+4)K”+Kg’i}‘71711{-

M. Okumura proved

LeEmmMA D. [5] Let a,, i=1,2, -+, n be n real numbers satisfying

M=
Ms
8

a;=0 and =k,

1

Il
—
-
I
—-

for a certawn k. Then we have

n—2 n—2 B
~Vae=1 ¢ Z“‘—¢(n )
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LEMMA E. [4] If a gwen set of n+1 (n=2) real numbers a,, -+, a, and k
satisfies the inequality

D)
=1

then, for any paw of distinct 1 and j (1, =1, 2, ---, n), we have
k<2a;a,.

§3. Proof of Theorem 1.

We put
K
Sji:Kji—‘—;l-gji,

then we have S,'F,)=F,'S;", since K,F,!=F,'K,'. Moreover we see that
trace S=S5,'=0,
trace S?=5;,S/' =, K# L 0,

3
trace S"‘:SfSJ‘S,J:KfKt”Kh’—%—Ksjisji“—%.
In the second inequality, the equality holds if and only if M is an Einstein
space. We put trace S’=f* From the comutativity of S,* and F,’, we can see

that every characteristic root of S,* is multiple one. Combining this fact with
Lemma D, we have

LEMMA 1. Put sji=Kji_%

values of S,'. Then we have

g [?=S;S7" and let a,,1=1, 2, -+, n be eigen-

Using Lemma 1, we have

2n1

P=nK KK, — KKK+ — L Ko

—n<S‘STS‘+ KS,,S _2n—l K(Sy:
t ]1 _1 Jt
sQr n—2 ji

=nSSrS +1=2 s, 50

nn—4) 5, =2 10 n—2 n(n—4)
== V=g’ Tt ==K ~on(n—2) 7}

. 2
By the assumption of Theorem 1, that is, K;;K/*< nlfz , if n=4, we see that

v
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P=0. This, together with (2.5) and Lemma B, implies P=0 and

So, if K0, we have

Jjt n Jt
that is, M is an Einstein manifold. From Lemma C, we conclude that the
Theorem 1 holds if K=0. If K=0, since K;;K7’*=S;;S/*=0, we have K;;=0 and
consequently K,;;"=0, that is, the Kaehlerian manifold M is of zero curvature.
Thus Theorem 1 has been proved.

§4. Proof of Theorem 2.

Under the assumption of Theorem 2, that is, K;;K’*=constant, we have,
from (2.9),

1
4D ECHR

Let a, (1=1, ---, n) be the eigenvalues of K,". From the commutativity K,* and

F*, we see that every characteristic root of K,* is multiple one. Therefore, the
2

assumption K;;K/'=constant=< nffz implies the inequality 1}_,‘ a;< Tll-(lz ay)*.
=1 =1

(40K, + Kg, ) PV K= —(Q+7 K, 7K™ .

Using Lemma E for m= —g— real numbers, we find 2a;a,=0 (2, ¢=1, ---, m), that

is, K,* is definite. Since g;; is positive definite and in the proof of Theorem 1,
we already found Q=0, because of P=0, (4.1) implies Q=0, consequently P=0.
So we can prove Theorem 2 by an argument similar to that used in the proof
of Theorem 1.
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