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ON A PROBLEM OF R. NEVANLINNA CONCERNING
SOME CLASS OF ENTIRE FUNCTIONS

By Kivosur NunNo

1. R. Nevanlinna proved
THEOREM A. Let f(2) be a meromorphic function and set

K= N(r, 0}2;1\;(;, )

k(3)=inf K(f),

where f ranges over all meromorphic functions of order A. Then
k(2)=0 (2=1,2,3, -+)
and k(Q)>0 for all other A

For non-integral 2, Nevanlinna found a positive lower bound for %2(1). Realizing
that this bound was not sharp, he posed the problem of determining the exact
value of k(2).

Edrei-Fuchs [1, 2] proved that

1, if 0=2= —;—
k)=
sinz2,  if —;— <<y,

and .
[sin 74|

2.22+(1]2)[sin 74| *

k)=

It is generally conjectured on the basis of the asymptotic behavior of the
Lindelof functions [5, p. 54] that the correct value of k(1) is given by

|sin | e 1
Zsn ] IERECT
k(q, Z)=
Isin 7]

1
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Recently Hellerstein-Williamson [4] have verified this conjecture for the class
of entire functions having only negative zeros. They have proved

THEOREM B. Let f(z) be an entire function of genus q, order 2 and lower
order p, having only negative zeros. Then we have
N(7, 0)

i N 0) > > lim-2 )
M T, ) = ggk(q, p)= mln k(q, p):flq_rﬁl” T, 7"

K(H)=

These inequalities are best possible.

In this paper we shall verify the above conjecture for a certain class of entire
functions containing the class of entire functions having only negative zeros. We
shall obtain

THEOREM 1. Let f(2) be an entire function of genus q(=1), order 2 and lower
order p. If every zero a, of f(2) lies in a domain S, for an arbitrarily fixed number
h>0, where

Sr={z; Re 2<0 and |Im z| <A},

then we have g=p and

K= B =g 021 0

These inequalities are best possible.

2. Let

f@=T(1-2)M1=2) (Sl +bl) <o)

n

and set

=T+ o) M=) Fo=T(0 )0t 5)
Then it follows from Goldberg [3] and D. F. Shea (cf. [4]) that

T(r, =T, F)=T(r, F).

It shows that it is enough to consider the subclass of the entire functions having
only negative zeros for the Nevanlinna problem for the class of meromorphic
functions of genus zero. It is a question whether a similar situation is valid for
all finite genera.

In this paper we shall show that a similar situation is true for the problem
in the class of entire functions satisfying the conditions of Theorem 1, that is,
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)
be a canonical product of genus gq(=1) and set

- e(- 7 o)
If all a, belong to Su, then we have

. T(rg9) _
im 6

THEOREM 2. Let

o= [12(<,

Theorem 1 is a consequence of Theorem 2 and Theorem B. Hence we shall
only prove Theorem 2 in the following lines.

3. Proof of Theorvem 2. From the definition of the Weierstrass primary factor,
we have

oo 2
3.1 E(u, g)|=— =, if |ul=—2,
@1 log |E(u, 9)| Relzall if |ul= 7+1
and
3.2) log | E(x, ¢)|=log [1—u|+Re i% i (ul> +1.
Put z=re? and a,=r,e*». Since a,€S,, we have
T x h A
|z—6,|= 7s1n|7r—0v|§7 =

where A=(rn/2)A, and

. Ux—0, IA
3.3) [(=1)t cos 0 —cos l(0—0,)| =2 |sin ——+ | =l|z—0,|= pr

If |z/a,|=q/(g+1), then it follows from (3.1) and (3. 3) that

poel (% o) -eel (27 )|
157G

o A[fr\t Afr\t 1 qA
= y_42( L < )
_I=Zq;r1 7 (n) 7, (n) 1—rfr, = r

Y-

Hence we obtain
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2 Q)|-roglp(- 2 o)]l= e or

If |2/a,|>q/(g+1) and |0| <=, then it follows from (3. 2) and (3. 3) that

2 )| -eee (- o)

AP

g+1°

3.4) llog‘E(

v

log

1 1—2(r[r,) cos (6—0,)+(r/r,)? 7 1

— 5 log| - S OB O | 52 2 ( ) (cos £ (9—6,)— (—1)} cos i6)
1 2(r/[r,)(cos (6 —0,)+cos 0) g

=5 log |l = o cos 0 L (7. § ( )
1 2A(r|r,?) A g 1 \e- a

Sglog| T s o | T A ( 7) (T) '

Hence we obtain

tog 2 )| 18| B(~ > 9)
3.5)
1 2A®r[r,?) geA z q
é—z-log‘pr T+2rr) cos 0+ e | ¥ a7 1OF }au 2 gy s

Further if |2/a,|=(g+1)/g, then we have

2 2
1+2-r—c050+< r) =< r —1> +2—Z—(1+cosy);_1_2.’
7y 7 " [ q

and consequently, from (3. 5),
fI

Since the genus of g(z) is ¢, we have X7, 7"1=A,<co. Using (3. 4), (3.5) and
(3.6) we find that with o=(¢+1)/g,

(3.6) log'E( o >’ log] ( ,q))_(eAq +geA) q“r for | =

V v

“2A(r[r,%)
1+42(7/7,) cos 6+ (r/r,)?

loglo(a) logli(@)] + 5=\ 1og(1+

oTlr<r, <or

> +2¢%AAr? for |0) <=,

and consequently

2A(r|r,2)
1+2(r/7,) cos 0+ (7/r,)?

B.7)  Tra=Tr i+ —Z}r—g(",log(u

o~ 1r<r,<or

)dﬁ'l‘Azfq,

where A:=24%AA,.

We also know that for real «,
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for |a|=1,

0,
2
3.8 Slog(1+2acoso+a)d0 { loga’, for la|>1,

and
Sﬂlog(a+coso)d0=nlog(a+N/tﬁ—l)—n10g2, for a>1.
[}

Hence we have

S log<
3.9

= —nr log 2+r log <

)
rZW(

If 1=7/r,>q/(q+1), then (3.8) and (3.9) imply

® 2A(r[r,2)
So log (1 Ty +2(r/r,) cos 0+ (r/n)2> d

7: 72
( y2>+4A2 n“)'

) +44

)

( )

+24

—x log 2+7r10g<

1)
7

1 1 1
T —ZeA” rriteN2Ar—rn 7,417 e

=-—rlog 2+n-log<

1/2

If ((g+1)/q)>7/r,>1, then (3.8) and (3.9) imply

" 2A(r|r.Y
Solog (1 T +2(7/r,) cos 0+ (7]7,) )do

1 7, 2 i 7,2
7+\/<72 >+4A7(72

1 1
+ V2Ar—0 G _2A7r 78+ V2Ar —; YRS 7e

1,2
=—rlog2+x log( ;2

1
(—
)+4A r2>

§2An:

v

Using these inequalities in (3. 7), we deduce that

3.10) T, =T, g)+A3< 5T r,‘q—”2>rq+A4rq

o—lr <7, <or

with suitable positive constants A; and A..
Now it follows that

@1 3 n-q—“2=S” -2, 0)= 200 9) +(q+ —1—>S 260 g,

7
o~ 1r<r,<or o1y (or)a+1/2 2 o1y 1AT32
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On the other hand, since §(z) has only negative zeros, it follows from Edrei-Fuchs
[1, p. 308] that

re

(3.12) 17131” ACE) =0
and with a positive constant C,
a(en0) dt
T(r, §)=Cr? So AT g
and consequently
. T ont0) #72 c o n, 0)
(3.13) T(r, §)=Cre+ Sa—lr 12 foy dt= (G+1)o? rq+1/28 T dt
and
(e n@0) dt C
B.19) T(r, §)=Cr SM_ T iy = (@+ DA +o- Yo n(o7, 0).
Therefore from (3. 10)-(3. 14) we obtain
I(r,9)
3.15 =1.
(1) M7, &y
Next, by virtue of the same argument as above, we deduce that
. 1 (= 2A@r|r.n) )
100100 5 508 (U e -y ) AT
and hence

T(r, =T, g>+As( 5 r;‘l"”z)rq+A4r'l.

o1y <ry,<or
Therefore from (3. 11)-(3. 14) we obtain

T(r 9
im =1.
o T( 7,9 —

Consequently (3. 15) and (3. 16) imply

. T _
I, ) =

(3.16)

which completes the proof of Theorem 2.
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