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ALMOST TANGENT STRUCTURES
By D.S. GOEL

0. Let M be a differentiable manifold of class C* and of dimension 2n. A
(1, 1) tensor field J of rank n on M such that /*=0 defines a class of conjugate
G-structures on M. A group G for a representative structure consists of all

matrices of the form
[z A o

where A, B are matrices of order nXn and A is non-singular. This structure
is called an almost tangent structure [4]. Suppose that such a structure is
defined on M then M is called an almost tangent manifold. A (1, 1) tensor field
J on M can be defined by specifying its components to be

=7, o ©2)

relative to any adapted frame. If o=X,, -+, X,, is any adapted moving frame
defined at a given point meM, then JX,=Xuip, JXosn=0 (a=1, ---, n). The
tensor field / has constant rank 7 and it satisfies the equation /?°=0. Conversely
any such tensor field / determines an almost tangent structure on M [5]. The
(1, 1) tensor field J on an almost tangent manifold M determines a linear map-
ping J.:v—(/m)v on each tangent vector space T,,M. The function Ker J: m—
kernel J, is an n-dimensional distribution on M. If ¢ is an adapted moving
frame at any given point me M, then the vector fields X, ,;, ---, X;, form a local
basis for the distribution Ker J at m.

In this paper we shall study the conditions under which an almost tangent
structure is integrable, and show that the group of automorphisms of such a
structure is not necessarily a Lie group even on a compact manifold.

1. Suppose that we have any G-structure on a manifold M of dimension n
with adapted fram bundle P(M, G). Let @ be the canonical 1-form on P(M, G)
with values in R™ and o the connection form of a given linear connection on P.
If ©=D6 is the torsion form then the torsion tensor T(@) has values in V=

2 2
=R"QAR, and is of type R=pQ@Ap* where p is a representation of G in R"
defined by the matrix multiplication. We denote W=L(G)QR,, where L(G) is
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the Lie algebra of G. If the linear mapping 0: W—V is defined by 0S:u, v—
(Su)v—(Sv)u, where u, ve R® and S W, then the subspace dW of V is invariant
under RG. Consider the natural surjection v: V—V/dW. Since oW is invariant
under RG we can define a linear representation ¢ of G in V/0W by (eg)ov=
vo(Rg). The function B=y(T(®)) is a linear function on P with values in V/oW
and is of type e. It is independent of the choice of the connection on P and is
the Bernard tensor, or the structure tensor for the G-structure [1]. S.S. Chern
[3] originally defined this in a different way as follows. Let Z be a subspace
of V complementary to dW. The natural projection 2: V—Z determines a map-
ping 2: V/0W—Z such that dov=4, vod=y and vo] is the identity function on
V/oW. The function C=A(T(@)) is a linear function on P with values in Z and
is of type Ao R. It is called the Chern tensor for the G-structure. It is inde-
pendent of the choice of the connection on P, but does depend on the choice of
subspace Z. It is easy to show that the vanishing of the Chern tensor is equi-
valent to the vanishing of the Bernard tensor.

The following result for an integrable G-structure is known.

LEMMA 1.1. [1] The Bernard tensor of an integrable G-structure is zero.

2. In this section we shall give some conditions under which an almost tan-
gent structure is integrable.

THEOREM 2.1. An almost tangent structure is wntegrable 1f and only if its
Chern tensor is zero.

Proof. Let
a, ---, 6™ 2.1)

be an adapted moving coframe defined at a given point m& M. The codistribu-
tion Ker J is spanned by @, ---, 6*. If
d0* =113 NO* 2.2)
(1, J, k=1, -+, 2n) we define
r:—%— T}kei®el/\gk . (2.3)
A complementary subspace Z of V to oW is spanned by e¢,Qe** " Aet*™ (b, c=1,
-+, n) and the projection 1: V—Z is given by r%e,Qe’ Aef—Cie,Qe’ Ae* where
C%)k:O C%+n=rg+n c+n (2.4)
Cein c+n=r£‘f—% ctn 78 ban—T8 cn (2.5)

The Chern tensor C is determined on #7'U by the function C=2cy on U with
values in Z calculated above, where = is the natural projection of P(M, G) on
M and U is a neighbourhood of the point m< M, on which the coframe (2.1) is
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defined. If the Chern tensor is zero we have from (2.4)
To4n e+n=0. (26)

Hence from the Frobenius theorem it follows that the codistribution Ker J is
integrable. Consequently there exists a chart x at the point m such that

dx? } A 016

dx® B DjlLe™
Therefore the moving coframe

g, -, %" 2.7

at m given by

o! I 0)[dx?

e = : J (2.8)

0'2’", 0 E dx2n

where E=AD"?, is adapted for the almost tangent structure. For the coframe
(2.7) the corresponding 7 satisfy 7%=0. Hence the vanishing of the Chern tensor
implies from (2.5)

T c4n=0. (2.9)
From (2.8) we get §**"=F%dx"*" and hence
dg**"=dE¢ Ndx*™, (2.10)

Using (2.10) we have from (2.9)

0ES 0E?
ax—ﬂ-dn_ W)E? E¢=0.
Since the matrix E is non-singular we get

0E¢ _  OE: @.11)

0x°*T T gxbin

Condition (2.11) implies that the system of differential equations

aHa+7L
Dbt =E} (2.12)
has a solution H®'" at the point m. We define a chart y at m as follows
yG,:xll’ ya+n_____Ha.+n(x1’ eee s x2n) . (2.13)

It is easy to verify that y does define a chart at m. From (2.8), (2.12) and (2.13)

we get
[ dy* ] {1 0} { ik
dy2n * I 0"27!
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Therefore the chart y at m is adapted for the almost tangent structure. We can
find such charts whose domains cover M. Hence the almost tangent structure
is integrable.

Conversely it follows from Lemma 1.1 that the Chern tensor of an integrable
almost tangent structure is zero.

Associated with any (1, 1) tensor field J on a manifold M we have a (1, 2)
tensor field N, the Nijenhuis tensor. If J defines a G-structure on M which is
integrable then the Nijenhuis tensor is zero. The converse is true sometimes.
But in general the vanishing of the Nijenhuis tensor is not a sufficient condition
for the integrability of the G-structure [7].

For an almost tangent structure the following theorem is known [5].

THEOREM 2.2. For an almost tangent structure the Nijenhuis tensor vanishes
if and only 1f its Chern tensor vanishes.

A different concept of integrability was introduced by Chern [3] which is
now called almost transitivity. A G-structure is said to almost transitive if its
Bernard tensor is constant. An integrable G-structure is almost transitive but
the converse is not necessarily true. For example, a Lie group carries an I-
structure, the structure constants of which determine the Bernard tensor which
is always a constant but not necessarily zero. The [-structure on a non-abelian
Lie group is almost transitive but not integrable.

’

THEOREM 2.3. If a group G contains the element —I then the Bernard ten-
sor of a G-structure is zero if it is constant.

Proof. If the value of the Bernard tensor is k at some point p= P, then its
value at p(—1) is

W(TO)(p(—D1))=v(R(=D))XT(6)p)
=v(—=T(0) )

=—y(T(O)p) (since the mapping v is linear)

Since the Bernard tensor is constant k=—=Fk, and so k=0.
Combining the above results we have

THEOREM 2.4. For an almost tangent structure the following conditions are
equivalent.

1. It is integrable.

2. Its Nijenhuis tensor is zero.

3. Its Chern tensor is zero.

4. It is almost transitive.
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3. Suppose we have a G-structure on a manifold M of dimension 7 with
adapted frame bundle P(M, G). A local diffeomorphism f of M into itself induces
a local automorphism f« of the frame bundle H(M, GL(R")). f is a local auto-
morphism of the G-structure if fx maps adapted frames into adapted frames.

A vector field X in M is a G-vector field if the local diffeomorphisms gener-
ated by X are local automorphisms of the G-structure. For a given G-structure
the problem is to determine whether the group of global automorphism is a Lie
group. A solution may sometimes be obtained using a following particular case
of Palais’s theorem [9].

THEOREM 3.1. Let Q be the group of automorphmisms of a G-structure. A
necessary and sufficient condition that Q 1s a Lie group is that the set S of all
complete G-vector fields generates a finite dimensional Lie algebra s and in this
case the Lie algebra of Q 1s s.

The following result of which Bochner’s [2] result is a particular case is
known [107.

THEOREM 3.2. Let S be a space of vector fields X on a compact manifold
M such that for every point me M there is a system of elliptic differential equa-
tions defined on a neighbourhood of that point and satisfied by all X* given loc-
ally by X=X"0/0x*. Then the dimension of S 1is finite.

A G-structure is said to be elliptic if the G-vector fields satisfy an elliptic
system of differential equations in a neighbourhood of each point me M.

From Theorems 3.1 and 3.2 we get

THEOREM 3.3. On a compact manifold the group of automorphisms of an
elliptic G-structure 1s a Lie group.

The ellipticity of G-structure can also be expressed as follows.

THEOREM 3.4. [6] A G-structure is elliptic 1f and only 1f the Lie algebra
L(G) of the group G contains no element of rank one.

The almost tangent group is not elliptic for, if B is an nXn matrix of rank
one, then the matrix
0 0
[5 o

belongs to L(G). Hence by Theorem 3.9 it is not elliptic. In order to show
that the group of automorphisms of an almost tangent structure is not necessarly
a Lie group we consider two almost tangent manifolds of which one is compact.
It can be shown that a diffeomorphism f: M—M is an automorphism for an
integrable G-structure on M if for each point me& M, there exist adapted charts
x, ¥ at m and f(m) such that the matrix
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a(xo
[257]

has values in the group G. A vector field X is a G-vector field if for each point
me M, there exists an adapted chart
0X" ]

ox’
has values in the Lie algebra L(G) where X=X"0/0x".

THEOREM 3.5. The group of automorphisms of the almost tangent structure
on the tangent manifold TM of any manifold M 1s not a Lie group.

Proof. The tangent vectors of any differentiable manifold M of dimension
n form a differentiable manifold TM of dimension 2n. Let n: TM—M be the
natural projection. Corresponding to any chart x defined on a neighbourhood U
of a point meM we can define a standard chart on z~'U which we denote by
(x,9). If UnU=¢, then the charts (x,¥) and (%, ) on n~'U, = 'U are related
by a change of coordinates whose Jacobian matrix is of the form (1, 1) where

A= [axb]’ B= [a?;a:cy]

The natural moving frames associated with these charts therefore define an
integrable almost tangent structure on 7M.

A diffeomorphism f of M induces a diffeomorphism fix of TM. If v is any
point in TM, (x, y) and (X, ¥) charts at v and fx«v then

0% fa, Fo I %) _[ a(x*of) 0
a(x, y) 0x
. e
ox?

which has values in the almost tangent group. Hence fx is an automorphism of
the almost tangent structure on TM. The set § of all diffeomorphisms fyx of
TM is a group isomorphic to group Q of diffeomorphisms of f of M, for, if f,
and f, are diffeomorphisms of M, then (fiof.)x=/f1x0fox and fix#/ex if and only
if fi#f,. As the group Q is not a Lie group, Q is not a Lie group.

As the manifold TM considered above is not compact we now study a com-
pact manifold with a similar property.

THEOREM 3.6. The group of automorphisms of an almost tangent structure
on the torus T=S'XS! is not a Lie group.

Proof. The torus T can be covered by coordinates charts (x!, x2) such that
the change of coordinates on U;N\U, is of the form

B=x%+n,, xi=x3+n,
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where n,, n, are integers. These charts therefore define a parallelisation on T,
and this can be extended to an integrable almost tangent structure. For any
integer p, the local vector fields

aix}v+sin @ p:rx{)—aaT%

agree on the intersection of their domains, therefore they define a global vector
field X on 7. At any given point

09X 0 0
Toxd ]z[ 2pm cos (2prxl) 0 ]

(a, b=1, 2) for each of these charts so X is a G-vector field. As p varies we
get a set of complete G-vector fields on the torus 7 which are linearly inde-
pendent, hence they form an infinite dimensional space. Therefore the group of
automorphisms is not a Lie group.
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