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NOTES ON KAHLERIAN METRICS WITH
VANISHING BOCHNER CURVATURE TENSOR

By Snun-icar TAcHIBANA AND RicHARD CHIENG Liu

As well known, an infinitesimal projective or conformal transformation in a
Kahlerian space M?" is necessarily an isometry provided that M?** is compact.®
Though the lack of projective transformations in A/?" is filled up by holomorphically
projective ones,” we do not know what transformations in M?* correspond to con-
formal ones in a Riemannian space. In this point of view it is significant to study
problems related to Bochner curvature tensor introduced by S. Bochner.® In fact,
it is known that Bochner curvature tensor is constructed formally by modifying
Weyl’'s conformal one on taking account of the formal resemblance between Weyl's
projective curvature tensor and holomorphically projective one. Thus the problem
seems to reduce to what transformations of Kihlerian spaces leave invariant Bochner
curvature tensor, and especially it is a problem how we can get a Kihlerian metric
with vanishing Bochner curvature tensor from a flat Kidhlerian one.

As a contribution to this problem we shall give in this paper examples of
Kihlerian metrics with vanishing Bochner curvature tensor.

Preliminary facts will be given in §1 following to Yano-Bochner’s notation.
Bochner curvature tensor vanishes identically for spaces of constant holomorphic
curvature, but the converse is not true. In §2 we shall show that if }M?** with
vanishing Bochner curvature tensor is a locally product space of Kihlerian spaces
and not flat it is a locally product space of two Kihlerian spaces of constant
holomorphic curvature, which corresponds to the case of Riemannian space with
vanishing conformal curvature tensor.

On the other hand, the metric tensor g.s of a Kihlerian space can be expressed

in the form
_ 09
Yabr= Ga7aze
with respect to local complex coordinates {z°}, =1, ---, #, where ¢(z, z) is a real

valued holomorphic function of {2 z°}. Sang Seup Eum [2] determined ¢ for the
non-flat metric of constant holomorphic curvature in the complex number space
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asa

under the assumption that ¢ is a function f(#) of ¢=Y?_,2°2°. The result is
Fubinian, i.e.,

1
c

Fy= log(—g—t+1)+k,

where b>0, c20 and % are constant.
We shall follow his method in §3 to get metrics of vanishing Bochner cur-
vature tensor in the complex number space.

1. Preliminaries. We agree to adopt the summation convention and the follow-
ing ranges of indices throughout the paper:

1=<i,4, &, -+ =2n,
1=a, B, 7, =m0, a*=n+a.
Consider an # complex dimensional Kihlerian space M?** with metric
1.1) ds*=gxdzdz",

where {z°} is a local complex coordinate and z*"=2z“ (=conjugate of z*). As the
metric is Kihlerian, g, satisfy the following conditions:

Jas=Ggarps=0,
1.2)
Japr=Gpra= Jarp= Jpar
and (1. 1) becomes
ds?=2g.pdz"dz?".
¢’% satisfy the corresponding equations to (1. 2). The Christoffel symbols I"%, vanish

except

s 00pe
0z

1.3) 1'5=g

and their conjugates. As to the curvature tensor Rij, only the components of the
form R%,; and R% and their conjugates can be different from zero, and
al's,

.49 o= ——5

hold good. The Ricci tensor R;,=Ri;;, satisfies

Rﬂr = Rﬁ:,x: O,
(1. 5)
Rpp=R"pra=—Rpar+
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and the scalar curvature R=¢"*Rj; is R=2¢"" R
A Kihlerian space is called a space of constant holomorphic curvature if its
curvature tensor satisfies

Raﬂ‘76‘= (gaﬁ‘grﬁt"!‘gaa‘grﬁ’)‘

_R
2n(n+-1)

Bochner introduced a curvature tensor which is called Bochner one and given by

1
Koprror= Repryon— m (GapRyoxtgasnRypet-0roe Rapst-0ror Raov)

1.6)
R

S T ) et etz

In a former paper, one of the authors gave its components K, with respect
to real local coordinates and got some theorems about spaces with vanishing K, jxz.>

Bochner curvature tensor vanishes identically for a space of constant holomor-
phic curvature, and K#hlerian spaces with vanishing Bochner curvature tensor are
more general than ones of constant holomorphic curvature.

2. Locally product Kihlerian metrics with vanishing Bochner curvature
tensor.

In this section we shall admit the followihg ranges of indices keeping the nota-
tion in §1.

1=a,b,c, - <p, a*=a+n,
p+l=rns, -=n, r*=r+n.
Consider a Kihlerian metric (1. 1) of the form
2.1 ds*=ds.*+ds,*
where
ds 2= 2¢apd2*d2"", dss?=2g,5d2"dz"

are Kihlerian metrics of dimensions p and #—p.
For a metric of this type we have

(2' 2) Rab‘rs*:O,
because of

0lGr

Ropersr=— Rosarss= —Gorc R arsv=—gowe ——azg, =0.

5) Tachibana [5].
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Now assume that our metric (2. 1) has the vanishing Bochner curvature tensor.
Then from (2. 2) and

1 R
0=Kapsrsv=Roprrss— m (GapsRrsst+ grs*Ru,b') + W JabsJrs+

it follows that

1/ R R

2.3) Ropn= -5 (m — r)gab*y
1/ R R

(2. 4) Rrst-—- 2 <—m _— 7) Ors*

hold good, where R; or R, denotes the scalar curvature of ds; or ds, respectively.
Substituting (2. 3) into Kaprea»=0 we have

1 ( R R
n+2 \ 2(n+1) n—p

Raproar= )(gab*gcd~+gad*gcb*)-

As Rupeq 18 just the curvature tensor of ds;, the last equation expresses ds; to be
of constant holomorphic curvature and hence from (2. 3) we get

R R _ R
P wu—p wntl’

(2. 5)

On the other hand, we have
(2. 6) R,+R;=R.
Thus by eliminating R from (2.5) and (2. 6) we can obtain

R1 + Rz _
p(p+1)  m—p)m—p+1)

Similarly ds. is of constant holomorphic curvature. Consequently if (2.1) has
the vanishing Bochner curvature tensor, ds; and ds. are metrics of constant holo-
morphic curvature with the scalar curvature satisfying (2. 7).

Conversely, consider two K#hlerian metrics ds, and ds; of constant holomorphic
curvature satisfying (2. 7). Then we can easily see that the metric ds®=ds;%+ds,?
has the vanishing Bochner curvature tensor.

As a non-flat space of constant holomorphic curvature is never a locally product
space of K#hlerian spaces, we know that a non-flat metric of vanishing Bochner
curvature tensor can not be a direct sum of more than two Kihlerian metrics.

0.

2.7

3. Metrics with vanishing Bochner curvature tensor. Let C**!' be the com-
plex number space with complex coordinate {z.}.* A real valued holomorphic

6) Tn this section we shall denote coordinates by z, instead of ze.
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function ¢=g¢(z, 2) of {z., Z,} gives a Kidhlerian metric

¢

Oet= 5202,

to C*** or its subdomain.
Our problem of this section is to find a function ¢=,(¢) of {=3 2 2.2, so that
the corresponding Kihlerian metric has the vanishing Bochner curvature tensor.

First we shall represent K., in terms of f and its derivatives.
We have

(3' 1) gaﬂ*zf/aa,&_l'fl/éazﬂy

where dashes mean differentiation with respect to #.

As the metric is positive definite, />0 holds good in a domain containing
t=0.

g*** are given by

o 1 f// _
7= 7l g )
and hence the domain we shall consider hereafter is one satisfying f’/-+zf”>0.
From (1. 3) it holds that

fl/
Fgr= =7 (z‘ﬁaar—l—z’rﬁaﬁ)—!—ozaiﬂir,

f
where we have put
_ f/f//l_Zfllz
(3.2 ()= T
Some computations and (1. 4) show the following equations:
1EINY __ U2 "
Rgy50= Lf‘—fTZI‘_ 25(Zp0ar+2,0ap) + §-‘,‘ (0p50ar+0;304p)
3. 3)
+a’z,,2,g§,z5+aza(§,95,,;-l—z',b‘,ga),”
and

Rpsr=—Rpasr=2A2p25+ t0gs,
where 2 and p are functions defined by

_ DG

A= 772

—o't—o,

7) Eum [2].
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3.4
e

= T—‘* G't.
The scalar curvature R is
_ 2 . tf”(2t+ﬂ))
k=% (”“L”" )
For convenience sake we shall put
R

4= S i2

From (3. 3) it follows

f’f’”*f”z

Ragrron=—F"(0a0p;+ 0,0p2) — 77

Z&(zaaﬂr +§78,84r)

— {(fl+tf/’)g+ _];//2 }z,g(irﬁaa—}—éaé,a)
2fll(f/f//’__f//2)
f/2

Substituting these equations into (1. 6) we can get

~[ur et

}2,,2152725.

Kaﬁsrat = A(5a55,g, +5755ap) +B§a255725
3.5)
+Cza(za5p7 +2765a) +Dzﬂ(§75a5 +§a575)y

where A, B, C and D are as follows:

4
PR 7 )

B= _(f/_,_tf//)a/_ 2f//(ff///_f//2)

I
4lf "
Tt TR
1 £ £2 A7 ”
L L L7 L)
"2 Af! "
Dz_(f",‘l‘f”)o'—?“‘% +f’f”d.

Now we assume that #=4 and K.+ vanish identically. Consider (3.5) with
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indices a, B, 7, 6 which are different to one another. Then we have
0=Kap-,.a==B§aZ§Z—TZa,

from which we know that B vanishes identically, because it vanishes at any point
not on the coordinate planes. Next, considering the case of indices =4 and 736
we have

0 =K“ﬁ‘75' = Czﬁ(é.ﬂaﬂr_i_zraﬁa):

from which C=0 holds good for the similar reason. D=0 follows similarly. Thus
we have

0 =Kaﬁ*r6‘ = A(é’aa&ﬂ, +5735aﬂ)

and hence for axpg, 0=K.ps.»=A. Consequently we obtain A=B=C=D=0.
Next we shall look for the differential equation for f satisfying A=0. From
the definition of A it follows that

2/1f’ _ f/

oz T D

£+ ) }

{2t+ﬂ/j'— f/-l—t 77

or equivalently
(D) +-2)(f +2f )"+ 2n+Dpf ' (f+217)
=21+ m—L)pt 7 +npf'

We substitute (3. 4) into the last equation to get

20f"=d'f".
By integration it holds that
(3. 6) o=af’*
or equivalently
3.7 I =2f " =af ),

where ¢ is any constant, and the case ¢=0 reduces to one of Eum.
Before solving (3. 7) we shall show that B=C=D=0 are consequence of A=0.
From A=0 we have

2pf’ _ nf”+2f ot
n+2 n+2

(3.8 frA=r"+

On the other hand it follows from (3. 7) that

(3. 9) f/fl//_f//2=f//2+af/3 (f/+tf//)'
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The calculation of C=0 is as follows:
1£111 __F£172 s 14
C=— FI=rm A pf
bt n+2
flfl//_f//z fl (n+1)(f/f1//_f//2)
s 77 *
f { (n+1)f”" } ren
PPl R 4ot +f'f" 4.
Substituting (3. 8) and (3. 9) into the last equation, and taking account of s=af"’?
and o’ =2af’f” we can get C=0. D=0, comparing with C=0, follows from

"2 1£11 __ 12
(f/‘l‘tf”)o'-!- ;/2 =fff, f
which is proved easily. We can show B=0 from A=0 in a similar way.
We shall solve (3.7) and get exact forms of f. As (3.7) is

ﬂf—_zf— —atts?y,

__]_ff//A

a'l‘—l—a}

-+

we have by integration
14
(3.10) F =atf’+k, 1=const.
In the following we shall find f satisfying f”(0)=0.®
From (3. 10) we have f/~%f”=qt and by integration f’/~?=b,—at?, where b, is
constant. As f/(0)>0, b, must be positive and we have

1
(3.11) f'= Wi—aTz—’ b>0.

The metric with ¢=0 being flat, we shall exclude this case and consider the
following cases with =0 in which » and ¢ mean positive constant and % any
constant.

Case I. a=c%

1 1.
= —_ =1

Case II. a=—c2

1 1 c
T — e — ——gh~1{ —/—;

As a conclusion we get the following results.
In order that f(¢) gives a Kihlerian metric satisfying f7(0)=0 which has the
vanishing Bochner curvature tensor and is not flat, it is necessary and sufficient

8) Eum’s one stated at Introduction is excluded by this condition.
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that f is one of the following two functions:

3.12) f= %— sin—1<—z-t> +E,
3.13) F= -i— sh-t (-—Z—t) 2,

where b and ¢ are positive constant and %2 any constant.
The scalar curvature of (3. 11) is obtained from

A= R o
T 2n+D)(n+2) A bi—at

which follows from (3. 8). Hence 4 becomes
ct

T V="
4=
ct
N =0
corresponding to (3. 12) and (3. 13).
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