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DEFICIENCIES OF AN ENTIRE ALGEBROID FUNCTION, III

BY MITSURU OZAWA

1. It is known that in the theory of algebroid functions a remarkable pheno-
menon occurs, while any corresponding fact never occurs in the one-valued theory.
The phenomenon is characterized by the fact that certain conditions only on the
deficiencies imply the appearance of Picard's exceptional values. It is curious
that the discovery of this phenomenon has been done quite recently although the
theory of algebroid functions has its long history. A typical one of this pheno-
menon is the following:

Let f(z) be a two-valued transcendental entire algebroid function and let au

a2, a% be three different finite numbers satisfying Σj-iδ(tfj,/)>2. Then at least
one of {aj} is a Picard exceptional value of /.

In [3], [4] several extensions of the above fact were given and Toda [5], [6]
has also given some substantial extensions. However a general conjecture still
remains unsettled.

In [4] we proved the following result:
Let f(z) be a four-valued transcendental entire algrbroid function defined by

an irreducible equation

where A3 are entire. Let {<Z/}$βl be six different finite numbers satisfying ΣJ-id(#/>
/ ) > 5 . Further assume that any two of {F(z, aj)} are not proportional. Then at
least two of {aj} are Picard exceptional values of /.

It is still hoped to give a condition, involving only five deficiencies, which
implies the existence of at least one Picard exceptional value of /. In this ten-
dency we shall prove the following:

THEOREM 1. Let f(z) be the same as in the above. Let a3i y = l , •••, 5 be five
different finite numbers satisfying

Σδ(ajf)>5-δ(ahf)

for every I (7=1, 2, 3, 4, 5). Further assume that any three of {F{z} aj)} are not
linearly dependent. Then there is at least one Picard exceptional value of f
among {aj).

In our opinion Theorem 1 is still an unsatisfactory one, since the condition
we want to give is Σ;j=iίK<Z/,/)>4. Correspondingly we can give the following:
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THEOREM 2. Let f(z) be the same as in Theorem 1. Let {aj})^ be six different
finite numbers satisfying Σ5=i^fe> /)>5—<5(<Zί, /) for every / (/=1, 2, 3, 4, 5) and
Σj=iδ(βj, f)+δ(a6, / )>4. Further assume that any two of {F(z, βj)} are not pro-
portional. Then there are at least two Picard exceptional values of f among {#,}.

The counter-example listed in [4] shows that non-proportionality condition
cannot be omitted in Theorem 2.^ Further a slight modification of this example
shows that we cannot replace the appearance of two Picard exceptional values by
that of two lacunary values.

Our main tool is Nevanlinna's method [1], [2] of proof for the impossibility of
BoreΓs identity. Almost all parts in this paper do use it without any explicite
statement. [3] and [4] indicate how to use Nevanlinna's method.

2. Proof of Theorem 1. We put gj(z)=F(z, aj) and assume that all g3 are
transcendental. By the assumption

and
5

/ fcl *j

Then we have the linear dependency of {gj}, that is

Here a'j^O for at least four indices. Hence we may assume that afaiafaί^O and
a'5=a5. We now divide into several cases:

2)

( i )

(ii)

(iii)

(iv)

(v)

3)

( i )

(ii)

(iii)

The case 1), 2) (ii), 2) (iv), 2) (v), 3) (i) and 3) (iii) lead us to an equation of the

1) In [4] there are two misprints. In page 186 Ax should be replaced by <A1=(1/6)(12—
—2^3—^4). In page 187 F(z, S)=gΆ should be read as F(z, 3)=g6.
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following type

( a ) λiQiΛ- λ2g2+λ3g3+hg± = 1, i t t i ^ 0.

The case 2) (i) leads us to a simultaneous equation of the following type

(b)

The cases 2) (iii) and 3) (ii) lead us to a simultaneous equation of the fol-
lowing type

( c )

The case (a). In this case we have

Here λ[λ'2λ
fΛ*0 and λ[=λ,. If i ^ ί , i^^ ί , λ^^ί or λ^λ[9

then we have

(a7) ^1^1 + ^2^2 + ̂ 3^3 = 1, μiμzμs^O,

for example. If λi^λί, λ2^λ;

2, λz=2!Z) λ^—λ^ then we have

(b')

If (a7) occurs, then

which is a contradiction. If (br) occurs and glf g2 and gr3, Qά are linearly inde-
pendent, then we have

δ(al9 f)+δ(βi9 f)+δ(a3} f)+δ(a,f / ) ^ 3 ,

which is a contradiction.
Case (c). If glf g2 and g3, g±, g5 are linearly independent, then we have

which is a contradiction.
Case (b). Assume that gl9 g2, g3 and g2, g4, gδ are linearly independent. Let

m a χ ( l o g + 1 ^ 1 ' l o g +

1 C2π

, ̂ r)=~2^ \ m a x ( l o2+ 1^1, log+
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and

1 f2*
) = r max(log+ 1̂ 1, log+ \g2\, log+ \gA\)d0.

£π Jo
Then

By the linear independency of g1} g2, g3,

9 9

where Δ is the Wronskian divided by glf g2, g$ and

1 / / / / / / 1

Now we have

^w(r, z/i)+m(r, J2)+m(r, Δ)+N(r; oo,

^7V(r; 0, gi)+N(r; 0, g2)+iV(r; 0, g 3)+^
V=i

with a negligible exceptional set. Similarly we have

nh.A(r)^N(r; 0, g2)+iV(r; 0, g 4 )+Mr; 0,

+ o(m(r, gz)+ni(r, gt)+m(r, g6)).

Hence

; 0, gj)+N(r; 0,

Let Γ(r) be the characteristic function of /. Further let Aμ(r, A) be

^ Γ Λ | , \A2\, |Λ|, I

Then it is known that \T(r)—μ(r,A)\=O(l). It is very easy to prove that

\m{r)—iμ{r, A)\=O(1).

Further

Σm(r,gj)=O(tn(r)).

Hence we have
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which is a contradiction. Therefore glf g2, g3 or g2f g4, g5 are linearly dependent,
which contradicts our assumption.

Therefore we can conclude that one of {gj} is a polynomial, and hence cor-
respondingly one of {dj} is a Picard exceptional value.

3. We shall give here two supplementary results.
Suppose that any four of {F(z7 aj)} are not linearly dependent. Then

Indeed suppose that

Σδ(fiJff)>4.
3=1

Then we have aΊgi+afa + aϊgs + aίg+aίg^O, aiaίaiaίaί^O. We may put αs=α5. We
have only two possiblities (a) and (c). Both cases imply a contradiction similarly.
Hence one of {gj}, say g5, must be a polynomial. Then we have

This implies that

Here at least two coefficients are not zero. This contradicts the assumption.
In our Theorem 1 a little more precise discussion leads to the following re-

sult: Under the same assumption there is at least one lacunary value among
{aj}. We omit its proof.

4. Proof of Theorem 2. As in our result in [4] we have the following five
possibilities, starting from Σ5=i<*/0.; = 1> by simply Σ5=i^fe»/)>4 and by the tran-
scendency assumption of all the gj(z), j=l, •••, 5:

(A)

(B)

(C)
I

Oίigi +^2 + 2^3 =

(D)

(E)
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Case (A). In this case we have three possibilities:

^303+^404=0,

2)

3)

1) implies ι>i0i + v202 = l and hence ^01 + ̂ 02 = 0, which is absurd. 2) implies μ[gι

2=0 or μ£g3+//ίg4 = 0, which is again absurd. 3) is a contradiction.
Case (B). In this case we have

Contradiction.
Case (D). This case implies similarly as in Theorem 1 that

1 g 6g5 = l o r

Of course we must use

Σ δ(aj9 /)>5-(5fe, / ) , 1=1, 2, 3, 4, 5.

Similarly we have a contradiction.
Case (E). Contradiction trivially.
Case (C). We have Σί-iA/fl^+A^β^. In this case we have to discuss

two cases:

Ϊ 0 0 ,

2)
0:3^3 + 0:4^4+0-5^5 = 0, ^ 0-2^2+0:3^3+0-4^4 = 0.

Here assume that g6 is also transcendental. Case 1) has discussed already in [4].
Case 2) implies

jSiθf40i + (o-4/92 — o:2/54)g2 + {(xφz — 0-3/34)03 + aφ&gs = o:4.

H e r e 04/32^=0:2^4 a n d 0-4^3^=0-3^4. H e n c e t h i s r e d u c e s t o (A) w i t h Σ}=i<5(tf,/)

+ δ(α 6,/)>4. Thus we have a contradiction.
All the cases imply a contradiction. Hence one of {gjYJ=ι is a polynomial.

Now we may consider three cases:
a) gi is a polynomial, b) g5 is a polynomial, c) g6 is a polynomial.

a) Assume that the others are transcendental. Then

O-202 + O-303 + O-404 + O^S = 1 ~ OΊ01,
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Since one of 1—aigi, 1—βigi, does not vanish identically, we have an equation of

type (A). This leads to a contradiction. Hence one of {gj}]=2 is a polynomial.

This is the desired result.

b) Assume that the others are transcendental. Then

βiΰi+β^g2+i33g3+βigi+/We=1.

If aegs^h then the first equation implies a contradiction as in (A). If a6gδ=l>

then

Here all the coefficients are not zero. Thus this of type (A), which leads to a

contradiction. Thus one of {gj}j*δ is a polynomial.

c) This case is quite similar to the case b). Then one of {gj})=ι is a

polynomal.

This completes the proof of Theorem 2.
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