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1. Introduction.

Let f(2) (z=re¥) be regular and of bounded type in the unit disk D=
{z; |z| <1}. In general, from the boundedness of the boundary cluster set at
z=1, we can not conclude the boundedness of f(z) in the neighborhood of z=1
inside D. Indeed, putting f(z)=exp {(142)/(1—2)}, f(2) is regular and of bounded
type in D, because f(2) is the quotient of two bounded regular functions: 1 and
exp {—(1+2)/(1—2)}. Then we have easily

[f@)l=1  for 0%0, lim f()=co,

which shows that the boundedness of the boundary cluster set at z=1 does not
always mean the boundedness of f(z) in the neighborhood of z=1 inside D.

The object of this note is to establish some additional conditions such that,
from the boundedness of the boundary cluster set at z=1, we can conclude the
boundedness of f(2) in the neighborhood of z=1 inside D. As its applications,
we shall establish theorems of Lindel6f or Montel-type on the asymptotic values
of f(2z), including F.W. Gehring’s theorems ([4]). Our method is based on the
integral representation of f(z).
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2. Theorems of Lindelof-type (I).

Let D be the unit disk: |z| <1, I its boundary, which is divided into two
arcs I', (1=1,2) by two points z, and z on I'. Suppose that f(z) (z=r¢*) is
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regular and of bounded characteristic in D. As usual ([10] 1-2), we define the
boundary cluster sets Cr,(f, z,) (i=1, 2) along I', (1=1, 2) respectively. If Cr;(f, z,)
is bounded, we say that f(2) is bounded at z, along I',. Theorem 1 reads as
follows :

THEOREM 1. Let f(2) (z=re*®) be regular and of bounded characteristic in
D. Suppose that f(2) is bounded at zy=1 along I', (i=1,3), where I', is the upper
arc and I’ is the Jordan arc terminating at z,=1 and contained in the domain D,:

DN{z; n/2<arg (z—1)<3n/2— 4},

4 being a positive constant less than m. Under these conditions, f(z) is bounded
in the domain bounded by I', (i=1,3) and |z—1|=¢, ¢ being a sufficiently small
positie constant,

As its corollaries, we obtain

COROLLARY 1. Let f(z) be regular and of bounded characteristic in D.
Suppose that f(z) 1s bounded at z, along I', (i=1,2,3), where Iy is the Jordan
arc terminating at z, and contained wn a Stolz-domain with vertex at z,, Under
these conditions, f(z) is bounded n DN\U(z,, &), ¢ being a sufficiently small positive
constant.

COROLLARY 2. Let f(z) be regular and of bounded characteristic in D. If
f(z) tends to a finite value a, (i=1,2) as z approaches z, along I', (i=1,2) re-
spectively, and f(z) is bounded on I'y terminating at z, and contained in a Stolz-
domain with vertex at z,, then a,=a, and f(z) tends to a,=a, uniformly as z tends
to z, inside D.

To establish theorem 1, we need some lemmas.

LEMMA 1. ([5], [11], p. 3). There exists a domain G bounded by a part of
I', and a curve L in D terminating at z, such that

Crl(f, ZO)ZCG’(f; 20) ’

Co(f, z,) being the interior cluster set at z, with respect to G.
LEMMA 2. Let us put

g@=1/2z-[ "GP, dp  for |z1<1,

where G(p)e L(—=x, +r), P(e*, z)=(1—|z|*)/]e*—z]|"
L) If 1G(p)| =m<+co almost everywhere in (—0,40) (6>0), then
g_rplg(Z)lém. ([13], p. 48)

121<1

(2 If |Gp)l=m<+oo almost everywhere in (0, +0), then for a fixed
4 (0<4d<x) we have uniformly

(*) UC(zo, ¢) is e-neighborhood of z,.
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lirln (z—1)-g(2)=0,

2E94
where D4=DN\{z; n/2<arg (z—1)=<3x/2—4}.
Proof. Put
+01 0 T -91
g@=[ "+[ +f +[ =LtL+L+l,

where 0; (0<0,<0) will tend to zero later.
By the assumption: |G(p)| <m almost everywhere in (0, 40),

J T

@2.1) Ll =m/2n- [ " P®, ddp<m/2n-[ e, dp=m.
0 -

Putting z=re%, we have for 6,<¢p=<=, |0]|<4d,/2,

@-0261/2 L
|e¥*—z|?=1—2r cos (4,/2)+r*=sin® (6,/2),

so that
hl=—=T [ |G dp<— T [ T16@)1dp.
2 sin® ( ) ( )
Similarly
1LI<—2= [ TG dg.
27 sin® ( )
Hence
2.2) [t L <—2=2 - [ TGl dg.
e sin ( )
Since 9,09, for 0<d< 4’ <rm, we can assume that
0<0,<d<x/4.
By the elementary calculations, we have
l—fi%‘—>sin(d/2) for —0,¢=0, z€9,.
Hence
(23) LisiztEd L7 a)lde
. = 2
2715 g gint (4) V-0

" 16l dy.

1 1
ST e () L,

By (2.1), (2.2) and (2.3),
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24 ;lzrﬁl (z—1)-8(2)| = |G(p)|de .

€9y

1 .f°

. 4 P
wsin' () T
Letting 6,—-+0 in (2.4), we have

lim|(z—1)-g(2)| =0,
ey

which proves part (2) of our lemma.

LEMMA 3. Suppose that f(z) is regular in D except at z=1, and of bounded
characteristic in D. Then f(z) has the following integral representation:

f&)=B@)-exp{1/2-{ " log| f(e*)|-Qe*, 2)dg}-exp (C-QL, 2)+ik},

where B(z): Blaschke products extended over the zeros of f(z), which may have
the unique limit point: z=1,"®

Q(e*?, z)=(e¥+2)/(e**—2), C, A: real constants.

Proof. 1t is well konwn ([12], p. 79) that f(z) has the following integral
representation ;

(2.5) f(2)=B(2)-Dy(2)- Dy(2)

where B(z): Blaschke products extended over the zeros of f(z),

D(@)=exp{1/2- [ log| fe)|-Q(e*, g},

Dy@=exp{1/2n-| Qe 2dpug)+id},

¢(p) : the real function of bounded variation with p’(¢)=0
for almost all p[—=x, +x], 4: a real constant..

Since f(z) is regular on |z|=1 except at z=1, its zeros may have the unique
limit point : z=1. In the neighbourhood of z=e' (p,#0), f(z) can be represented
by

(2.6) Az)=(z—e*)" F(z),
where 7: non negative integer, F(z) is regular at z=e*° and F(e'¥)#0. Since
) 4
(Z'— e#o)n:eu'_ exp {1/277; j. N log | oY — W00 | . Q(eﬂo, Z)ng} s

A*: a real constant, by (2.5) and (2.6)

(*) If the number of zeros is finite, z=1 is not the limit point of zeros.
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@7 exp {HE)
=F()/B(@)-exp{~1/27-[  Glg)-Qle*, 2)dp}-exp (i(x—2),

where H(z):l/zn--fMQ(eW’, z)du(p), G(p)=log|F(e*)|#co in the neighborhood

=0, Since z=e"" (p,#0) is not the limit point of zeros, B(z) is regular and
of modulus one on the arc: A(e*¥, p,—e=@p=¢,+¢), ¢ being a sufficiently small
positive constant ([15], p. 410). Hence by (2.6) and lemma 2 (1), the right hand
side of (2.7) is not equal to 0 or o on A. In other words, R(H(z)) is not equal
to +co on A. Then we can conclude that p(¢)=constant on A.

Indeed, if p(p)=constant on A, u(p) admits the following representation :

(@) =p1(@)+ () +ps(9)

where all functions p:(p) (i=1,2,3) are of bounded variation x,(p) is absolutely
continuous, p.(¢) is continuous and wy(p)=0 a.e., and u,(p) is a step-function.
Since p/(¢)=0, pi(p)=0 (1=2, 3) a.e., pi(p)=0 a.e, i.e. u()=0. If p(p) is a
constant, then p;(¢) is certainly not a constant, so that

HE)=1/2x- [ Q(e', du(p)+ Qe 2)- 1,

where {e*n} A, i}l]]nl <+oco. Hence R(H(z)) is equal to oo on A, which is

impossible. If ¢,(¢) is not a constant, then it is well known that pi(p)==+o at
a non-denumeable set of points on A. Since ps(p) is discontinuous at an enumer-
able set of points on A, there exists a non-denumerable set E of points on A
such that p/(p)==oco for e**<E. Hence, by P. Fatou’s theorem, R(H(z)) is equal
to oo on E, which is again impossible. Thus p(¢)=constant on A.

Since z=e"#1 is arbitrary, du(p)=0 in (—=, +r) except at ¢=0. Hence
H(z) reduces to the form: C-Q(1, 2) (C: real constant), which proves our lemma.

Now we can establish theorem 1.

Proof of theorem 1. By lemma 1, there exist two analytic Jordan arcs
'} (i=1,2), closely near I', (i=1,2) and contained in D except at z=1, such
that f(z) is bounded on I'¥ and I'¥ is contained in C(9,). Denote by D* the
subdomain of D bounded by a part of I} (1=1,2) and a cross-cut connecting
I'¥ and I'¥. If we map conformally D onto |{|<1 in such a manner that z=1
goes into {=1, then by Lindel6f-Carathéodory’s theorem ([2], p. 92) the image
of I'; is also contained in the domain of the same character as 9, Therefore,
without any loss of generality, we can assume that f(z) is regular on I” except
at z=1.

By lemma 3, we have easily

1—|z|?

28) log"|/(2) | <1/2x- [ log* | fte)| - P(e, 2)dp+C+ T2
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where C*=max (C, 0). Since f(2) is bounded at z=1 along I';, by lemma 2 (2)

29) /22 “log* 1709 Ple, Adp <2

in U(1, 0,)"\ 9,4, where ¢, : any given positive constant, and 0, : a positive constant
dependent upon ¢;,. By (2.8) and (2.9)

|f(2)] <exp {O(I;i—lb} for zeU(l, 8,)N9;.

Hence

(2.10) |/(2)] <exp {er:| 1

z—1
where a=n—4, ¢,: any given positive constant and J,; a positive constant
dependent upon &,. Since f(z) is bounded on I, (i=1,3), by (2.10) and Phragmen-
Lindelof’s theorem ([16], pp. 64-66), f(z) is also bounded in the domain bounded
by I', 1=1,3) and |z—1|=¢, ¢ being a sufficiently small positive constant, which
is to be proved.

In corollary 1, we can replace the boundedness of f(z) on I’y by another

conditions ;

%} for zeU(l, 8,)N9,,

THEOREM 2. Let f(z) be regular and of bounded characteristic in D. Suppose
that f(z) is bounded at z=z, along I', (i=1,2) and that f(z) is also bounded on
the sequence of curves {C,}, where C, is the cross-cut connecting both chordal
sides of a Stolz-domain with vertex at z, and C, tends to z, as n—-+oco. Under
these conditions, f(z) is bounded in U(z,, e)N\D, ¢ being a sufficiently small positive

constant.
To establish theorem 2, we need

LEMMA 4. Let Blaschke products B(z) have zeros with the unique limit point:
z=1. Then there exists a set E of ¢ with outer capacity zero contained in

(%, 3777:) such that, for fixed ¢EE,
lirlnlz—ll-long(z)I:O,

zEC¢

where C, 1s the circular arc which connects z=+1 and has the tangent:
arg (z—1)=¢ at z=1.
Although R.P. Boas ([1], p. 115) has proved this lemma in the case of

Blaschke products in the upper half-plane : 1(2)>0, we get lemma 4 by a suitable
linear transformation.

Proof of theorem 2. Without any loss of generality, we can assume that
z,=1. As in theorem 1, we can suppose that f(2) is regular on |z|=1 except
at z=1. Using f(2)-+k% (k: a suitable constant) instead of f(2), if necessary, we
can further assume that there exist two constants 2, (i=1, 2) such that
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(2.11) 0<k, =2 f(2)| =Sk <+0 on I', (i=1,2).

By lemma 3, we have

2.12) | /(2)|=1B(2)|exp (C

}f'i}z)-exp(D(Z)),

where D(z)=1/27r-j’_+zlogl f(e®)| - P(e*, z)dp. By (2.11) and lemma 2 (1), D(2) is

bounded in U(1, e)N\D, ¢ being a sufficiently small positive constant. By lemma
3 and lemma 4, there exists a circular arc C, contained in a Stolz-domain with
vertex at z=1 such that

| B(2)] >exp (— _Iif——lz—!)

in the neighborhood of z=1 on C,, where ¢, : any given positive constant.
Therefore, denoting by z, the intersection point between C, and C,, by (2.12)
we have for n=N(e,)

213) | Az > exp { s (C- A —e)} exo (DG .

Since z, is contained in a Stolz-domain with vertex at z=1, there exists a
positive constant %, such that

1— lznl
(2.14) T zh>0.

By (2.13) and (2.14), we can conclude that C<0. Indeed, if C>0, by (2.13) and
(2.14)

215) [Azn) | > exp {Tp25 7 (Chi—e) +D(z)}

so that, putting Ck,—e, >0, the right hand side of (2.15) is unbounded as n—-+oo,
which is contrary to the boundedness of f(z,) (n=1,2,---). Since C=0, by (2.12)

[/(z)| <exp (D(2)),

so that, from the boundedness of D(z) in U(l,e)n\D, we can conclude the
boundness of f(z) in U1, e)n\D, which is to be proved.

As an immediate consequence of theorem 2, we get

COROLLARY 3. Let f(z) be regular and of bounded characteristic in D.
Suppose that f(z) tends to a finite value a, (i=1,2) as z—z, along I', (i=1,2)
respectively, and that f(z) is bounded on the sequence of curves {C,}, where C,
is the cross-cut connecting both chordal sides of a Stolz-domain with vertex at z,
and C, tends to z, as n—+oo. Under these conditions, a,=a, and f(z) tends to
a,=a, uniformly as z—z, inside D.
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3. F.W. Gehring’s theorem.
F. W. Gehring has proved the following interesting theorem.

F.W. Gehring’s theorem ([4], p. 284). Suppose that f(z) is regular and of
bounded characteristic in D. Then following propositions hold:

(1) For each z, on I', Az, f) (the set of asymptotic values at z,) contains
at most two finite values.

(2) If Agzy, f) (the set of angular asymptotic values at z, on I') containes
a finite value, then A(z,, f) contains only one finite value.

He has proved this theorem using the systematic use of the harmonic
majorant of log*|f(z)| and modified A.]J. Macintyre’s theorem ([8], p. 38), which
is, however, not familiar to us. We can establish this theorem as the application
of theorem 1 and corollary 3.

Proof of F.W. Gehring’s theorem. We may assume that z,=1. If A(l, f)
contains three finite values a, (i=1,2,3), there exist three Jordan arcs I, (i=
1,2,3) in DUI" such that f(z)—a, 1=1,2,3) as z—1 along I, (i=1,2,3) re-
spectively. By the preliminary conformal mapping, from the beginning we can
assume that /',\JI", forms a part of I and that [ is contained in D except at
z=1.

For a sufficiently small positive 4, following two cases may occur:

(A) I, intersects infinitely many times both chordal sides of a Stolz-domain
with vertex at z=1:

Dn{z; n/24+d=<arg (z—1)<3rn/2— 4} .
(B) Iy is contained in one of two domains D, (i=1, 2):

D,=Dn\{z; n/2<arg (z—1)<3m/2— 4},

D,=Dn\{z; n/2+d<arg (z—1)<3m/2} .

In case (A), by corollary 3 we have a,=a,, which is impossible. In case (B),
if I'seD, or D,, by theorem 1 we have a;=a, or a;=a, respectively, which is
again impossible. Thus part (1) is completely established.

Now we proceed to the second part. Suppose that f(z)—a, (1=1,3) as z—1
along I', (i=1, 3) respectively, where a, (i=1,3) are finite and that I"; is con-
tained in a Stolz-domain with vertex at z=1. Without any loss of generality,
we can assume that I, is a cross-cut of D, and that I'; is contained in one of
two Jordan domains into which D is split by I';. By the preliminary conformal
mapping and the similar arguments as in the proof of theorem 1, from the
beginning we can assume that I, is a part of /" and that I"; is contained in D,.
Then, by theorem 1, we have a,=a;, which is impossible. Thus, part (2) is also
established.
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4. The least harmonic majorant of log*|f(z)|.

Let f(2) be regular and of bounded characteristic in D. The subharmonic
function : log™|f(z)| has the harmonic majorant: A(z) in D. Indeed, by (2.5) we
get easily h(z) as follows;

@D log* A2 <h()
=1/2x-[ log*|f(e®)| Pe*, Ddp+1/22- [ P(e®, D)

where P(e*, z)= '1_ |z|* log* x=max (log %, 0), du*(p)=max (du(p), 0).

Te®—z|?"
We shall now prove the following theorem which is interesting in itself.

THEOREM 3. h(2) is the least harmonic majorant of log*|f(z)| in |z|<1.

Proof. We divide the proof in three parts.
(1) Let us define a positive harmonic function u(z, ) (0=r<1) such that

u(z, r)=log*|f(re*’)|  on |z|=r,
4.2)
u(z, r) : harmonic in |z|<r.

It is well-known that u(z, r) is given by Poisson integral;

2
(4.3) u(z, N=1/2r-[ "log*| fire®)|- P(re**, 2)do,

0

2 2
where P(re®, Z):—,:eTl_zgl[z— (]z] <7). Since log*|f(z)| is subharmonic, by (4.2)
(4.4) log*|f(z)|su(z, ) in [z|=r.
Hence
u(z, r)=log* | f(z)| Zu(z, R) on |z|=r<R<1,

so that

0=u(z, )=u(z, R) in |z|=r<R<1.

Therefore {u(z, 7)} (0=<7r<1) is an increasing sequence of r. Because of the
bounded characteristic of f(z), there exists a finite constant M such that

27
w0, ©)=1/2- f log* | f(re") | df <M< +oo .
0

By A. Harnack’s theorem, u(z, ) converges to #(z) uniformly in the wider sense
in |z| <1, so that letting r—1 in (4.3) and (4.4), we have for |z|<1

(4.5) log*| ()| =u(z)
=tim 1/27- | “log* | f(re®) |- P(re', 2)dg .
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Then u(z) is the least harmonic majorant of log*|f(2)|. Indeed, if v(2) is
any harmonic majorant of log*|f(2)|, by (4.2),
u(z, )=log*|f(2)|=v(z) on |z|=r,
so that
u(z, N=v(2) for |z|Zr.

Letting »—1, we have u(z)<v(z), which shows that u(z) is the least harmonic
majorant of log*|f(z)] in |z]|<1.

(2) Putting F,(go):f ¢log+l f(re®%)|df, we get easily
0

[T 14R()1=f “rog* | ftre ) do <M< oo,
(4.6) .
|Fi(@)| =] log? | /(re"")|d0 <M< oo,

Hence, by E. Helly’s first theorem ([12], p. 15), there exist a sequence {r,}
(0<7, <7y -+ <r,—1) and a function F,(¢) non-negative and non-decreasing such
that

@7 Fy(@)=lim F,,(¢)= lim | "log*|f(ra")|d8 .
n—oo n—-too v
By (4.6), (4.7) and E. Helly’s second theorem ([12], p. 15),
e 4
4.8) lim f log* | f(r,e**)| - P(e*, z)dp= lim J‘z P(e*, z)dF,, (¢)
n—+ood o n—tood o

2r
=[P, 2)dF\(p) .
0
Let us put for r,>r (z=re'’)

u(z, ry)=I+1,

—1/2n-[ log* | f(rae®)| - P(e*, 2)dg
0

+1/22-f 02”10g+ | f(ra®) | (P(ra®®, 2)— P(*, 2)} dgp.
Since
P(Re*, rei0)=1+2g (r/R)* cos (k(6—¢))  for R>r,
we have

L1238 (/=711 20 log* | f(rae) | do

<2'{ rnrir —T—l—_r_}M '
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so that
I,—0 as n—-+oo.
Hence, by (4.5) and (4.8)

2n
4.9) wz)=1/2x- [ " P(e*, 2)dF(),

0
where Fi(¢p)=lim f ‘alog* |f(rne®?)|df. Since Fi(p) is non-decreasing, by the

n—eo v Q
decomposition theorem of functions of bounded variation, we can put
(4

(4.10) Fy(g)=[ F(O)d0+p(p),

where F(6)L(0, 2x), pi(p)=0 a.e. and du,(¢)=0.
Since u(z) is the least harmonic majorant of log*|f(z)| in |z| <1, we have

log* | f(re*?) | Su(re*?) < h(re*) on |z|=r<l.
Therefore, by P. Fatou’s theorem and (4.1), (4.9),
log*|f(e®)| =Fi(p)=log*|f(e*)|  a.e,
i.e. 1(p)=log™ | f(e**)| a.e.

Hence, by (4.9) and (4.10) we get next integral representation of the least
harmonic majorant u(z):

.11) w(z)=1/2x- | :”P(ew, 2)dF\(e),

where Fa(90)=li5nfosplog*If(rne"")ld0=fjlog+If(e”’)ld0+ﬂ1(so), ti(p)=0 a.e. and
dpy(9)=0.

(8) Let us put
14 .
Gilp)=] "log*|1/(re)|d6 .
Since log*|1/f(re?)| < |log| f(re®)| |, we get

J7146,(p)1=[ T1og* [1/f(re) | d0 [ " l1og] fire)[1d0 < N< oo,
0

G| =], log" [1/7(re®) | 40= " ltog| ftre) |6 <N< +00,

where N is a positive finite constant, because f(z) is of bounded characteristic.
Therefore, by similar arguments as in (2), we can select a subsequence {r,,}
of {#,} and a function G,(¢) non-negative and non-decreasing such that

(4.12) Gu()=lim G, (9)=1im | “log* 11/ f(ra,e®)|d6 .
00 o0 J o
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Hence, by the decomposition-theorem of functions of bounded variation, we have
¢
(4.13) Gilg)={ GO)d0+pe)

where G(0)e L(0, 2r) and pi(p)=0 a.e., du,(¢)=0.
By (2.5), we can put

1@)=BG)-exp {2 o aF)+ia)

e¥—z

where F(go):fflog[ f(e"")ldﬁ+ﬂ(¢)=r§}§0fowlog| f(re*?)|df for except perhaps an

enumerable set of ¢ ([9], p. 198, p. 201).
By (4.11), (4.12) and (4.13)

Fig)=lim [ "log" | /(raye) | d8—lim [ "log*|1/(rs,e*)|d6

=[ "{1og* 1/(e") | =G(O) db+{p:( )l -
By the uniqueness of the decomposition of F(¢), we have
[rog11(e%) 1d0={ "(10g* | 7te) |~ G(B)} o
(@)= p(p)—pral9)

so that

[Tew@do={"og*11/1)148,
(4.14) ' '
d* p(p)=max {(dp(p)—dps(p)), 0} =dp(p) .

Hence, by (4.1) and (4.11), A(z2)<u(z). On the other hand, since u(z) is the least
harmonic majorant of log™|f(2)] in |z| <1, it is evident that u(z2)<h(z). Thus
we have h(z)=u(z), which is to be proved.

Remark. By (4.14), we have

tim [ "log* |1/(rs,") 0= "log* |1/f(e") | d0+p1(p) .

5. Theorems of Lindelof-type (II).

Using the least harmonic majorant A(z), we can establish several theorems
somewhat different from theorem 1-2.

THEOREM 4. Let f(2) be regular and of bounded characteristic in D. Suppose
that f(z) is bounded at z, along I', (i=1,2) and that h(z,) is bounded on the
sequence of pownts {z,}, contained in a Stolz-domain with vertex at z—=z, and
tending to z=z, as n—-+oco. Under these conditions, f(z) is bounded in U(z,,¢)
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ND, ¢ being a sufficiently small positive constant.

As its consequence, we obtain next corollary which is a generalization of
the corollary in the preceding paper ([14], pp. 98-99).

COROLLARY 4. Let f(z) be regular and of bounded characteristic in D.
Suppose that f(z) tends to a finite value a, (i=1,2) as z approaches z, along I,
(i=1,2) respectwely, and that h(z,) is bounded on the sequence of points {z,}
contained in a Stolz-domain with vertex at z=z, and tending to z=2z, as n—oo,
Under these conditions, a,=a, and f(z) tends uniformly to a,=a, as z—z, inside
D.

Proof. We may put z,=1. Considering f(z)+% (k: a suitable constant)
instead of f(2), if necessary, we can assume that there exist two constants &,
(i=1, 2) such that

CAY) 0<k = |f(2)| =k, <Aoo

in the neighborhood of the open arc: A(e??; 0<|#|<d). By (5.1), Blaschke
product : B(z) has no limit point of zeros in the neighborhood of ¢??<= A. Hence,
by (2.5) and similar arguments as in the proof of lemma 3, we can conclude that
du(p)=0 in the neighborhood of ¢=6. Therefore, by (2.5) we can put

(5.2) f(z2)=B(2)-D,(2)- Dy(2) ,
where

Dy(z)=exp {1/27- | Qe 2dule)+C-Qq, 2)+id},

CA : the complementary arc of A, C and 4: real constants, so that, by (4.1)
(5.3 h(2)=h,(2)+hy(2)+C*-P(, 2),
where

h(2)=1/25-[ Tlog* | £(e®)| - P, Ddp,  hy()=1/2x-{ P(e*, 2)d*u(g).

By (5.1), (5.3) and lemma 2 (1), h;(2) (i=1,2) is bounded in the heighborhood of
z=1, so that from the boundedness of A(z,) on {z,}, we can conclude that
C*.P(1, z,) is bounded on {z,}. Since {z,} is contained in a Stolz-domain with
vertex at z=1, there exists a positive constant k; such that

PQ, z,)> |—1'-I'C?—Z1;_| .

Hence, C+~~11Tk°°‘z~l— is bounded on {z,}, which is possible only if C*=0. Thus,
by (5.3) and (4.1),
log* | f(z)| £h,(2)+hy(2)
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from which we can conclude the boundedness of f(z) in the neighborhood of
z=1, which is to be proved.

In theorem 4, we have assumed the both-sided boundedness at z,. If we
assume only the one-sided boundedness at z,, what we can say about the bounded-
ness of f(2) in D? We shall give an answer to this question in the following
theorem.

THEOREM 5. Let f(2) be regular and of bounded characteristic in D. Sup-
pose that f(z) is bounded at z,=1 along the upper arc I',, and that the sequence
of {h(a,)} is bounded: h(a,)<M<-+oo (n=1,2,--), where

1) a,|<1, 71Lim a,=1,

2) a,€9,=DN\{z; n/2<arg (z—1)<3n/2—4} (0<d<x),

3) liE] d(ay, Ayey) <Aoo, d(a, b) being the non-Euclidean distance between a

and b.
Under these conditions, f(2) 1s bounded in the domain bounded by I'y, I, and
|z—1|=¢ (e: a sufficiently small positive constant), where I'; 1s the Jordan arc
terminating at z,=1 and composed of the segments connecting a, and G,.;.

To establish theorem 5, we need some lemmas.

LEMMA 5. ([14], p. 99) Let f(z) be regular and of bounded characteristic
n D:
bx4
1/27 [ “log*| f(re")|dI<M<+co  (0=r<1).
0
Then

log | /()| s2MER — %125 [ " llogl f(e) | |40

for |z| <R<1.

LEMMA 6. ([14], p. 100) Let {f.(2)} (n=1,2,-+) be a sequence of regular
Sunctions in D. The necessary and sufficient condition for {f,(2)} to be of uni-
formly bounded characteristic:

12z T logt | fo(re'?)| df <M< +oo
0

where 0<r<1, M: a constant independent of n, 1s the existence of a sequence of
positwe karmonic functions {u,(z)} such that

(i) log*lfa(2) | Sua(z) mn |2 <1,

(i) u,(0)<M<+o0.

Proof of theorem 5. Let us put

Fw=f55),  m@)=h({5).

Then
(5.4) log*|fr(w)| =h,(w),  h(0)=h(a,) <M< +co.
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By (5.4) and lemma 6, the sequence of regular functions {f,(w)} in |w|<1 is of
uniformly bounded characteristic :

(55) 1/25-[ “log" | f,(Re¥) | dp<M<+eo  (n=1,2,).

Hence, by (5.5) and lemma 5,

66 loglfuw) =2M-TER — =812 llogl fu(e)] 1 dp
<M. 1+R

Since |w|=<R is mapped onto D(a,, p)={z; d(a,, 2)<p} (p=tanh™* R) by the

linear transformation: z= wta, , by (5.6) f(z) is uniformly bounded in the
1+a,w

sequence of non-Euclidean disks: {D(a,, p)}. Therefore, if we take p so large
that

Tim d(ay,, ape)<p<+oo,

n—+too

then f(z) is bounded on I';. Hence, by theorem 1, f(2) is also bounded in the
domain bounded by Iy, I’y and |z—1|=e, which is to be proved.

By what is proved above, the next theorem is also obtained;

THEOREM 5% Let f(z) be regular and of bounded characteristic in D. If
Ma,) (n=1,2,---; |a,| <1) is bounded, then f(z) 1s uniformly bounded in \UD(a,, p)

for any positive finite p.

6. Theorems of P. Montel-type.

As an application of theorem 5, we can prove the following theorem of P.
Montel-type, which generalizes a theorem in the preceding paper ([14], p. 99).

THEOREM 6. Let f(2) be regular and of bounded characteristic in D. Sup-
pose that f(z) tends to a finite value a as z—z,=1 along I',. If the sequence of
{h(ay)} (n=1,2,--+) 1s bounded, where |a,| <1, HT a,=1, arg 1—a,)=¢, |¢|<n/2,

(n=1,2,--) and liIE d(ay,, @) <—oo, then f(z) tends uniformly to a as z—z,=1
mside Dy, 4 being any positive constant less than w/2—|¢|.
To establish theorem 6, we begin with

LEMMA 7. Let L be the chord connecting z=1 and z=¢"* (0<¢p=r/2), and
| be the segment on L with end points z, and z,. If the non-Euclidean distance
between z, and z, 1s finite:

d(zly 22)<k<+00 ’
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then there exists a constant K depending upon only k such that

[ e <kde, 2.

Proof. Put

(6.1) w(2)=— :z .

The chord L is mapped onto the circular arc A in w-pl. passing through three
points : w(1)=e*@+ 1(z,)=0, w(e'®)=—1.

Since the non-Euclidean metric is invariant under the transformation (6.1),
and the inequality : d(z,, z,) <k<-+oo is equivalent to the inequality :

2,—2
52| <tanh
we have
_( _ldw|
(6.2) |w(z,)| <tanh &, d(z,, Zz)—jc I—|wl®’

where C is the segment connecting w=0 and w=w(z,). Let us denote by [* the
circular arc on A with end points w=0 and w(z,), which is the image of !/ under
the transformation (6.1). Then, by (6.2) we have

j |dz]
e 1 2]?
- ldw| 1 )
=) per T=Tw|® < T—(tanh &) J._ldwl
1 = w1 [dw]
< T—(tanh &)? I s e vy M e i

Putting K=1——(talnffe)7'%’ we have

[ e <kda, 2,
which is to be proved.
LEMMA 8. Let us define the non-Euclidean circle:
(6.3) d(z, a)y=p 0<p<+0o0),
where a lines on the chord L connecting z=1 and z=e'* (0<<p§-%—>. If a

varies along L from z=1 to z=¢"**, then the envelope of (6.3) is composed of two
circular arcs, which connect z=1 and z=¢"** and make the angle:

2-tan”! (sin 1oy lzrrz ) , r=tanhp

(*) The length of the circular arc is less than its chordal length multiplied by /2.
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at z=1.
Proof. Put
(6.4) w(@)=+—7—.
(6.3) is equivalent to l 12:;2 |=1’ (r=tanh p), so that (6.3) is mapped onto the

fixed circle: |w|=r. By (6.4) L is mapped onto the fixed circular arc passing
through three fixed points:

w(l)=e"**  w(a)=0, w(e™)=-—1.
Hence the fixed two circular arcs A, (1=1,2) which pass through w(1)=e‘=+

and w(e®®)=—1, and touch the circle: |w|=7, are evidently the image of the
envelope of (6.3) as a varies along L from z=1 to z=¢*. By the simple calcu-

lation, we can show that two arcs A, (i1=1, 2) make the angle: 2tan™* (sin -

2r
1—7r2

LEMMA 9. Denote by {a,} (|la,|<1) the sequence of points such that

) at w=e'"** from which our lemma easily follows.

lim a,=1, arg(l—a,)=—9¢, 0=I9<xn/2, lirf d(ay, Qpe)<+00.

n—too
Put
D(p)=\J D(as, p),

where D(a,, p)={z; d(z, a,)<p}. If p is sufficiently large, then D(p) covers the
fixed Stolz-domain with vertex at z=1 in the neighborhood of z=1.

Proof. By the assumptions, there exists a positive finite constant %2 such
that
(6-5) d(am an+l)<k (nzly 2, '”) .
Denote by a any point on the segment [, connecting a, and a,4;,, and by b any

boundary point of the domain: D(a,, p)\JD(a,.,, p) respectively. By (6.5) and
lemma 7,

|dz|
d(a, b)>p—max {d(a, a), d(anyy, a)} > p— La,, e > 0(k)
=p(1—o(1)),
so that, for any given ¢>0, there exists p(¢) independent of n such that
d(a, b)>p(l—e)  for  p=p(e).
Hence

(66) D> Y Dia,pl—e),

la—1lsla1—1
aEL
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where L is the chord connecting z=1 and z=¢*""29, Since

2-tan™! (cos 191—3%) —>T as p—-+oo (r=tanh (p(1—¢))),

by (6.6) and lemma 8, D(p) covers the fixed Stolz-domain with vertex at z=1
in the neighborhood of z=1, provided that p is sufficiently large. Thus our
lemma is completely established.

Now we can prove theorem 6.

Proof of theorem 6. We first assume that —z/2<¢=0. Putting 0<4'<4
<%—l¢|, if p is sufficiently large, then by lemma 9, D(p) covers the Stolz-
domain with vertex at z=1:

{z; larg (z—1)|=n/2—4'}NU(, ¢),

¢ being a small positive constant. Therefore, by theorem 5 and 5% f(z) is
bounded in 9,NU(1,¢), so that by classical P. Montel’s theorem f(z) tends
uniformly to a as z—1 inside 9,C9Dy.

The case: 0<¢<xm/2 also can be treated by similar arguments.

Next we shall sharpen theorem 6 as follows.

THEOREM 7. Let f(z) be regular and of bounded characteristic in D. Suppose
that there exists the measurable set E contained in (0, +0) (0>0) such that

(1) f(e*) tends to a finite value a as ¢—-+0 along E.

(6.7)
(2) the lower density A® of E at ¢=0 is positive.

Furthermore, 1f the sequence of {h(a,)} (n=1,2,---) 1s bounded, where

@, <1, lima,=1, arg(l—a)=¢ (I¢|<=/2)
and
li—l}:ld(am Up41) <+,

then f(z) tends uniformly to a as z—1 inside the Stolz-domain with vertex at
z=1.

Remark. (1) In the case of the bounded regular function in D, this theorem
has been proved by M. L. Cartwright [3] and Y. Kawakami [6] independently.
(2) Theorem 7 is a generalization of the theorem due to the author ([14], p. 98).

We begin with

LEMMA 10. Let E be the measurable set contained in the upper arc:

(*) 2= lim1/p.m(END, ¢)).
¢—+0
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A(e??; 0<6<8) which has the positive lower density 2 at 6=0;
ltiL]él 1/t-mE@#)=2>0,

where E(t)=EN(e*?;0<0<t). Let E(w,a) be the image of E, by the linear

transformation : w=--2"2 (la| <1), where E, is defined as follows:

1—-az

E,=E2¢) if arga=¢>0,
=E(1—|a]) if arga=0,
=E(¢p) if arga=—<0.

If a tends to 1 along the fixed chord: arg (1—a)=¢ (|¢|<xm/2), then
lim mE(w, a)z2-k(¢),

a—
arg (1—a)=¢

where k() is a positive constant dependent upon only ¢.

Proof. We have easily

— 2
(6.8) mE(w, a)=| ] IIT—Id%llT' dz| .

We distinguish three cases: —7n/2<¢ <0, ¢=0, 0<¢<m/2.

(I) First we assume that —7/2<¢<0. Put
a=la|-¢% (p>0), z=exp(i(l+a)p) (—lSas+l).

Then
1—|al?
1—az|®

1—|al?
%W_Ilal“—z'ﬂdal-

_ 2
ldz|= [e—]ia(/"_alla| 2 '§0|dal

Hence, by (6.8)

(6.9) mE(w, a):f 1—|a|®

EC2¢) [1—az|*

(1—lal?*

¢—all* 'Lemzw

[dz|= i plda] .

By the definition of 4, for any positive ¢, there exists #(¢) such that
mE()>t(A1—e¢) for 0<t<t(e),
so that

{ olda|>2p(A—e)  for 0<p<i(e)/2.
2EE(2¢)

Therefore, by (6.9)
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(6.10) mBw, oz 351808 20-0  for 0<p<1/2:1).

By the sin-rule, we have

© __ sinle+lg) o
1—|a| sin(ﬂgf—l(ﬁl) [1—e*|

’

so that
(6.11) Jim 1o =tan(141).
Since
(A—la[>e _ @ 1
[e—Taf[r =+ 1D

' 71+z—1j_%|——|-0(1)2
by (6.11), we have by (6.10)
lim mE(w, a)=2-sin (2|$|)-(A—e).

a—1
arg (1-a)=¢

Letting e—+-0,
(6.12) lim mE(w, a)=2-sin (2|¢])- 1,

arg (1—a)=¢
(2) Next we assume that ¢=0. In this case, put
p=(1—lal), z=exp(ap) (0=a=l).
By the slight modification of the above arguments, we get easily

(6.13) l_1_n% mE(w, a)=1.

(3) Finally we assume that 0<¢<m/2. Put
a=lale™ (p>0), z=exp((—1+a)p) (1=ax2).

By the similar arguments as in (6.9) and (6.10), we have

(6.14) mw, =] A= 4> A21aDe o)

©) ”._dZ[Z

for 0<@<#(e). Since

T:wla—l —>tan¢ as a—l along arg (1—a)=¢,
we have
(1—lal®) =1 ® 1 2tan ¢
0 =(1+lal) = o — .
|ez¢ lallz 1 |a| 1+2 [ +0(1>2 1+(2taﬂ¢)2

I—[af
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Hence, by (6.14) and letting ¢—--0,

. 2tan¢d
(6.15) lim mE(w, a)= 172 tan 9)° A

e —m=¢
Thus, by (6.12), (6.13) and (6.15), our lemma is completely established.

Proof of theorem 7. By lemma 10, there exists a sufficiently large integer
N such that
(6.16) mE(w, a,)>2/2-k(¢) for n=N.
z—a,
1—a,z’ Ean
has the fixed limit point: w(1)=¢'*¥. Hence, by (6.16) and (6.7) (1°), we can
find a fixed set E* (mE*>0) lying on |w|=1 and a sequence of integers {n,}
such that

is mapped onto E(w, a,) which

By the linear transformation : w(z)=

1 kl—_i._ffl;(nk+1*nk)<+00 )
(6.17) (2) E*CEw,a,,) (k=1,2, ),
(8) fu(w)—a for weE* as k—+oo,

where f,(w)= f( ff(;%) Putting h,(w)= h( ﬁ—ta{;) by the assumptions we

have
log* | fa,(w)| Shg, (w)  for |w|<1,
hay(0)=h(a,,) <M < +co.

Hence, by lemma 6, the sequence of regular functions {f,,(w)} is of uniformly
bounded characteristic ;

618)  1/20-[ log*|fu(RE)|dI<M<+oo  (0SR<L, k=12, ).
0
Setting Fy(w)=1, (w)—a, we have
127 :”10g+ | Fy(Re®)|d9<M-+log*| | +log 2=M* < +oo .

Therefore, by lemma 5, for |[w|<R<1,

1 R R 2r N
(6.19) log| Fy(w)| <2M*. li-R }-I-R -1/2z- f |log| Fy(e?)]|do
R R
ézM*..%":'.R__—i—_]—_—R—-l/Zn f .IlogIF;,(ew)l |d6 .
By (6.17) (3) and (6.19), the sequence { f,,(w)} tends to & uniformly in [w|<R<1 as

w+-a,

k—+oco, Since |w|=R is mapped onto D(a,,, p) (o=tanh™*R) by =1z w0
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f(2) tends uniformly to « as z tends to 1 inside the sequence of non-Euclidean
circles: D(ay,,, p) (k=1,2,-+). By (6.17) (1) and li_in_d(an, An41) <00, we have

[im d(@n, @nyyr)<Fo0.

Hence, by lemma 9, f(z) tends uniformly to « as z—1 inside the Stolz-domain
with vertex at z=1, which is to be proved.
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