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DEFICIENCIES OF AN ENTIRE ALGEBROID FUNCTION, III

By Mitsuru OzAwA

1. It is known that in the theory of algebroid functions a remarkable pheno-
menon occurs, while any corresponding fact never occurs in the one-valued theory.
The phenomenon is characterized by the fact that certain conditions only on the
deficiencies imply the appearance of Picard’s exceptional values. It is curious
that the discovery of this phenomenon has been done quite recently although the
theory of algebroid functions has its long history. A typical one of this pheno-
menon is the following:

Let f(z) be a two-valued transcendental entire algebroid function and let ai,
as, as be three different finite numbers satisfying Y33.,d(a,, f)>2. Then at least
one of {a;} is a Picard exceptional value of f.

In [3], [4] several extensions of the above fact were given and Toda [5], [6]
has also given some substantial extensions. However a general conjecture still
remains unsettled.

In [4] we proved the following result:

Let f(2) be a four-valued transcendental entire algrbroid function defined by
an irreducible equation

Fiz, =+ Asf*+ A2+ AL f+ A =0,

where A, are entire. Let {@;}5, be six different finite numbers satisfying >;5.,6(a;,
f)>5. Further assume that any two of {F(z, @;)} are not proportional. Then at
least two of {#;} are Picard exceptional values of f.

It is still hoped to give a condition, involving only five deficiencies, which
implies the existence of at least one Picard exceptional value of f. In this ten-
dency we shall prove the following:

THEOREM 1. Let f(2) be the same as in the above. Let a, j=1,---,5 be five
different finite numbers satisfying

2 8(a, £)>5—d(a, f)

Sfor every | (1=1,2,3,4,5). Further assume that any three of {F(z, a;)} are not
linearly dependent. Then theve is at least one Picard exceptional value of f
among {a,}.

In our opinion Theorem 1 is still an unsatisfactory one, since the condition
we want to give is X5.,8(a,, f)>4. Correspondingly we can give the following:
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THEOREM 2. Let f(2) be the same as in Theorem 1. Let {a,}5., be six different
finite numbers satisfying 3.5-,6(a,, f)>5—d(a, f) for every [ (I=1,2,3,4,5) and
Yha10(a,, £)+o(as, £)>4. Further assume that any two of {F(z, a;)} are not pro-
portional. Then there are at least two Picard exceptional values of [ among {a;}.

The counter-example listed in [4] shows that non-proportionality condition
cannot be omitted in Theorem 2. Further a slight modification of this example
shows that we cannot replace the appearance of two Picard exceptional values by
that of two lacunary values.

Our main tool is Nevanlinna’s method [1], [2] of proof for the impossibility of
Borel’s identity. Almost all parts in this paper do use it without any explicite
statement. [3] and [4] indicate how to use Nevanlinna’s method.

2. Proof of Theorem 1. We put ¢;(2)=F(z, a;) and assume that all ¢, are
transcendental. By the assumption

3 (@, £)>4
=1

and
5

5
Zajgj=1, OlJ=l/ n ((lj—(lk).
J=1 k=1, xj

=1

Then we have the linear dependency of {g;}, that is

Me

ajg,;=0.
1

I

J

Here «}=0 for at least four indices. Hence we may assume that ajaieiax0 and
at=as. We now divide into several cases:

1) axaj, azxaj, asxas, asxay;
2) a¥al,  w¥a,  a¥e,  wu=a;

(i) a3=0, s =alas,

(ii) a;=0, a1 aqas,

(iii) a;=0, a=ajas, a0 =ajas,

(iv) a3=0, a0 alas, 0= ats,

(v) asx0, a0 ajas, a0 s,

3) a1¥ay, az¥xaj, as=as, as=ay;

(i) =0,

(ii) a0, a0 =asal,

(iii) a0, a1 o]

The case 1), 2) (ii), 2) (iv), 2) (v), 3) (i) and 3) (iii) lead us to an equation of the

1) In [4] there are two misprints. In page 186 A; should be replaced by A;=(1/6)(12—
39,+69,—295—g,). In page 187 F(z, 3)=g; should be read as F(z, 3)=g,.
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following type
(a) 201+ A0zt Asgs+ 20a=1,  Aideds2e0.

The case 2) (i) leads us to a simultaneous equation of the following type

122452425 0.

g1+ Aag2+ Asgs=1,
(b)

Aaga+ Augs+ 2505 =1,
The cases 2) (iii) and 3) (ii) lead us to a simultaneous equation of the fol-

lowing type

1112132415#0.

A1g1+ 2292= 1,
(c)

2393+ g+ 595 =1,
The case (a). In this case we have
M1+ 2Ags+ 2595+ 4494 =0.

Here A24450 and A= If 32, Aac A, Asx A OF AiA, i, =24, Al>¥Ad,
then we have

(a") 1191+ pega+ pags =1, s 0,
for example. If A=A, x4, 13=24, AA2=2M44, then we have

(b7)

P01+ pag2= 1,
papraprspta 0.

Y303+ (a9 = 1,
If (@’) occurs, then
w01+ gz + g5 =0,

which is a contradiction. If (b’) occurs and ¢, g. and g¢s, g4 are linearly inde-
pendent, then we have

5(01» f)+6(d2, f)+5(as’ f)+5(d4, f)é?),

which is a contradiction.
Case (¢). If g1, g2 and g¢s, g4, gs are linearly independent, then we have

3 5(a, £)=4,
=1

which is a contradiction.
Case (b). Assume that gi, gz, gs and gs, g4, gs are linearly independent. Let

1 2r
my, o7 =—2—;SO max (log* |gi], log* |g2|) d6,

1 2r
m2,4(r)=2—n So max (log* |ga|, log™* |g4]) d6
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and
1 (2=
m(r)= 5| "max (og* |o,, log" lgs], log" lau)) .
0

Then
m(P) = my, o(¥) + s, 4(7).

By the linear independency of g1, gz, gs,

44 4,
91——71—[, gz—ﬂ, 4%0,

where 4 is the Wronskian divided by g1, gz, ¢s and

w4 s s

41=£g—8(9293 —0'g), A= i];(gl 9:— 010
Now we have
a0 S, )+, 4o+, ) +0(0)
=m(r, di)+m(r, d2)+m(r, 4)+N(r; co, 4)+0(1)
<N 0, ) +N(r3 0, 09+ N3 0, )+ o 3 0, 0)
with a negligible exceptional set. Similarly we have |
me, (N=N(r; 0, g2) +N(r; 0, g.) + N(7; 0, gs)

+o(m(r, g2) +m(7, g) +m(7, gs))-
Hence

M= SING; 0, )+ N7 0, go)+ o(i i, 09).
7=1 J=1

Let T'(*) be the characteristic function of f. Further let 4p(r, A) be

1 2
o\, Tog* max (1Ad, 14, 141, 1Al .
T Jo

Then it is known that |7(#)—pu(r, A)|=0(). It is very easy to prove that

[m(r) —4pu(r, A)|=0Q).
Further

5
Zl m(7, g5)=0(m(r)).
=
Hence we have

; 8a,» £)+o(az £)=5,
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which is a contradiction. Therefore gi, gs, gs Or ¢z, g4, g5 are linearly dependent,
which contradicts our assumption.

Therefore we can conclude that one of {g;} is a polynomial, and hence cor-
respondingly one of {@;} is a Picard exceptional value.

3. We shall give here two supplementary results.
Suppose that any four of {F(z, @;)} are not linearly dependent. Then

Me

5(61], f)é4'

1

[
Il

Indeed suppose that
5
Z}l aa,, £)>4.
=

Then we have alg;+algs+algs+alg+algs=0, adlataiaialx0. We may put al=as. We
have only two possiblities (a) and (c). Both cases imply a contradiction similarly.
Hence one of {g;}, say gs, must be a polynomial. Then we have

191+ @aga+asgs + asgs=1—asgs.
This implies that
,3191 + ,3202+ﬁag3 + ,3494 =0.

Here at least two coefficients are not zero. This contradicts the assumption.

In our Theorem 1 a little more precise discussion leads to the following re-
sult: Under the same assumption there is at least one lacunary value among
{e;}. We omit its proof.

4. Proof of Theorem 2. As in our result in [4] we have the following five
possibilities, starting from 3., a;9,=1, by simply X5.,6(@,, f)>4 and by the tran-
scendency assumption of all the g,(2), j=1, .-+, 5:

(A) 2191+ Aega+ 2303+ A4ga=1, 2122234450,

191+ Aega+ Asgs =1,
(B) A2a252425 %0,
Asgs+ 2s05=1,

a;gl+azgz=1,

(C)
a1g1+asgs+asgs =0,

a1g1+ 2292+ 2395 =1,
(D) 222324250,
a191+ 294+ 2s95=1,

aigi+asgs+asgs=1,
(E)

asgs+asgs=0.
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Case (A). In this case we have three possibilities :

1) 191+ page+ psgs=1, papaps X0,
g1+ paga=1,

2) J[ tpraptapra 0,
303+ H404 =1;
#1(]1+#292=1’

3) { 1 ptzprsfta 0.
393+ pags=0,

1) implies vig:+veg2=1 and hence v{gi+vig.=0, which is absurd. 2) implies g,
+149:=0 or pdgs+ pig.=0, which is again absurd. 3) is a contradiction.
Case (B). In this case we have

g1+ paga=1, Asgst+2s95=1.

Contradiction.
Case (D). This case implies similarly as in Theorem 1 that

g+ pe02=1, a1g1+2Ags+Asgs=1 of aigi+Aege+2sg:=1, g1+ pgi=1.

Of course we must use
5
25(01, f)>5_5(al: f)v 1:1, 2, 3, 4:, 5.
=1

Similarly we have a contradiction.

Case (E). Contradiction trivially.

Case (C). We have Xi_.Bjg;+fsys=1. In this case we have to discuss
two cases:

g1t azgs=1, a1+ asgs=1,
1) 2)

asgs+asgs+asgs=0, gzt asgs+agi=0.

Here assume that gs is also transcendental. Case 1) has discussed already in [4].
Case 2) implies
ﬁxcugx+(a4ﬁz—azﬁ4)gz+(a4,83—a3,134)gs+a4ﬁega=a4.

Here asfzazps and asfsxasBs. Hence this reduces to (A) with X' d(a, f)
+d0(as, f)>4. Thus we have a contradiction.

All the cases imply a contradiction. Hence one of {g;}5-, is a polynomial.
Now we may consider three cases:
a) ¢; is a polynomial, b) g5 is a polynomial, ¢) g¢s is a polynomial.

a) Assume that the others are transcendental. Then

asgatasgs +asgs+asgs=1—augy,
,Bzgz'l' ,3393 +ﬁ4g4+ﬁegs =1 —ﬁlgl-
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Since one of 1—aig;, 1—puig:, does not vanish identically, we have an equation of
type (A). This leads to a contradiction. Hence one of {g;}-, is a polynomial.

This is the desired result.
b) Assume that the others are transcendental. Then

o191+ aege+asgs+ asgs = 1 — QG5
Big1+ Bega+ Bags+ Bags+ Pegs=1.

If asgs>1, then the first equation implies a contradiction as in (A). If asgs=1,

then

(/91(12 —alﬁ2)02+ (,3111’3 —C(I,Bs)gs.‘{‘ (1910(4"111,34)94 —0(1;3696 =1

Here all the coefficients are not zero. Thus this of type (A), which leads to a
contradiction. Thus one of {g,};+s i a polynomial.

c) This case is quite similar to the case b). Then one of {g;};-, is a
polynomal.

This completes the proof of Theorem 2.
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