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RADIAL DISTRIBUTION OF ZEROS AND DEFICIENCY
OF A CANONICAL PRODUCT OF FINITE GENUS

By Mitsuru Ozawa

1. Introduction. Edrei and Fuchs [1] proved the following

THEOREM A. Let f(z) be an entire function of finite order p, having only
negative zeros. If p>1, then 40, )>0.

This reveals a quite interesting fact that a simple geometrical restriction is
enough to make zero a deficient value. Edrei, Fuchs and Hellerstein [2] made the
above result better. They gave a numerical bound

A
(0, f)%m

with an absolute constant A>0. By a rough estimation their constant A satisfies
A<0.0017. This is, of course, far from the best. There is still no reasonable

conjecture for the best possible A.
They [2] gave the following result. (We state it here only in the case of

genus one.)
THEOREM B. Let ¢(2) be a canonical product of genus one and having zevos
{a.} in the sector
T
In——arga,,léﬁ)—.

If the order of g is greater than one, then

A
80, g)= 1A

where A is the constant already mentioned.

Again #/60 is far from the best together with A. In this paper we shall prove
the following

THEOREM 1. Let ¢(2) be a canonical product of genus q, having only negative
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zevos. If q=2, then

Ag)
o0, 9)= TYAQ)
where
___cosx/2q S°° ds 1
A= 7 sinx/2g ), sU(s+1)2 = 127 °

If q tends to infinity, then A(q) tends to 1[2z%. If q=1, then

AQ)

(0, g)%m,

where
a)=(1-¥3 )3,

Our method of proof depends heavily upon the extremely precise analysis about
the behavior of log |g(7e*)| on |z]=r due to Hellerstein and Williamson [3] and the
representation of m(r, g) due to Shea [4]. In principle we can imagin how to get
the best possible numerical bound of A by our method, although it is very hard
to give any explicit form.

THEOREM 2. Let ¢(z) be a canonical product of genus q, having only zeros
{—ax} which satisfy

T . .
<
larg ax| =p< 3q+0) if q is odd,
Oéargak§ﬁ<—2(qq(—q_% if q is even=2.

Then with a positive constant A=A(g, p)

A
(0, g)%m.

COROLLARY. Let g(z) be a canonical product of genus q, whose zeros a, satisfy

1

1lae?

M3

1
=OO,

<o, g=1
#=1 [a#!q # ’

Ms

[

and lie in

2zk)_ B T
—_—— = —_—
arga, 7 |—q,19< 1

(k=0,1, -+, ¢—1).
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Then
A
>_ -
where

A=A, p)

——1—800—1-( s+v2/2 ssin2[3+sinﬁ>d
Tr ) P \s?++/2s+1 s*+2scosp+l /)

defined in Theorem 2.

This corollary gives a better result than that of the case of even genus in
Theorem 2 in the opening of one sector and the value of A.

THEOREM 3. Let ¢(z) be a canonical product of genus q with zevos {—a,} such
that

1
L=
and
T
Iarg (l,,l §,3<2(q_+1)
Then
g=p=p=q+1,

where p and p indicate the ovder and the lower order of ¢(z), respectively.

In Theorem 1 we have given a numerical bound of A(g). By a minor modi-
fication of our method we can give a slightly improved bound of A(g). In the
lower genus cases we can easily improve it.

2. Proof of Theorem 1.

o Nno - N, 0)
1=00, 9 =lim =y =M o 7, 0,9)

Hence it is sufficient to estimate m(z,0,g) from below by A(g)N(r,0). Assume
q=2p+1,p=1 in the first place. Hellerstein and Williamson’s analysis gives

m(r, 0 )—ifsa““lo —1—d0+lgz log —L__qp
T B ), B Teren] TR ) 8 el

Here {a;} is given in [3], Main Lemma. Since by their lemma

log |g(rei?)| <0
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in and only in (as), @sy.1) and (ag.1, 7), Which may be empty, we have the above
representation of m(r,0,¢9). Here a, and a,.: satisfy

-1 2j—1

f=1. e
2(q+1) r<la;<—5— % r, J=1,,4q,
2q+1 - -

Bgt1) T =T =0.

If we select {a}} such that af ,<a,-,<a¥<a, for j=(g+2)/2 and afe((2j—1)z/2(g+1),
(%7—1D=/2q) for j>(g+2)/2, then

1 2 S“2j+1 1
m(r, 0, g)=— log —————db
r0 =223 |l jrm

We may take af=aff=0. There is such a selection. Let af be (j—1)z/g. Then if
i>(q+2)/2

2%—1 Sa* -1
A R PES
and if j=(g+2)/2,j=2
2j—-3 2j—1
aj—1<'—]2T n<ajﬁ<m =<-

and af=a¥=0. On the other hand

=%Saml log |g(re')|d6

27

= _l(ga”ﬂ — Sw )log lg(rei®)|do
0

T \Jo

__],_Sw N(S?’, 0) [ ssin (q+ l)azj+1*+sin qozsz*
T

0 s+l s2+2s cos a'zj+1*+1

_ ssin(g+1)as;+sin gasj ] ds
s2+2s cos az5+1

by Shea’s representation. Hence we have

* N(sr,0) sin ((j—Dr/q)

st s*42scos (j—1)z/g)+1 @

m(r, 0, g)é% 5 S

1=

~

S
=1
_ N(,0) Sw ds sin ((g—1=/2q)
= r )i ss+1P sin(z/2g)

v

:\[._A

L S"" N(sr,0) ds
q 0 s? (S+1)2
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Hence we have

Alg)
6(0,9)= 1+ 4@
with
Alg)= 1 cos (z/2q) S ds
7 sin(n/2q) J; sUs+1)?°
Since
LI o
1 SUs+1)?2 7 4 ), s?? 4(q+1)
Sﬁ_éi__<18.£____i__
p SUs+1)? T 4), st 4(@-1)°
we have
lim A(q)—- 1
q—co
Further
1 cos(z/2q) 1
AD> L Snwg) 441
= 1
— 12z
for g=2.

Assume g=2p, p=1. Then
m(r, g)=N(r, 0)+m(r, 0, g),

1 & (o 1 1( 1
m(r, 0, g) = S o v———.-—d0+—8 log —1
G00=2 2 )., S Taem ), 8 T
1 2 (o
=-1 2\ toglatreias

"'2;—1,

by the same af=(j—1)z/q. Then the same process leads the same expression for
A(g). Hence we have the desired result.
If g=1, we have

1(= 1
m(r, 0, g)é;go IOg W do

1 1

z/3
T So & Tatre)]

The last integral is by Shea’s representation
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ds

\/ng""N(sr,O) s+1
2 mJo s? s?+s+1

s+1
s¥(s?+s+1)

;‘/3 NG, 0)8

By an easy calculation

m(r,o,gg%mnm(l— 9§n>.

Hence
A1)
00, 0=7" 24y 1+AQ)°
Al)= */ 3 ( §ﬂ>.

3. Proof of Theorem 2.

In the first place assume g=2p+1. Let

O, y)=% log (1+2y cos z+v?%) + i} (—=1y %’i COS jz.
J=1

Then
0d(xz,y) _ (=1)aHiyett
dr  14+2ycosz+y

oplr,y) __ (=D%e
oy 142y cos z+vy

5 (sin(g+1)x+y sin gx),

5(cos (g+1)z+y cos gx).

Hence d¢/0x=0 for 0=z=n/(g+1), y=0, which shows that ¢(x,y) is monotone in-
creasing for x there. d¢/oy=0 for y=<0, 0=x=r/2(g+1) and hence ¢(x,y) is mono-
tone decreasing for y there. Since ¢(x, 0)=0, ¢(x, y)<0 for y>0 and 0=z==/2(g+1).
Let z=7re", a,=|a,|e*, y,=7/|la,|. Look at values of ¢(0—¢,, y) in 0=0=nr/2(g+1)
—p. By the assumption |¢,/=8. Then for ¢,=0

¢(0_¢#: y#)=¢(—0+¢m Yp)
§¢(0+¢m y#)éﬂb(e'*'ﬁ’ y#)<0-

o) ) )

Then for 0=0=r/2(g+1)—B, z=7e*

Let g(w) be

log|g(2)| =log|g(ze®)|.
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Hence for 0 in f=0=n/2(g+1), w=|zle**, O—p=0

log|g(2)| Zlog|d(w)|.
Therefore

o __N@0.9
100, 0)=lim= e~

T N(,0,9)
"N, 0, 9)+m(r, 0, )

1 Sn/z(qﬂ)—ﬁ

1
m(r’oyg)é'; 0 0og ;g(rew” e

1 =/2(q+1) ) 46
x Sﬂ & Tare®)]

_1 S""N(sr, 0) { s+sin (gr/2(g+1))

Trdy st s*+2s cos (z/2(g+1))+1

_ ssin(g+1)8+singp }a’s
s?4+2scos f+1 )

Further

N(@,0) (= 1 s4cos (z/2(g+1))
m(r,0,9)= P Sl F{ s2+2s cos (n/2(g+1))+1

_ ssin(g+1)+singp }ds
s2+2scos g+1 ’

since the integrand of the above integral is positive for s>0 by g<=z/2(g+1). Let
us put the right hand side term by N(»,0)A(g, ). Then A(g, §)>0 and

Alg, B)
1+A4@.p)°

Next consider the case g=2p, p=1. In this case d¢(z, y)/dz=0 for 0=x=x/(g+1)
and hence ¢(r,y) is monotone decreasing there. Since d¢(r/2g, y)/dy=0 for y=0,
¢(z/2g,y) is monotone decreasing for y=0. ¢(x/2g,0)=0 implies that ¢(x, y)<0 for
y>0 in n/2¢=x=r/(g+1). Further

30, 9)=

ssin(g+1)x+sin gz
1+2scos x+s?

is monotone decreasing for z/2¢g=x=r/(g+1)—p. In this case we shall consider
B+r/2¢g=0=n(g+1), z=re®. By the above analysis we have

log|g(re)| =log|g(rei)| <O,

where §(w) is
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(1 Jeso( 5 5 ()

with w=ze %, Hence

( O ) lgl(qﬂ)
7, ==
T =T Y s lg(re’”)l
1 Sﬂ/(‘ﬁ‘l)
== do
T Jptn/zg lg(re“’)l
1 Sn/(tH-l) ﬁ 1
= — , :(}— ,
w8 (geny] W 9=0E
S"’N(sr 0) {s sin(z—(g+1)3)+sin (gr/(g+1)—qp)
0 S s?+2scos nf(g+1)—f5)+1
_ s sin ((g+1)x/2g)+sin (z/2) ds
s?+2s cos (7/2g)+1
_1({=N(sr,0)
=;S San Hs, g, pds.

Here H(s,q, )>0 for s>0, since

ssin(g+1)z+sin gz
s*+2scosz+1

is monotone decreasing for z/2¢=x=r/(g+1)—p. Thus

N0 (“ H0D)

m(r,0,9)= = pree:

=N(r,0)A(g, B), Alg, B)>0.
Therefore

Alg, B)

0(0, )= m

This gives the desired result.

In the above proof we have only consider a single suitable sector.

509

Hence

A(g, B) is not good enough for g—oo. If we count all the possible sectors, then we
can get a better estimation for A(g, f). Our result in the cases of genus one or
two is better than Edrei, Fuchs and Hellerstein’s in the opening of the sector and
the value of A(g, 5). However our result for any even genus case is not satisfac-

tory. It is conjectured that we can improve it to

larg ax| =8, f< 5——— 2(q+1)
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as in the odd case.

4. Proof of Corollary.
Let o be exp (2ri/q). Consider

G(2)=9(2)g(wz) -+ g(w?™'2)

zq

=IIE<—;#7, 1),

where
—(1— sl
E(x, p)=(1—2x)exp <]§1 7 x )
Let H(w) be
w
IIE(;—q— 1>,

then G(z)=H(z?). Since N(r,0,G(z)=N(r90, H(z)) and mr, G(z))=m(r, H(2)),
m(7, 0, G(z))=m(r4, 0, H(2)).
Since

1

1
W—OO’ <o

z gt <

the genus of H(w) is equal to one. Hence by Theorem 2

1

1—-4(0, H)ém

since
larg a,!—2rk| =p, ,8<i—.

Further

_ = NGO, 1)
100 =l =, )

_ NO0,H@) - N(,0,6()
ST G HE) A T Gi)

=1-6(0, G).

Hence’ by N(;" 0, G):qN(?” O, g) and m(?’, G)§qm(7', g)v we have

I
1+ A1, B)°

lIA
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This gives the desired result.

This proof is the same as in [2], Lemma 6. The result in this Corollary is
better than that of the case of even genus in Theorem 2 in the opening of one
sector together with the value of A.

5. Proof of Theorem 3.
Assume g=2p+1. Then

m(r, g)zm(r, 0, g)

1

T

S"" N(sr, 0) {_. s+sin(gr/2(g+1))  ssin(g+1)8+singp }a’
se-1 s2+42s cos(n/2(g+1))+1 s?+2scos g+1 $

0

IV

_1_S’ N(sr, 0) ds (sin o )
TJo STt s?42scos f+1 2(g+1) ap

r N(t,0)
qu So tthl

IV

dt,

7= Sinlgr/2(g+1))—sin gp

2n(1+cos §) >0.

Since

dt—o0

" N, 0)
tq-l 1
as r—oo by

1
LT T =

we have

. om(r,
lim —(r; 9 =00
7—00

Assume g=2p. Then similarly

1 z/2(q+1) )
S log|g(re®)|do.

m(”» g)Z'_
T Jp

Thus we have similarly

iz | ZED 4,
0

I mr,g) _

im —a

oo T

This implies p=¢. Hence we have the desired result.
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