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INTEGRAL FORMULAS FOR CLOSED HYPERSURFACES
By KENTARO YANO AND MARikKO TANI

§0. Introduction.

Liebmann [7] and Siiss [9] proved that only ovaloid with constant mean cur-
vature of a Euclidean space is a sphere. To prove this, we need an integral
formula of Minkowski. So that to generalize the theorem above to the case of
closed hypersurfaces of a Riemannian manifold, we must first of all obtain an
integral formula for closed hypersurfaces of a Riemannian manifold. In the case
of hypersurfaces of a Euclidean space, the so-called position vector plays an
important role. So, to obtain the integral formulas for closed hypersurfaces in a
Riemannian manifold, we assume the existence of a certain vector field, for ex-
ample, a conformal Killing vector field or a concurrent vector field in a Rieman-
nian manifold.

The study in this direction has been done by Hsiung [2], [3], [4], Katsurada
[5], [6], Shahin [8], Tani [10] and Yano [11], [12].

Let V be a closed and orientable hypersurface of an (#+41)-dimensional Eu-
clidean space E and denote by ¢,%2 and M; the first fundamental tensor, the
second fundamental tensor and the /-th mean curvature of the hypersurface
respectively. Let X(x*) be the position vector from a fixed point O in E to a
point P on the hypersurface V, where z* are parameters on the hypersurface and
N the unit normal to the hypersurface, and put a=X-N, X;=0X/ox* and z;=X-X,.

Shahin [8] recently proved the integral formulas

m S a™ 22 dV —n S a™(1+aM)d V=0,
v v

mg a’"‘angﬁZ]Z‘dV—nS @M1 +aM,)d V=0,
14 14

for an arbitrary m for which o™ ! and a™ have meaning, dV being the volume
element of V.

These formulas generalize those of Chern [1], Hsiung [2], [3], [4] and Shahin
[8].

The main purpose of the present paper is to obtain a series of integral
formulas the first and the last of which are those given by Shahin and to gene-
ralize this to the case of hypersurfaces of a Riemannian manifold.
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§1. Preliminaries.

We consider an orientable differentiable hypersurface V covered by a system
of coordinate neighborhoods {U; 2"} and imbedded differentiablly in an (z+1)-
dimensional Euclidean space referred to a rectangular coordinate system, where
and in the sequel the indices 41,7, --- take the values 1,2,---,%. If we denote by
X the position vector from a fixed point O to a point P of the hypersurface, then
the hypersurface V is represented by

1.1 X=X(z").
If we put
1.2) X,=0;X, 0;=0/ox,

then X, are » linearly independent vectors tangent to the hypersurface V. We
suppose that the coordinates z* are chosen in such a way that the vectors
X, X, -+, X, give the positive orientation of V. Then

(1 3) gji=Xj-Xz

give the components of the metric tensor of ¥V with respect to the system of
coordinate neighborhoods {U; xz"}, where the dot denotes the inner product of
vectors in E. We choose the unit normal vector N in such a way that the
vectors N, X,, X, ---, X, give the positive orientation of £. Then we have

1. 4) X;*N=0, N-N=L

We denote by F, the operator of covariant differentiation with respect to
the metric tensor ¢g;. Then the equations of Gauss of the hypersurface V are
written as

1.9 7, X,=huN,

where 4j are the components of the second fundamental tensor and those of
Weingarten as

1.6) ViN=—h;X,
where
hjz:hjtgti’

¢" being the contravariant components of the metric tensor.
Using the Ricci identities

Vil , Xi—V ¥ X, = — K 3" X,
and
Vo7 ;N—F 7. N=0,
we obtain the equations of Gauss
1.7 Ky ji=hi"hji— i I,
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and those of Codazzi
(1. 8) Vihii—V jhii=0,

where Kj;" are the components of the curvature tensor of V.
The principal curvatures of the hypersurface V are roots of the equation

337

1.9 | —kd?%| =0.
We denote them by k&, ks, -+, B and put
(1. 10) o e
Do=mn, b= 2 (k)
1 (=12, -, n).
From (1.9) and (1. 10), we have
(1. 11) Pr=hag sy e Bt
It is well known that s, ---, s, and py, -+, p» are related by Newton’s formulas
bri—$:1=0,
Da—S1p1+25,=0,
1. 12) Ds—Si1p2+Sap1—353=0,

Pn— San-1+Szﬁn_z— e +(—1)”“lsn_1p1 +(—1)"%Sn=0

Representing s; in terms of py, s, -+, f1, we obtain

s1=p1,

1 2
$2=or —bD2+0:%),

1
$s= 31 (203—3p1 D2 +117),

(1. 13) S4= _i-T (—6p4+8P1 ps— 6P, %P2 +-3p2+D1*),

(=Dytrttar+tr+t

Si= Z Dilipote - P,

b1+ttt =1 (t]!) s (t;!)Z‘Z A ltl
0st,

.........

(—1)trHtat+tntn

Sp= pltlpztz ) tn,
" ¢1+2¢Zt§+mn=,, @) G2 "
i

We introduce here the notations



338 KENTARO YANO AND MARIKO TANI

(1. 14) D=0, hayi=hi "yt - B (=1,2, -, n),
(1. 15) Z(l)h=h(l)ihz1':}li1hhi2“ e iz (=0,1,2, .-+, n),
and

(1. 16) (’;)1\41=sz,

where (7) are binomial coefficients. The M; is the /-th mean curvature of V.
From (1. 15) we see that

1.17) 2" =h’zq-1" (=12, n).

Since ¢, is positive definite and %j; is symmetric in 7 and i, we can assume
that, at a fixed point of V, we have

L oo B0 o 0
Ow=| . G . '
0 0 1 0 0 kn
and consequently
B0 o 0
0 k- 0
Ghy=
00 - ky
and
kL0 - 0
0 At 0
taM=
0 0 - &y

Now, ki, ks, -+, k, satisfy the equation
1P — syt 5ot — e (— 1) sy it (—1)%s, =0,
and consequently, we have
Ry =171+ Sahcn—oyi— (= 1) Sn 1At +(— 1) 80t =0,
or
1.18) Reny ji—S1ln-1 jitSalcnny ji— -+ H(—=1)*"su_1/5+(—1)"5ng 4=0.

In the sequel, we need the expression for F;zq'. We have
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ViZ(L)‘=Vi(/’lil%i2“ hil_lzl_zhil”_lzu)
-_—(Vzlhii)hiz“ ]zil_lu—zhilu—lzu
Fhi [T ohi®) o by M1-2hy 124
R
+hilihi2“ (Vzl_lki”‘z)hil”“z"l
Fha iy e Ry AV )20
ey g By e )

by virtue of equations (1. 8) of Codazzi and consequently

1
Vizay'=V.p)za-n+ 5 Vp2)za—n*+

1 1
(1.19) + 1 i)zt + T bz +han' (V™)

(l:O) 17 2, B n)-

§ 2. Integral formulas for hypersurfaces of a Euclidean space.

We consider a compact and orientable hypersurface V of an (%+1)-dimensional
Euclidean space £ and put

@2.1) a=X-N, z=X-X.
We then have

2.2) Vo= —hjzt,

2.3) Vizi=g5+ah;

by virtue of equations of Gauss and Weingarten, where z*=z,¢* and consequently
we have, from (1. 19),

1
Vizay'=Wp1)za-n*+ > Wip2)za-o~+--
2. 4) 1 1
+ -1 i)z nt+ 7 V)2 +pi+-apuis.

For /=0,1, 2, (2. 4) gives

(2. 5) Vizz=n+ap1y
(2. 6) Vizayt=:p1)z+pr+aps,
1
2.7 Vizay'=W 1)z + 'Z—(V D)2+ pataps

respectively.
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Now, we have
Vi(a™zt)= —ma™ h 22"+ a™(n+ap;)

by virtue of (2.2) and (2. 5), from which, integrating over V,
@.8) mgvam-lhﬁzfztdv— S @t ap)dV=0,
or substituting p,=s,=nM,,

@.9 mgyam‘lh ﬁzﬂzwdv—ngVam(1+aM1)dV:0,

where dV is the volume element of V, which is a formula proved by Shahin [8].
We also have

(2. 10) Vi(a™zqy)= —ma™  he 2’2 +a™{(Vi pr)2* +p1+ap.}
and
(2.11) Vi(a™p12¥)= —ma™ p:1h ;272 +a™{(V . p1)2*+p1(n+apy)}
by virtue of (2.2), (2.5) and (2. 6). Integrating —(2.10)+(2. 11) over V, we find
@.12) mgya""l(h@) s—bh)zd V—I—Syam{(n—l)pl—i—a( p—p)}dV=0,
or
(2.13) mS a™ Nl ji—S1hj)2' 2 V+S a™{(n—1)s;+2as,}d V=0
14 14

by virtue of (1.13), or again

n

@. 14) mS @™ ﬁ—slhﬁ)zfzdeJrz(’z’)S (M +aM)d V=0
14 v

by virtue of (1. 16).
We also have

Vl,;(a'mZ(z)i) = — mam‘1h<3> jizfzi
2.15) )
+am{(7m1)z(1)i—|— —2‘(71172)21+P2+6¢3},
Vi(a™prz ') = —ma™  pihics ji2° 2"
+a™[(V.p)zay' +0:1{ (Vi p1)2" +D1+ape}]
that is,
V«,;(ampp?.'a) t) = —ma"“lplh(z)ﬁzjz‘
2. 16)

+a"‘{(l7¢p1)z(1>’+ %(Vipxz)zz +D1(H: +a_z‘>z)}



INTEGRAL FORMULAS FOR CLOSED HYPERSURFACES 341

and

v, {%am(lhz—ﬁz)zz} - -;—mam_l(ﬁlz—.bz)hﬁzjzl
2.17)
1 1
—I—aml:_Z— {Vi(p2—p2)} 2*+ 5 (D> =) (m +ap1):|

by virtue of (1.17), (2.5), (2.6) and (2. 7).
Integrating —(2. 15)+(2. 16)—(2. 17) over V, we find

1
m S Vam"l {h(s) ji—Dile st 0 (D2—p2)lji }ijld 14

(2.18)
B % Svam{(n_z)(plz_pz)+a(p13_3plpz+2153)}dv=0,

or

(2. 19) mS am—l(}l(s)ﬂ—Slh(z)ji—f‘Sz}lji)Z]ZlLdV—‘S a”‘{(n—Z)sz—I-?;asg}dV:O
14 14

by virtue of (1.13), or again

n

(2. 20) msyam*(h@m—slk@mszhﬂ)zfz%dv—3 <3

)S a"‘(Mz—I—aMa)dV:O

by virtue of (1. 16).
To obtain integral formula for the most general case, we compute

Vi(a’mZ(z)i) = -—1"’!(17"'"1}1,(”1)jq;ZjZZ

1
2.21) Fa™ 1V, pr)za-n*+ g(Vsz)Z(z-z)“l‘”‘

1 1
+ymg Vib-dza? + 5 Fap)zt+ot-apua } )
Via™prza-1%)=—ma™ prhq, iz 2

1
@.22) +am[(71171)2(z—1>t+1'71{(Viﬁﬁz(z—z)“l‘ 3 bzt +

+ % Vpis)zayt+ 7‘_1'1— (71P1—1)Zz+ﬁz_1+apz}],
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1
Vz{? a™(pr*—p2) Z(z-zf} =— % ma™ (PP —pa)ha_r) iz’ 2t

+ %am[{Vi(Plz’_Pz)}Z(l-z)i

(2. 23) .
+ (P12—P2){(Vi1-'71)2(z_3)‘+ g(Vipz)z(l—d)i’l‘"'
(thl 8)Zn’ + (71151 2) 2P atapy- 1}]
V’L{— am(jh 3P1pz+zps)2(l-3)i}
1 m—1 3 2
== grma (D:*—3p1D2+2D5) sy jiz'2
1
2. 29 g o =3pupit2p)) 0
it~k 20| bz Oz
1 )
+ =i Vopr-d)z s+ Y Vipi_s)zt+-prstapi_s } ],
(_1)t1+"'+t[_+l
v, — __a™p .l
bt atad o Hlb=l (td)- - (Bh)20 - 00 R G O
(2. 25) -

(__1)!1+~~+t1+l

— _ m=1p t1...pHLL) ..ol

TR 2 N o e oy T S L
0=t;

+a™{(F.pi" - pr)2 + 1" plU(m+api)}].

Integrating —(2. 21)+(2. 22)—(2. 23)+(2. 24)—---+(—1)42. 25), we find

mg a™ Hhayy ji—S1ha jitSala—n ji—Ssha—s jit-+
v

+(_1)l—131—1h(2) st (— 1)l81hj,;}2-72"d 14
(2. 26)

—SVam{(pz+apl+1)—s1<pl_1+apl)+s2(pl_z+apz_1)

—Ss(prstapi_s)+- +(—1Disn+ap)}d V=0,
or, by (1.12),
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mSVa"“l{hmn ji= SR jitSeha—1y ji—Ssha-2 jit -
2.27) F (=1 sim1ben jiH(—1)sihye } 2720 dV
+-f amtt—dstattDsmav=o,
or again, by (1. 16),
mS Vam‘l {Aarn ji—S1hay ji+Sasha-1y jo—Ssha—s i+
(2. 28) F (=1 siabey s H(—1)isih} 2728d V.
+=Dmen(,

I+1
In particular, for /=x#—1, we have

)S ™ (My+aMy,)d V=0,
14

mgvam_l{h('ﬂ)ﬂ—slh("—l)ji"i—th(n—Z)ji”‘33h(n—s)ji+"'
F(=1)" 2su_shcey jo+H(— 1) Sns i} 2722d V
+(=1)*n S Va”‘(Mn_1 +aM,)d V=0,
or
(2.29) mS Vam‘ang 292dV—n S Vam(Mn_l +aM,)dV=0,

by virtue of (1.18), which is a formula obtained by Shahin [8].

§3. Integral formulas for hypersurfaces of a Riemannian manifold.

We consider a compact and orientable hypersurface V covered by a system of
coordinate neighborhoods {U; 2*} of an (n-+1)-dimensional orientable Riemannian
manifold M with the metric tensor G and assume that the hypersurface V admits
a concurrent vector field Z.

We denote by X, the » vectors 9;=0/dx* tangent to the hypersurface V and
assume that the vectors X, X, -, X, give the positive orientation of V. We
choose the unit normal vector N of V in such a way that the xn+41 vectors
N, Xy, -, X, give the positive orientation of the Riemannian manifold M. Then
the components of the metric tensor of V are given by

3.1) 7;:=G(Xj;, X3).
We also have
3.2) G(X,, N)=0, G(N,N)=1

along the hypersurface V.,
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Then the equations of Gauss and Weingarten can be written as

3. 3) V,Xi=huN
and
3.4) ViN=—hX,

where F, denotes the operator of the so-called van der Waerden-Bortolotti covariant
differentiation along the hypersurface.

We now assume that there exists a concurrent vector field along the hyper-
surface V, that is, a vector field Z such that

(3.5) VZ=X,
along the hypersurface V. If we put

3. 6) Z=z'X;+aN,
we have, from (3. 3), (3. 4) and (3. 5),

3.7 Vja=—hz
and

3.8) V2t =o%+ahs,

where &= h;gt".
From the Ricci identity

Vil ;. Xs—V Ve Xo=K(Xx, X5)Xi— Ry 5" X,

where K is the curvature tensor of M and Rz that of V, we have equations of
Gauss

3.9 K(Xx, X;, Xo, X3)= R jin—hunhji+hinhx,

and those of Codazzi

(3. 10) K(Xx, X5, Xoy N)=Vxhji—V jhp..
For the sake of simplicity, we put in the sequel

(3.11) Kiji=K(Xx, X,;, X,, N)

and

(3.12) Ki=¢""K(Xx, X;, Xi, N).
From (3. 10) and (3. 11), we have

(3.13) Kioji=Vhji—V jh,

or

3.14) Kt =Vihi—V ikt

or

(3.15) Viht=V il — Kt
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Also, from (3. 10) and (3. 12), we have

(3. 16) Ki=Vih*—V ihi*
or
3.17) Vihit=Vphit*— K.
From (3. 8), (3. 15) and (3. 16), we have
(3.18) Viz*=n+ap,,
Vizayt=Vy(hiz?)
3.19
= (Vi;lh —K;)z +p1+aps,
Vizay'=V i hih,'2?)
= (Vth;l — Kt)h]‘z’
(3. 20)

+hV kit — Kjit)2? +hith 0]+ aki?)
/1
=W p1—Ki)zay'+ <‘2— Vipz_Kisrhrs> 2'+petaps.

In general, we have
Vizay=Vi(hithi, - hyy_ —2hitl-12)
= it — K it by -2k 124
+hi Vit — Koyi™)- by =2k 1124
Al (P oy -t — Koy -2tz
A Ry 2V R 1 — K 1)z
i iy By (08 A+ okt
by virtue of (3.8), (3.15) and (3. 17) and consequently

1
Vizay'=W.p1—Ki)za-1*+ <? Vipa— [{isrhr8> 2a-n*
+o
(3.21) )
+ (ﬁ Vibia —Iﬁs%(z-zns) zZay®
1 )
+ <7 Vzpz—‘lfisrha-l)r"> 2'+pitapiya.

Thus we have
Vi(a™2%)= —ma™ hj2' 2t a™(n+apy),

from which, integrating over V,
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3. 22) mS am-lhﬁzfzw—g (-t ap)d V=0,
\ 4 14

or

(3. 23) mS a"‘"lkﬁzfz"dV-—nS (L4 aM)d V=0.
14 v

We also have

3. 24) Vila™zayt)=—ma™ hey 2’20+ a™{(V, pr— Ki)2*+p1 +aps}
and
(3. 25) Vi(a™p128)= —ma™ *prhji2° 20+ a™{(V i pr)2*+pr(n+ap1) }

by virtue of (3.17) and (3. 18). Integrating —(3. 24)+(3. 25) over V, we find

mS a™ Wy ji—D1 hj)2?22dV
14

(3. 26)
+ SV“"‘“”‘ D+ alpit—po)-+Kiz)}d V=0
or
mS am_l(h(z)ji— slkﬁ)zfz"dV
v
G.27)

+2< ; ) Sva"‘(.Ml—l—aMg)d i S @Kz dV=0.

We also have

Vi(amz(Z)i) =— ma"‘“hmﬁzfz‘

(3. 28)

+am{(VzP1‘Kz)Z(1)’+<% Vzpz—Kis'/lrs)Z‘-f'Pz-l-aPa},

Vila™p1zayt)=— ma™ p1hcsy ji272°
(3. 29)
1
+a"‘{(7z151)2(1)’+ (5 Vzﬁxz—ih&) Z’-i‘px(ﬁl'l-apz)},
1 1 ~
Vi{ 5 “m(Plz—Pz)zz} =73 ma™ (P12 —pe)h ;272

(3. 30)

o] 5 (P pt—pole + 5 (b= n+ap) |

by virtue of (3.7), (3.18), (3.19) and (3. 20).
Integrating —(3. 28)+(3. 29)—(3. 30) over V, we find
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1
mgyam"l {h(S)ji“Plh(z)ji + 5 (Plz—PZ)hﬂ}ZJZZdV
1
(3.31) 5 S Va”‘{(%—2)(1>12—Pz)+a(P13—3pxﬁz+2Ps)}d 14

+ S a™(Kizqy'—p1 Kzt - Kos"h, 528 d V=0
v

or

mSVa"‘" {/l(s)ji— 31h(2)ji+32hji}zjzzdv
3. 32)

—3( . )S a"‘(Mz—i—aMg)dV-l—S a(Kizoy'— 1K,z Kot 28)d V=0,
1 4 1 4
More generally, we have

Via™zayt) = —ma™ ha 5272

71
+am{(VzP1—Kz)Z(z—1)7‘+(szpz—Kzs%rs)Z(t—z)‘
3. 33) =+

1
+ (‘l_—l* Vi —Kzsrl’l(z-z)r8>2(1)z

1
+ <_l— Vzpz—f{u%(z—l)r"> 2+t apiya,

Vi(a’mplz(l—l)i) =—ma™ pihay jizlz*

+am[(7ip1)z(z-1)‘

+p1 { Vi —Koza-s'+ <—;— Vip.— Kisrhrs) Za-nt
3. 34)

e
+ .LV K rh s 7
(l—Z iD1-2— Kis <z-a)r)zc1)
1 )
+ <7_—1 Vipl—l—&srk(l—z)r8> zt+pz-1+apz}],
1 2
Vs —2-01"‘(171 I

ma™ Y prP—pa)ha—s> ji2' 2"

+

ST ST

af’"[{171'(1'712—1‘72)}-?@-2)z

+ (p1*—p2) { Vip1—Ki)za-*+ <—;— Vs Pl—Kisrhr’> 2q-0°
(3. 35)
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1
+ <m ‘7i151—3—Kisrha-nrs)2(1)z
1
+ <ﬁ Vzﬁz_z—Kst/la_sws> 2'+pistapiy }],

Vz{“sl',‘ am(p13_3p1p2—|-2p3)z(1_3)*}

1
T ma™ H( p1*—3p1pe+2ps)ha- ji2'2"

+ %F a™ [{V%‘(Pls_3P1Pz‘|‘2p3)}z(z_a)7‘

(3. 36) (b —3p1 p2+2p3>{<m pi—K)za o'+ % 7y —&sfhrs)zU_sy
+ cee

1
4+ (m Viprs —Kzs%a-s)rs)ZGf

1
+ (‘_“1_3 Vipl—s"‘Kisrh(L—«l)rs) 2+prstapi_s }],

(—1)t+mrtr+t

* sty tmtig=r (@) ()20 1
0=tq

4 Pyt Lz

(_1)t1+“‘+tl+L
(3. 37) = Z _— [—mam_lpltl. . .pltlhjizjzt

T titrgteti=t (B)e (@280
0=t;
+a™{(F iyt pit)2 +pi P+ api)}].
Integrating —(3. 33)+(3. 34)—(3. 35)+(3. 36)—--- over V, we find
mSVam"l{haHm—S1h<z)ﬁ+szh<z_1>ﬁ—Saha—zm—l---'

F (=1 sicabey i (— 1) sihgzzd V

+(—1>‘+1<z+1)( " )S (Mot dMys)dV
+1)),
(3. 38) +SV[amKi(Za-x)”—&Z(z—z)“*-Szz(z—sﬁ—"')

+Kis"h*(2a-n'—S12a-"+S22a-n*—"**)

F+Kis"herr (Ra—s'—S12a-0"+S22a-5n"—""")
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