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1. Introduction.

The concept of the finite memory channel of Shannon has been formulated in
the purely mathematical form by McMillan and Khinchin (Cf. [10]), and established in
the present elegant style by Feinstein [6]. Around the finite memory channels as
its focal point, there exist various theorems, in which one of the most important
results is the theorem of the equality of Cs; and C. of stationary and ergodic capa-
cities. The problem ‘whether the equality holds’ has been an open question since
Khinchin’s paper [10]. This equality has been recently proved by many authors:
Tsaregradsky [13], Carleson [3], Feinstein [7], Breiman [2], Parthasarathy [11] and
others. In this paper we shall describe it in an abstract form.

The purpose of this paper is to introduce an abstract characterization of finite
or infinite memory channel in which the input space and the output space are com-
pact (totally disconnected) Hausdorff spaces with a pair of fixed homeomorphisms,
and in which the channel distribution has a continuous property. In particular,
every memory channel has always these properties. The usual memory channels
are based upon their message symbols with practical applications. However their
symbols may sometimes produce certain troublesome complications for the deve-
lopments of several mathematical computations of them. The message symbols, in
the present construction of the channel, will not be presented, and they will be
replaced by sets with the property of the closed-openness (clopen, say). The des-
criptions will be given only by topological and functional forms, that is, they will
be described by topological and Banach spaces methods. The entropy functional
H(-) (cf. Umegaki [15] and [16]) and the transmission functional R(:) are defined
over the Banach space of bounded signed regular measures, and they depend upon
a clopen partition, or upon a pair of such partitions in the input and output spaces.

In §2, in order to clarify the abstract stationary channel (X, v, Y) defined below,
the definition of stationary finite memory channel (AZ, v, BY) will be first stated
with respect to the conditions (m1)~(m5). These conditions will be replaced below
by the conditions (C1)~(C5) in the channel (X, v, Y), respectively. In §3, several
notations and preliminaries will be given, and in §4 the stationary channel (X, v, )
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will be defined by the conditions (C1)~(C 3), and it will be described the linear trans-
formations K’ and K” associated with the channel distribution, which was previously
introduced, from a point of view of the theory of von Neumann algebra, by Echigo
and Nakamura [5]. In order to derive a functional analysis for the theory of
channel, it seems to us that the description of K’ and K” may become one of the
starting points of it. In §5, using a method in the author’s recent papers [15] and
[16] it will be defined a functional derived from the transmission rate, and under
assumption of total disconnectedness for the input and output spaces, the integral
representation theorems of Parthasarathy [11] for the memory channel will be proved
for the channel (X, v, Y), and also proved that the transmission rate is always re-
presented by an integral of the universal entropy function (cf. §4, p. 25 of [16]) with
respect to a measure over the compound space. In §6, it will be introduced the
condition (C4) of a concept of continuity of the channel (X, v, Y), which is an
abstractly generalized condition (m4) of Khinchin. Under the condition (C4), the
weak continuities of the transformations K’ and K” are proved. Furthermore, along
Breiman’s construction, the existence of the stationary capacity C; is proved, and
combining Adler’s condition (C5), cf. [1], of asymptotic independence of the channel
distribution v, the equality Cs=C, of stationary and ergodic capacities will be proved,
in (X, », Y).
The abstract of this paper was partly published in [14].

2. A concept of finite memory channel.

Let A be an alphabet, that is, A is a discrete set consisting of finite number
of elements. Denote Al=X5%-_o Ax(Ar=A4, k=0, =1, &2, -..) the doubly infinite
product of A, this is the set of all doubly infinite sequences

a= ("'9 a-1, Ao, Gy, "');

ar€ A, k=0, +1, +2, ---. Let %A, be the family of all finite dimensional cylinder
sets and A the Borel field generated by A,. Then (AZ, N) is a measurable space
with the denombrable (measurable) generator %, Let S be the shift transformation

defined by
S("'y a-1, Qo, a1, "') = ("" a/—l’ (l(;, a;r "')

where aj=ay1, k=0, +£1, £2, ---. Then S is an invertible measurable transformation
from A’ onto A’. Denote the cylinder sets

{aeA%; k-th coordinate = ai, k = n, n—1, ---}
or

{a€A%; k-th coordinate = ai, k = m, ---, n}  (m=n)
by

[ ax] or [anm -+ @],

respectively. These sets are called messages, especially the set [am --- @n] is called
Jfinite message of length n—m-+1, and A or (A%, %, S) is called message space.
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Let (A7, N, S) and (B!, B, T') be a pair of the message spaces, with their shift
transformations S and T', which are introduced by the corresponding pair A and B
of alphabets, respectively.

A function v(a, D) defined over the cartesian product A X% (or the triple
(A, v, BY)) is called stationary memory channel, if

(m1) For each De%B, v(-, D) is a measurable function over the space (AZ, N),

(m2) For each aeA’, v(a, -) is a probability measure over the space (B, B),

(m3) the equality »(Sa, T D)=wv(a, D) holds for every ae A’ and for every De%®;
and it is called nonanticipating if it satisfies that: for each a'=(---, a_}, a, @, ---)e AT
and for any message [--+ by—1 b,]C B’

v(@®, [+ ns bu])=2(0, [-++ bn1 bx])

holds for every a=(---, a_y, o, Gy, ---)€AL within ax=a’ (k=n, n—1, --+).

Moreover the distribution v(-, -) (or the triple (A7, v, BY)) is called finite memory,
if there exists an integer />0 satisfying the following conditions:

(m4) for each a°¢ A7 and for any message [bm -+ b,]C B! m=n) the equality

v(a®, [bm -+ bal)=2v(a, [bm -+ ba])

holds for every a=(---, a_y, ao, ay, ---)€A! within ar=a% (k=m—1, ---, ), and
(m5) for any two finite messages [b; --- b;] and [b;, --- by]C B’ such that j-+/<m,
the equality

v(a, [b; -+ b] by -+ Da])=2(a, [bs -+ b;])-v(a, [b -+ BZ])

holds for all acA”’.

The smallest integer />0 for which (m4) and (mb5) hold, is called the
memory length or the memory of the channel. If no such />0 exists, the channel
(A1, v, BY) will be called infinite memory.

The message space A’ is a fotally disconnected compact metric space by the
weak product topology, the field %, of finite dimensional cylinder sets is the base
of this topology and it consists of denombrable clopen sets, in which S is a homeo-
morphism (cf. [16], Theorem 1). And so are the message space B’ and the compound
message space A'x B! with the denombrable bases B, and ARV, of all finite
dimensional cylinder sets, respectiveley.

3. Preliminary and notatinns.

Let X be a compact Hausdorff space with a (fixed) homeomorphism S. Denote
C(X) the Banach space of all (real) continuous functions on X with the sup-norm
and L(X) the Banach space of all the bounded signed regular measures with norm
|| |1 of total variation, then each measure £€L(X) corresponds to a bounded linear
functional Ft of C(X) such as

(1) Fe(f)= SX fx)dé(x)  for every feC(X),
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and conversely. The correspondence £é—Ft defines a linear isometric mapping be-
tween L(X) and the conjugate space C*(X) of C(X), and for the sake of notational
convenience they will be identified: L(X)=C*(X) by &é=F%, or put

an Fo(f) = <[ &>.

Denote P(X) the set of all probability regular measures on X. Then P(X) coincides
with the space of functionals peC*(X) with norm one and p(/)=1 (I being the
identity function on X), and hence P(X) is convex and weakly* compact set.”® For
any function f and measure & denote (S f)(x)=s(Sx) and (SE)U)=&(S-1U). Denote
L(X, S)c L(X) the set of all measures with Sé=¢ (called S-invariant) and put P(X, S)
=P(X)~L(X,S). By the fixed point theorem, L(X, S) and P(X, S) are non-empty,
and hence L(X, S) is closed linear subspace of L(X) and P(X,S) is the weakly*
closed convex hull of the set of extreme points in P(X, S). Donote P,(X) the set
of all ergodic (relative to S) measures peP(X,S). Then P.X) coincides with the
set of all extreme points of P(X, S).

Let X be the o-field of all Borel subsets of X. A subfamily & of X is called a
partition, if it covers X and any pair of different sets in & is disjoint. Denote by
Fa=V2,S*GF (S*G={S*U; UeF}) or Fo.=V5=,57*F the o-subfield of X generated
by {S*G}%., or by {S~*G}%_,, respectively, and by 95 the partition which generates
GFn.

For any fixed measure pe P(X) and for any fixed o-subfield Bc X, denote P,(U|B)
the conditional probability, in the probability measure space (X, X, p), of a sets
UeX conditioned by B. Let L*(X) be the set of all non-negative measures in L(X),
i.e., the positive cone of L(X). Then for any non-trivial £e L*(X), &=¢/||&||, belongs
to P(X) and put Py(U |B)=P:(U|®). For a finite partition &, define a functional
over L*(X, S)

(2) HE %,9== 3 | P(U|9.) log PAU| %) di@)

for every £e¢L*(X,S), where for £=0 put H(¢, %, S)=0 and the base of log is 2.
Then, as the previous paper [15], this satisfies the following (cf. Halmos [8])

HE, %, 9== % lim | P(U|g.)log PAV| %) dé(a)

(3) —lm-— Y &U)log &U)

n Ue(EFVEn—1)°

§—UQS(U) log &(U)+£(X) log §(X)

1) When E is a Banach space and E* is its conjugate space, the weak topology on E*
as functional over E is said to be weak* topology. That is, the generic (weak*) neighbour-
hoods are determined by FyeE*, ¢>0 and a finite set, fi, -+, fn, of elements in E:

N(Ey, f1r 0y oy e)={FeE*; | Fy(fi)—F(fi) |<e, =1, .-, n}. This topology is equivalent to
that defined by the weak* convergence of nets, F,—F weak* if and only if Fu(f)—>F(f)
for every feE.
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Whence, H(¢, ¢, S) is uniquely extended to non-negative bounded linear functional
over the space L(X, S) and is called the entropy functional, cf. Umegaki [15] and [16].

4. Stationary channel.

As described for X, let Y be a compact Hausforff space with the fixed homeo-
morphism 7' and with the o-field ) of the Borel subsets in Y. Denote Z=XxY
the cartesian product X and Y, SQT the product homeomorphism on Z of S and
T, and 3 the o-field ¥X9. The spaces C(Y), L(Y), L(Y, T), P(Y, T) and C(Z),
L(Z), I(Z, SRT), P(Z, SQT), etc. associated with Y and Z are defined as in § 3 for X.

DeriNiTION 1. The triple (X, v, %) is called stationary channel, with the homeo-
morphism SQT, if the function v(x, V) is defined on the product set X x9) such
that:

(C1) for each fixed V%), v(-, V) is a Borel measurable function over (X, %),

(C2) for each fixed xeX, v(x, -) is a probability regular measure over (Y, ),

(C3) the function v(-, -) is stationary with respect to ST, i.e.,

v(Sx, TV) =z, V) for every xeX and VeY).

The function v(-, -) is called channel distribution, X and Y are called input and output
spaces, and Z compound space, respectively. The conditions (C1), (C2) and (C3) are
simultaneously corresponding to the conditions (m 1), (m 2) and (m 3) in the stationary
memory channel, cf. §2.

For every &eL(X), putting

(V)= S e, V)dita), Ve
and

(U x V):S Wz, V) de(x), Uek, Ve),
U

then &eL(Y) and &” is uniquely extended to a bounded measure over (Z, 3), denote
it again by &” which belongs to L(Z). Whence it holds that for every bounded
Borel measurable function f(2) (=f(x, v))

(4) S S A, 9) vz, dy) ds<x>=g (@) de"(2).
XJY Z

Denote K’ and K” the mappings £—¢& and £§—£” on L(X) into L(Y) and L(Z),
respectively. Then the following will be proved:

TuroreM 1. The mappings K' and K" are non-negative, bounded linear trans-
formations with norm one on L(X) into L(Y) and on L(X) into L(Z) vespectively,

satisfying
(3) [|K"E|| 1= K"¢|l1=]l¢]|1  for every EeL~(X)

and
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(6) TK' =K'S and SKRT)K"”"=K"S.

These K’ and K” will be called the channel transformations associated with the
channel distribution v. This functional formulation of K’ and K” was firstly given
by Echigo and Nakamura [5] from the point of veiw of the theory of von Neumann
algebra.

Proof. The linearity and non-negative definiteness of K’ and K” are obvious
from the definitions of them. For every £eL(X) there exists a real measurable
function #(2) on Z such that

d|K"€|(z)= exp (i0(2)) d(K"§)(2), i=+/—1.
Hence

[ K"€] ]1=S d|K"¢|(2)= S ,&XP (10(2)) d(K"€)(2)

- S XS , CXD (0, y)(x, dy)d&(x) éSXdlél(x)= 1€
While for éeL*(X),
K1l =(REX, V)= s, V)de(e)=E00= ¢l

and ||K”||=1, similarly ||K’||=1 is obtained, and (5) is proved. (6) follows from
that: for every UeX and VeY),

(SRTIK"EUX V)=(ESRT)E"(UX V)=E&"(SUX T V)=S v(w, T~ V)dé(x)
-

N

= S S_IUU(S-Z‘; V)dS(.’L') = S ” 1}(;(,', V)dE(S‘lx) — (K//SS)( Ux V)

and
(TKE)V)=(SRT)K"E(X X V)=(K"SENX x V)=(K'SEXV).
It follows from Theorem 1 that

CoroLLARY 1.1. For the transformations K' and K”, it holds that

(7 K'PX)cP(Y) and K'P(X)cP(Z)
and
(8) K'PX, S)cP(Y,T) and K'PX,S)cP(Z SRT).

5. Transmission functional and its integral representation.

Assume that the spaces X and Y are fotally disconnected with the bases of
clopen sets ¥, of X and 9), of Y, respectively. If the partition & is a subfamily of
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X, then G is called a clopen partition. For any fixed pair of clopen partitions ¢ of
X and @ of Y, denote X=9R®ZG the clopen partitions {UXV; Ue<, VegG} of
Z=XxY. Then it can be introduced three entropy functionals

(9) H©=H(E, &, 5), Hi(n)=H(y, &, T) and Hy()=H({, K, SQT)

over the spaces I(X, S), L(Y, T) and I(Z, SRT), respectively. These functionals
H, H, and H, are represented by the integrals of the bounded non-negative Borel
measurable functions A(x)=h(x, &, S), h@)=hy, 3, T) and h(2)=~h(z, K, SQT),
which are universally determined by the partitions &, ¢ and X, resp., and by the
heomeomorphisms S, T' and SR T, resp. (called universal entropy functions, cf. [16],
the final part of §4). Furthermore these %, &, and %, are invariant relative to each
homeomorphism. The integral reprentations are expressed such that (cf. [16], §4)

(10) H<s)=SXh(x>ds<x>, Hl(r;)=Syhl<y>dn<y> and H2<c>=Sth<z>dc<z>

for every &eL(X, S), ye L(Y, T) and {eL(Z, SQT). Putting
(11) H'(&)=Hy(¢&"), H"(&)=H\(£"), R(&; <, Q) (or simply R(E)=H(E)+H (§)—H"(§)

where &=K’¢ and &’=K"&, then these H, H’, H” and R are bounded non-negative
linear functionals over L(X, S) and R will be called the fransmission functional of
the channel (X, v, Y) associated with (%, @) on (Z, 3).

These descriptions yeild the amounts of entropies in the usual sense of the
stationary memory channel (A7, v, BY). That is, let [a,] (@o€ Ao=the alphabet of the
0-th coordinate of A’) be the message symbol of single element @, in the notation
of §2. Then, putting F={[a]; arcA,}, F is a clopen partition of Af and the field
N, of cylinder sets in A’ is generated by the sequence of clopen partitions {S"%;
n=0, +1, ---}, and similarly putting @ = {[bo]; bocB,}, the field B, is generated by
{T"g; n=0, &1, ---}. Therefore the entropy H(p) of the input stationary source p
(on Af) equals to H(p, &, S) in the present sense, and similarly it holds for the
entropy of the output source g (on B?) and for the transmission rate R(p) of the
input source p.

Now we go back to the present case. Putting
12) h’(»’v):Sth(y)v(% dy) and h”(x)=g Yhz(x, yv(z, dy),
they are bounded Borel measurable, and by (4)
[ w@aw={ nware amd§ woaw={ modeo.

Then we obtain the integral representation theorem? of Parthasarathy’s type (cf. [11]):

2) Somewhat after than Parthasarathy, the integral representation of the transmission
rate in memory channel has been also proved by Jacobs [9] in which his proof was done
by the similar manner under Krylof-Bogokiouboff’s theorem. In the preceding paper [16],
we have applied thejr method to a general case which will yield the present case.
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THEOREM 2. The transmission functional R(-; F, Q) is bounded non-negative
and linear over the Banach space L(X, S) and there exists universally an S-invariant
bounded Borel measurable function v(x) on X such that

13) RE 9, 9>=er<x>ds<x> Jor every EeL(X,S),

where the function t(x) is defined by t(x)=h(x)+h' (x)—h"(x).

Proof. The S-invariance of 4” follows from h(Szx, y)=h.(x, T 'y) and

W (Sz)= S Sz, DS, dy)=g I, v, dy) =1 @)

and similarly for #’(x). It remains only to show the non-negative definiteness of
RC; 4, Q)

Put the finite partitions %5 ={Uj, :--, Un,}, @a={V1, -+, V3,} and K3 (=F.R%G )
={U.,xV,; UieZy, V;eQs} (cf. §3). Whence for any fixed pe P(X, S)

20 0" (U x Vi) log pQp (U, x V)= 2., " (U X V) [log p(Un)+ log p'(V2)]
= 2. p(U) log p(U)+ L, p'(V)) log p'(V))
=20 0P (U X V) [log p(U:)+ log p'(V5)]
=2iu 3 pQP' (U x V) log pQp (U X V)

where in these equalities the indeces i and j with p(U;)=p'(V;)=0 are neglected,
and by the linearity of H(-, KX, SQT)

R(p; G D=H(pQp'—1"), &, ST
= lim - 51,, p/(Usx V) llog pRP'WUsx V)~ log p(U.x V)]

and this is non-negative, because, for every a;,>0 and b;,>0 with X a;,=3] b,
31 a,j[log asj— log b;;1=0. For general ée L*(X, S), it reduces to the above.

Now, we discuss the exact form of Parthasarathy. Lef Bx be the o-subfield®
generated by {S"F; n=0, +1, +2, ---} and let P’s be the set of all S-invariant pro-
bability regular measures over (X, Bx), where the regularity is defined within open
or closed sets belonging to Bx. Then P’s consists of the measures pi, restriction of
peP(X, S) over (X, Bx), p1=(p|Bx) say, and if p,e P’s is ergodic over (X, Bx) relative

3) ®Bx is a proper g-subfield of %, because X is not assumed to be separable.



FUNCTIONAL METHOD FOR STATIONARY CHANNELS 35

to S then p’=(p|Bx) for certain ergodic pe P(X, S).* Whence by the definition of
the entropy functional H(-), H(p)=H(p) holds for p, pe P(X, S) within (p|Bx)=(p|Bx),
and hence H(p,) (p1€P’s) is defined by H(p) for pe P(X, S), p.=(p|Bx). In particular,
since m, (reR) are ergodic over (X, Bx) (where m, and R are defined by §4 in [16]),
there corresponds an ergodic #7,€ P(X,S) such as m,=(7.|Bx), and hence R(m,)
(=Rm», F, )) is defined by the amount R(7,). For the partitions @ of ¥ and KX
=9R®Qg of Z, similarly define the o-fields By (over Y) and Bz (over Z). Then
we obtain the theorem under the condition (C1’) which contains (m1) as a special
case:

(C1) For each fixed VeBy, v(-V) is measurable over (X, Bx).

THEOREM 3. Under the additional condition (C1’), the function R(m,) of reR
is Bx-measurable on R and satisfies

14) R(p; @, g)=SR5R<mr; g, 8)dpr)  for every peP(X, S).

Proof. Since the functions %;(y) and %.(z) are By and Bz-measurable (cf. [16],
Theorem 5 and its proof), the condition (C1’) implies Bx-measurability of 4’(x)
and A”(x), and hence t(x) is so. Again by [16] (§4, Lemma 3), (14) follows from

er@) dp(z)= S RS (@) di (@) dp(r) = S RSX ¥(@) dm () dp(r).

While, another integral representation of the transmission functional is given
by means of the function %,(2) on Z:

THEOREM 4. For every pe P(X, S), putting p,=pQRp'—p”, then it is a signed
measure p,€l(Z, SQT) and satisfies

(15) R(p; &, 3)= S (@) dp(@)

where hx(2)=h(z, X, SQT), K=FRQ, is the universal entropy function over Z as-
sociated with QG and SKT.

Proof. Since both pRp” and p” belong to P(Z, SQT) and Hx(-)=H(-, K, SQT)

4) Let Cg be the linear subspace of C(X) generated by {Cr}v, U being the sets belong-
ing to the field of clopen sets 1 generated by {S*"%; n=0, +1, ---}, as in §4, page 22 of [16].
Then, by Riesz theorem, p,eP’s is indentified with a non-negative linear functional, with
norm one, over Cg (cf. Lemma 1, [16]), and hence, by Hahn-Banach theorem, p, has non-
negative definite extensions over C(X) preserving its norm. Putting P, the set of all such
extensions of p;, then P; is invariant under S. Furthermore, P, is weakly* compact and
convex, and hence, by the fixed point theorem S-invariant p exists in P, i.e., p;=(p|Bx) for
some peP(X, S).

If p, is ergodic over (X, Bx), then, putting E) the set of all extreme points in P(X,
S)~P,, every peE; is ergodic over (X, #). Indeed, if there exist g, peP(X, S) such that p
=ag+pp on C(X) (a, =0, a+p=1) and hence so on Cg. But by the ergodicity of p;, p=a
=p on Cg. Therefore g, peP(X, S)~P, and hence pcZ; implies p=c=p on C(X).
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is linear over L(Z, SRT),
ER(Z); g: g«)zH(p) gr S)+H(p,y gl-y T)_H( ”: JC: S®T):H2<p®pl)_H2(p”)

= H(pQp —b")=Hulp1y) = S @) )

6. Condition of continuity of channel and its capacity.

In the previous sections 4 and 5, for the stationary channel (X, v, Y) the con-
ditions corresponding to the finite memory was not assumed. Now it will be in-
troduced a condition on the channel (X, v, Y), which contains the conditions on the
finite memory.

As in §5, assume the fotally disconnectedness of X and Y with the clopen bases
X, and %), respectively.

DeriNiTION 2. The stationary channel (X,v, Y) is called continuous, if the
following condition (C4) is satisfied:

(C4) for every fixed set Ve, the functions v(-, V) is continuous on X.

In the memory channel (A7, v, BY), (C4) corresponds to the condition (m4).
More precisely, (AZ, v, BY) having only the conditions (m2) and (m4), satisfies
always (C4). Indeed, as stated in §2, both the spaces A! and B! are totally dis-
connected with the bases %, and B, consisting of their finite dimensional cylinder
sets, respectively. Let V=[bn---b,] be a finite message in B7, then, by (m4), v(a, V)
=y(a’, V) holds for every pair a,a’€A’ with ax=a’x (k=m—I, ---, n). Hence, for
fixed aeA’, taking U(a)=[@m-: .-+ a»] as a neighbouhood of a in A7, then

(16) v(a, V)—v(a’, V)=0 for every a’eU(a).

Furthermore, since every cylinder set Ve, is expressed by finite union of disjoint
finite messages in B’, by (m2), we can find a neighbourhood U(a) of a in A7 such
that the equality (16) holds for the V. Therefore (m2) and (m4) imply (C4), and
in particular, in every stationary finite memory channel, the channel distribution
v(x, V) is continuous of re Al for each fixed finite message V=[bn -+ b,].

In general, relative to the associated transformations K’ and K” the following
is proved.

THEOREM 5. If the stationary channel (X, v, Y) is continuous, then the channel
transformations K’ and K” ave continuous with vespect to the weak* topologies on
LX), I(Y) and L(2), that is, if £.—& in L(X) and uniformly bounded: ||| =M,
then K'¢,—K'¢ in L(Y) and K'&,—K"¢ in L(Z), wherve the convergences ave weakly
as conjugate spaces, (i.e. weak* convergences).

Proof. For every Ue¥X, and Ve%), the functions Cy(-) (the characteristic
function of U) and (-, V) belong to C(X). Therefore, for such sets U and V, and
for a net {&.}cL(X) weakly* converging to £eL(X) with ||&|l:=M, the following
holds:
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(K//Sa)(UX V):Eal/(UX V): SX C(](J/')V(x, V)déa(x): < CUV(' ] V): §a>

—<Cpl-, V), £> =S Cul@p@, V) di@)=&"Ux V) =(K"HUX V)

where <, > is defined in (1’), and hence
an <Cw, K"6,>—><Cy, K"¢> for every We3, (=X:@9)o).

Since, by Theorem 1, ||K”&.||1=||&]|:=M for all indeces @ and since the set of linear
combinations of Cw, We3,, is uniformly dense in C(Z), (17) implies that &,”=K"&,
converges weakly* to §”=K"%, that is, <f, £&.”>—< f, &”> {or every feC(Z). The
continuity of K’ follows from that of K”.

By this proof, it follows under the same assumptions on (X, v, ¥)

CorOLLARY 5.1. K’ and K" are sequentially weakly* continuous over the re-
spectwe Banach spaces L(X), L(Y) and L(Z).

The concept of the stationary capacity, as defined in Feinstein [6], of the finite
memory channel can be similarly defined for the channel (X, v, Y):
DerinNiTION 3. For a pair of finite partitions ¢ of X and ¢ of Y, put

(18) Cs(Z, 2) (or simply Ci)= sup{R(p; <, Q); peP(X, S)}

and it is called the stationary capacity, relative to (&, @), of the channel (X, v, Y).
The existence of the stationary capacity Cs(&, @) will be proved as the following:

THEOREM 6. If the channel distuibution v(-, ) satisfies either (C1’) or (C4), then,

19) Ci(g, @)=sup{f(p;, 4, 2); peP(X)}

where P.(X) is the set of all ergodic measures on X. Particularly, under (C4), the
capacity Cs can be achieved on P(X, S).

Proof. Under the condition (C1”), the equality (19) follows from Theorem 3.
While, when (C4) is satisfied, by Theorem 5, the associated channel transformations
K’ and K” are weakly* continuous on P(X, S). Hence, by the inverse mapping of
K, every weakly* open subset in P(Y, T') is mapped onto an open subset in P(X, S),
and similarly so for K”. Besides, by Theorem 4 in [16], the functional H(-), H.(-)
and H,(-) are weakly* upper-semicontinuous over P(X, S), P(Y, T) and P(Z, SQT),
respectively. Therefore, combining with the fact just above, H'(p)=H,(K'p) and
H"(p)=H,(K'p) are weakly* upper-semicontinuous on P(X,S), and so is R(p)
(=R(p; &, 2)). Consequently, by the weak* compactness of P(X, S), Cs=R(p) for
some peP(X, S). (19) and the achieving of Cs follow immediately from P(X, S)
being weakly* convex closure of P.(X) and the upper-semicontinuity of 9(p).

It should be noted, that Breiman’s theorem (cf. Theorem 1 of [2]) relative to
upper-semicontinuous functional implies that there exists at least one ergodic pe Po(X)

such that
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Ci(g, 9)=R(p; &, D).

According to Feinstein [6], an ergodic measure peP.(X) is called admissible if
p"=K"peP(Z, SQT) is also ergodic, and denote P4(X) the set of all admissible
pePy(X). Put

C(Z, Q)= sup{R(p; G, 2); pePA(X)}

and it is called ergodic capacity, relative to (4, &), of the channel (X, v, ¥). Whence
CAg, 2)=C«(Z, 3). Besides, there are channels (A7, v, BY) (satisfying (m 1)~(m 4)
but not (m5)) without having nonempty P.(X), and for such channels the ergodic
capacity is undefined, cf. Feinstein [6]. However it holds that, for every finite
memory channel (A7, v, BY) satisfying (m1)~(m5), P«(X)=P.X), cf. Takano [12],
and hence Cu«<, 8)=Cs(Z, @) hold. To describe this for the present stationary
channel (X, v, Y), according to Adler [1], we introduce the following: If the sta-
tionary channel (X, v, Y) satisfies

(C5) lim [v(z, T*Vi~Ve)—v(x, T"Vi)-v(x, V2)]=0, xeX

for every V:V,€%),, then it will be called asymptotically independent. As Adler
stated, in the channel (A7, v, BY), (m5) implies (C5) for ac A’ and V;, V,€B,.

In the present case we obtain that: If (X, v, Y) satisfies (C1)~(C3) and (C5),
then every ergodic peP.(X) is transformed to ergodic measures p’e P(Y, T') and
p"eP(Z, SQT) by the channel transformations K’ and K”, respectively, and hence
if (X,v, Y) satisfies (C1)~(C5) then P4 X)=P.(X) and C«(Z, 3)=Cs(%, §) hold.
This is given by Adler’s proof without any modifications, which is done by the
Halmos’ well-known characteristic property of ergodicity of p:

lim - nZ_IOP(S"‘Ulf\Uz) =p(U) p(Uy)

n—oo N k=

for every pair of Uj, U.€X,.
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Added in proof. After this paper was received, the author is informed by a letter of
Professor M. Nakamura, that a similar abstract characterization of finite memory channels
is also obtained and prepared to discuss in his lecture at the Osaka Gakugei Daigaku.





