A THEOREM OF RENEWAL TYPE

By Tarsuo KAwATA

1. Introduction.

Let
(1.1) X, Xo, X, -
be a sequence of independent random variables with an identical distribution. Set
(1.2) Sn=31X..
Moreover if X;, k=1, 2, ---, are non-negative, N(t) is defined to be the biggest

n for which S, <t, and H(t) =EN(t), then one obtains
(1.3) H(t+h)—H(t)—>% as t— oo,

where h >0 is a constant and x=EX, >0 to be supposed. The fact (1.3) is
now a classical renewal theorem due to Blackwell [1, 2] and was proved also
by Doob [4], Kesten and Runnenburg [6]. Also see Smith [8].

(1.8) is also true even if X, is not non-negative provided that x, A >0 and
X, is non-lattice. This was first proved by Chung and Pollard [3] under some
restrictions and later generally proved by Maruyama [7].

Since

Ht+h)—H®) =3Pt < Sy<t+1h),

(1.8) is equivalent to

(1.4) HmiP@<&§t+M:%_
t>c0on=1
Now in the present paper we shall consider the relation
(L.5) lim 310, P(¢ < Sp St + 1) =12
tyomn=1 /’l

It is easily seen that if
(1.6) lima,=a

then (1.5) is valid. We want to generalize this relation assuming instead of
(1.6) that
1 =
1.7 T
.7 lim p k;lak a.

N>

In this connection we have to mention Smith’s results [8] in which he
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considered the density of S, in place of P(t<S,=<t+h) and showed under
some conditions on the distributions of X, that

(1.8) lim Zan a(t) =
¢>c0 n=1
assuming that
1 »+p
1.9) —>lar—a
P i=n
as p— oo, uniformly with respect to 7, where X, is not necessarily non-

negative.

We would like to notify that when we deal with (1.5), under (1.7) instead
of (1.9) we shall find that the situation will be quite different. For instance if
(1.7) is assumed, (1.5) does not necessarily hold.

2. The theorem and a lemma.

We shall state the theorem. Let {X,} be a sequence of independent
random variables with identical distributions which are not necessarily non-
negative.

THEOREM. Suppose that a sequence of real numbers {a,} satisfies

L —c)

X has a probability demsity with the finite third moment and the probabi-
lity density of the sum S, =37 X, belongs for some n to L, for some 1<r
<2. Then the following relation should be valid:

o h
2.2) lim 310, P(t< S, St +h) = —M‘i
provided that EX,= u>0.
If (2.1) is replaced by
1 1 1
il — a<-—
2.3 Ean a+o<na>, =5

then (2.2) does mot necessamly hold.

We shall show the last result in §5 below after we shall have completed
the proof of theorem:.

To prove the theorem we shall require the following lemmas which we
shall prove in the later sections.

LEMMA 1. Under the conditions of the theorem, each of

(2.4) >2 Wn|Pt<S,<t+h)—Pt<S,.i<t+h)],
np>t+ 7T
(2.5) 1 Vn|Pt<S.St+h)—PE<S,.i<t+h)]

nult—v7T
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and
(2.6) 1 | PE<S,<t+h)—Pt<S,.1<t+h)]

(- T<np<t+ VT
are bounded over 0< it < co.
If this lemma is supposed to be proved, the theorem easily follows making

use of the theorem of Chung, Pollard and Maruyama quoted in §1. In fact,
setting

@ 1 $a=a,
n T
we have
i‘lanP(t <S,<t+h)
=SV Ay —(n—1DAn JPE<Se<t+h) (Ao=0)

n

n=1

because nA, Pt < S,=<t+ h) converges to zero as n— oo (since P(t < S, <t -+ h)
diminishes exponentially).
Hence writing PE< S, =t + h) =1,(t), we have

I
-

8

Sla,Pt< S, <t+1h)
= S1(An = a)(eu®) = T0s®) + @ S 0en®) ~ 08)

I
s

(4w — @) {0alt) = Tai(®)} + @ S a(8),

n

i

1
the last member of which converges to ah/u. So it suffices to show that the
first term converges to zero. We divide that into three parts as

2 + Z - L1 + Lz + Ls-

np<t—y T t—VIT<np<t+VT  mp>t4 VT
Lemma shows that
1
L= _> o<——>n1rn(t) — Tai®| = o(D),
t— VT <np<t+ N7 Jn

L, :W?fﬁo(%ﬂ R alt) = Ta(®) |

= o< P ENORENG |> = o(1)-0(1),

np<t—

and

L3 = 2 o<7171;>n | Tn(t) - Tn+1(t) I = 0(1)1

nu>t+ V7

which proves the theorem.
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3. Proof of (2.4), (2.5) of the lemma.

To prove the lemma we use the following elementary facts. Let ¢(u) be
a characteristic function of a random variable which has a probability density
with mean 0 and the finite third moment. We then have

3.1 ¢® () =o(1), for k=1, 2,8,

o?u? )
3.2) lsﬁ(u)lél*Tée‘““ 4 for |ul<e
for some small ¢ >0, o2 being the variance of the variable,
(3.3) [eu)|<e® for [u|>e and some ¢ >0,
(3.4) ¢u)=o0(1) as |u|—oo,
and
(3.5) o' (u) =—ocu+o(u) for small wu.

Moreover if the density of S,=>17 X, {Xi} being a sequence of inde-
pendent random variables with identical distributions, for some = belongs to
L, (1< r=<2) for some 7, then

(3.6) SiJ () " du < oo

for large n, ¢(u) being the characteristic function of X;. See for instance
Gnedenko and Kolmogorov [5].

Now we proceed to prove the lemma. Applying the well known inversion
formula, we can express (2.4) as

e I L R T I A OO

2r np>i4
1 m < n —-iu
6 =g 5 || [T e raedn)
-t oy om S””'"”dyr ()L — f @) dul
- 2r np>t+ AL 2—np —o0 }’

where ¢(u) is the characteristic function of X —
We now apply the integration by parts three times in the inner integral
which gives

1

68 K@= gan-fmerdu= g, [ e g g au,

1Y
where we have written
(3.9) 1—fu) = g(w).

The integrated terms are of the form

(&) o guerteamn |, k=123
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which vanish because of (3.1) and (3.4). Also we used
(3.10) g%® () =o0(1) k=0,1, 2, 38,
(3.8) then turns out to
1 2/3\(* _,u@dF dr
S0 )] g st d

Byd =

= == [ ety @yow du

+ 73—?;75”(% -1 Sle‘”’“sﬂ”‘2(u)90’(u)90”(u) 9(w)du

| e e W) du

+-i-f-’y—§n(n —1) j"_"we-ww"-z(n){so'(u)}zg'(u) du

3 oo
o j e~ ()’ () g’ (u)

| g g du

+-1 n[” g wan

7:3y3
7
:];_IJM
say. We shall estimate each of J,. First we shall consider J;. Let & be a
positive number so small that (8.2) is true.

1
(3.11) Ji= 3.3 (g +S )=J11+J12y
7 y o] <e Jee|>e

say. By (3.1), (38.2) and
g(u) = o(u) for small |u]|,
(38.12) nd

—(n- 242
|J11| é ijlwsse (n-3)ous/4 | U l4du,

where ¢ is the variance of X and C is a constant independent of n. Here-
after we shall use the generic notation C to express a constant independent of
n, ¥, t which may differ on each occurrence.

The above expression comes to

nl/2

(3.13) \J 1<cﬂj e g hdy <
: HEMYE) s =y

As to Ji» we see, by (8.1), (38.3) and (3.10),
cn®
J, s—j n-3q
ul= ly® rw»lﬂu)l “
cn®

<
~lyl®

j e l=9e-at | o(y) |« du,
Jul[>e
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taking n large enough and letting a be such that (3.6) holds with « for n. We

then obtain

cnd e cnd
(3.14) Tl < e ) du=Tee
(3.13) and (3.14) give
en'’® | en? en'/?  cnle ™
3.15 Ji € —r = .
3.15) R A P L PIERN E
Similar estimates will be obtained for other J’s except Js;. As to Js a
better estimate will be valid:
¢ cn
S| £ —=+ ——e7 "
S PTERETE
After all we have
Cn1/2 Cnce—nc
3.16 K, < 4+
(3.16) [ Ki(y) | = B e
Inserting this into (3.7) we obtain
t+h—n |
KH=C 3 (’n-{—nce‘"c)!j o dy
np>i+ VT t—mp Y
nh 1
= - +C ne e —
U P P o ) LI AL R YRy (R )%
<~ 00 & c 1 c,—ne
< - - S'ne
sef emarirtrenl
1 (= z
=< C—j ———dz+o(1
U Jevemnyarn 1 —2)° o

=o0(1) + o(1) = 0(1).

We hence complete the proof of (2.4).
We may prove (2.5) quite similarly. In fact,

L1(w)f‘~ N %«/EI Ta(t) — Tas1(®) |

nulti— Vi

t+h—myu oo
= s @[ gaoa - saperal
np<t—vE t—np —c
| [ttr—me pi/2 enfe~™
=C By
i e S PIERERPIE

We here used the estimate (3.16) again. Hence

t+h—n;tdy
L@sC 5 mtwer| Y
nuli— Vi Jt-np 'y
h 1
=C " __ic ne "
o n,a<tE— Vi (t —np)? + fn,u<§ VE (t — nu)®

IIA

C s € d 1 ke c,-nc
jo t—ay ac+F,—221ne
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1 (e-uvVe 2

=0(1) + o(1) = o(1).

4. Proof of (2.6) of the lemma.

(2.6) can be written as in the proof of (2.4) or (2.5) as
x+h—np o
mo=_ 3w | a|” e s

t—VEI<np<t+ 2 z—np

et > r loQu) " |1 — f(u)| du
“4.1) 1 VE<np<t+ VT J —o

gcﬁzj +cJ52S
|| <Ze (2| =e
=M (t) +Mx(?),
say. The same argument as in the estimate of Ji; in the proof of (2.4), leads
us to, with same notations,

M) seft = _e-"cr | () 1= du
4.2) t— VT <mp<t+ V7 —

=ct 3 e " =o(te*)=0(1).

t—NEi<np

We further divide the integral in Mi(t) as

st
|| <172 e>|u|>1/2
the former of which is
1
@.3) | jewrii-faiaus|  au=o4).
Ju<1/2 ju|<1/¢
The second integral does not exceed
[¢(u) =7 e
— 7 1— 2212y

L[uwu F) | FEL = Lty ) du

which in turn, by (8.2) and the fact that

L-feielul, g =1- T2 +ow),

is not greater than

e-outt/2 u2g2 2t1/2
¢ (1-(1-%2Z) )4
CSDIMDWI’MI out/2 < < 2 > > “

4.4) < 05 [w | e % ult 2dy
e>[u[>1/t

<cij“/t_ e‘“’vdv<i
R Wt

(4.3) and (4.4) give My(t) =o0(1) which with (4.2) proves (2.6) of the lemma.
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5. A negative result.
We shall show that if the condition (1.5) is replaced by the weaker one
1

(5.1) A, =a+ o<i>, as —
n« 2

IIA

then the theorem ceases to be true.

Let X, depend on the normal law with mean 1 and variance 1. We con-

sider the sequence
(5.2) = (—1)"n®.
If p<1, then

.12

=
so that a =0 in the theorem. We also have

z+h 1

@ P < Sy <z+h)=(— 1>"””§ Janl T dy.

We verify that the sequence

1
Pt p-y-nd2/2m
" J27zne
is non-decreasing if n<4y®>+pB*—p3 and is non-increasing if n > 4y®+ 52 —3,
where f=p—1/2.
Take h so small that

Vot T B+ 1> (o + e+
and to be £ and N so that
(5.3) N< o+ B —B<J@+hP+F—B<N+1
and N is even.
Putting

x+h 1 .
w, =n? e p— (Y- /an

n L 4/271% Y,
we can write

ianP(x<Sn§x+h)
n=1
(5.4) ={(— U+ u) + - (= Uy-r + Un)} — Unir + {(Unsz — Uyes ++ -}
=S; — Uys1+ Se.
Obviously S; >0, S; >0.
Now
5.5) 1 < NPrM :L -(,r—N)2/2Ndy < L_Np—1/z
= = +2rN = 2z ’

while for n <N



THEOREM OF RENEWAL TYPE 193

= o 1 S@mmE2n __ (g _,,__L;, - Y- @m=1)2/2(n= 1>>
== [ (0 e =D oot —1) w
1 (*t*1
T

x

e~ VTP A PR (2p — Dmy + (¥ — )] dy,

where n=n;=n—1. Hence

x+h
_—S e mr g sa(2p — 1) — 1) + (2 — n) dy

x

— x4k
> a4l - mp-s/zj e w-n>2/2z dy
1 _ x+7h .
+ 5z @0 — AR)ar f ey —n)dy,
if n>2—AyJx. Hence

S (Up — Un- D= P (U — Un-1)
N=n Nzn>z—AV%

2p 1 S"H'h —y-n)2/2%
e it e~ W-m22z g
- 24/ z N2n>2:e ANz Y
xz+h
p-5/2 e-(y-n)ﬂ/zx _ d
2~/2 2yor Bo—Ade) j.x NZ»:?—Ax/E W —mdy
2p 1 Sz+h jlv—1 s
> 2P~ 872 d e y-22/2z dz
= 2/2x » y 2 AYE
oA |y ey s
2y/2r z _4yE
1>h } r e x—A/2-\x S ;
> — — P 172 s /2d + xP 8/2 se sz/ZdS.
= <p 2 ) y2x e e i
Hence we have
S; ZK(N),
where
p-3/2 (A
K(N)~ (p__ l)ﬁ_Np 1/2J e 2ds - NJQ— j. _se‘sz/zds.
1/VN T Ji/J/W

We similarly have omitting details, that for some small &, & and & and for
an arbitrary B,

SZ g E (un - un+1)
z4+BVEZn>=N+2

(x, 82)” 172

B
— 1/2 -52/2 -s2/2
( >¢2 (x — &)P~ foe ds+ Jox L3se ds

1\ & NP-1/2 (B
__Np 1/25 -52/2d " _S -sZ/Zd.
(” 2>¢2 R N

Taking A, B and &; appropriately and also such that

IIV

A B
q +S >se'sz/2ds>1—|—c, c>0,
€3

1/VN
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we finally obtain

N a”P(w <8, <+ h) > O(Np—l/z) + Lh,Np—l/Z

001
=1 V2r

which proves our assertion.
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