ON CENTER-~TYPE SINGULAR POINTS

By Tosiya SAITO

1. We consider a system of differ-
ential equations

dx _
Fr iR
(1) <
a—% = *')C*P(I,"#),\

where P(x,3) is a polynomial of i and
Y with-real coefficients lacking
constant and linear terms. As is
well-known, the singular point x=Y=0
of this system is generally a focus.
But when the coefficients of P(x,y)
satisfy certain conditions, it becomes
a center., Therefore it is desirable
to find necessary and sufficient con-
ditions imposed on the coefficients of
B(x y) for the origin x=Yy=o0 to be
a center,

In general, this problem is a very
difficult one, and it is probable that
such conditions, if stated explicitly,
may take a very complicated form.
However, there may exist some special
cases in which these conditions can be
stated in a comparatively simple form,
In this paper, we will give several
examples of such cases,

2, First we state some well-known
theorems without proof, These theorems
will be used freely in our following
discussions.

Theorem 1. In order that the
singular point x=3=0 of the system
(1) should be a.center, it is neces-
sary and sufficient that there exists
a formal power series

) Fixy)= X+ + Fxyy+h oo+

where F(x,%) are polynomials of
degree % homogeneous in X and 4
formally satisfying the equation

F L -
) Foy x+Pexy)=o0,

Theorem 2. In order that the
singular point x=Y=o0 of the system
(1) should be a center, it is neces-
sary and sufficient that there exists

a formal power series
%) M (x,g_) =1+ M, (x,\}) + Mz(llx,)i- -

where M, (x,y4) are polynomials of
degree & homogeneous in x and y ,
formally satisfyving the equation

P
cs) SJC(M'W +§—3 {M.(~Jc+f(1,y ))}= o,

Theorem 3, If
POx-y)=Pexy),

the singular point x=y=o0 of the
system (1) is a center,

Theorem 4, If
Plx y)y=-P (x,y),

the singular point xzY=0 of the
system (1) is a center,

3. Proposition 1, When

N
P(x,g) =3P§ “kxk, nrpla,

X=Y=0 is a center if and only if one
of the following conditions is satis-
fied:
(1) $ 4is an even number;
(2) p 4is an odd number and ay=o
for every even t .

Proof. As the sufficiency of the
condition is obvious from Theorem 3
and Theorem 4, we have only to prove
that, if x=zy=o0 is a center and p 1is
an odd number, every a, with even 4
must vanish,



If x=Y=o0 is a center, according
to Theorem 1, there exists a formal
power series (2) satisfying (3).
Introducing polar coordinates

X =Y cosg Y=rsng 5

we rewrite the equation (3) in the
following form:

L 4F.0 _ Y, mr™F (6)
m=3 ot 8 m=2 "

N .
¢3h X 7, Q T‘k*?ALnPH'g cos*e
R=n

N
~l ., +
+ Z.s"‘m dy—;";(o) >, @, Tk"f .A:nFO Cos‘z lG,

ms= =n
where F (g)=1and Fi co) = Fc(cesg, 520) fop
k—z 3 °

Equating the terms of the same
degree in r on both sides of the
above equation, we can successively
determine all F«(6) ., Since Fx(,y)
are polynomials of x and § , all
Fx (8) thus determined should be free
from secular terms,

First we suppose that n is an even
number. By comparing the terms of the
degree not greater than mn+p in r on
both sides of (3!), we obtain

dF, (&)
ol §

=0 for m g ntp,

Hence

Fm(e):o for méﬂf}),

(It is known that, in determining

F. (6) from (3!), values of integration
constants are insignificant, and thus
can be chosen arbitrarily.)

F,.,,PJ,, (6) .is determined from the
equation

(e
cif?iﬂ_———z = .2an St‘ﬂﬁwe Caﬁne
de ‘
As $ 1is supposed to be odd and n is
even,n+p+1 is an even number, Conse-
quently

e +1!

S sl ™o cos™o do xo0.

o
Hence, in order that Fusp (@) can be
determined without secular terms, Q,
must be equal to zero.

So we have
-1 +1
dF“;L ;2""(8) = 2a,, s 0 ces™"0
dE(G) .AM.PQ cogn*é

+ n
+ 32, F (@70 cos™g + a5
= 2 an*l“"""rﬂe Coﬁwﬂg.

7+ being an odd number, F,,,,,(®) is
determined as a polynomial of sine
only.

Then suppose that

An= Anupp = 20 = @y = 09,

and E,,,(e) have been determined up to
m= n+2k+p as polynomials of Awné
only. Then the equation determining

F;nzkffn-/ (6) .1s given by

ol 9). 03

f‘.‘ﬂ:[.._.é*_'(_)_ = 2Qne0p «Sin’”é cong
2k-1

+ 3a“2£_,}'-;(e)m‘nk*b s

-3
+ 5 a‘nfﬂk-j’ FJ- (e) Au‘wPHQ co-én*'!k Q

n+l
+ 0 4 (2R+) @ney Fpp @ o0

dF(e) | n+2k

F Gpyapes —g— AinfE cod™T O
-2
T Aneak-s O(F;(O) ./‘"npe c°5n+2k e

.

t -+ a,, ___L..__dFi“;(e) co3™ g

From the assumption of induction, all
the terms on the right-hand side, ex-
cept the first one, have the form

(polynomial of sin® ) X (odd power
of cos@ ),

Therefore
T
gz "‘E:.leu»tw (o) <o
© a6

n+2R

ax ,
+
= zamzkf,sm‘b gcos ol
[}

Since Fn“/“;,,,(é) should be free from
secular terms, and

hdd . pr! n+2R
<] Sin’ € <oo 946%0
Vj
Q
Qy+af must be equal to zero. Hence

Fre 2kepr, (6) 1s determined as a poly-
nomial of 4ing only.



Enzkfpu (6) is determined from the
equation

daf, (e H o nezkn
nt2k+pt2 - P
de 2 an‘zkﬂgm gcs ¢
p+ n+2Rk~1

t 4,4 F (@) 40nT 6 o 0

l’fl h+i

AR o (25*2.) a,,,,F“l(a) St Qes g

d.F(O)
+ ah+2ﬂ] z'n},e cm’”gﬁe
o(F (o) b nr2
toeta,, S22 T 4P s’ e,

ade

From the assumption of induction and
that Fﬂ*zk*Pn (@) is a polynomial of
Sin@ only, all the terms on the
right-hand side 8f the above equation
have the form

(polynomial of stn@ ) X (odd power
of co48 ).

Therefore Fusakeprz (9) is also a poly-
nomial of sin@ only,

Thus we have completed the proof for
even N ,

When M is an odd number, the proof
can be carried out analogously.

In a similar way, we can prove the
following

Proposition 2, When

E ("/ 9') = xpkz:‘naky'k)

n+p2lz2,

X=Y=0 is a center if and only if one
of the following conditions is satis-
fied:
(1) £ is an odd number;
(2) P 1is an even number and @, =0
for every odd K .

4, Next we consider the case when
Pc¢x,y) is a homogeneous polynomial of
degree "+/( , M 21,

For X=§y=0 to be a center, according
to Theorem 2, it is necessary and
sufficient that there exists a formal
power series (4) satisfying (5).
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In polar coordinates, the equation
(5) will be written as

T’n+IS‘L'7l O-E(O) ,mz;lm T"l-i Mm(e)
t (-1 + r*ce@-Po))

)(Z‘ de—M (e)
(5)  m= <@

+ ‘rn{('nﬂ)/ﬁz‘ne-f(e} + Cod O-

* X o_(__fi_(i)} CY M, @)= o,
o ® m=o

where [(0)= Plewg smo), M, (6)=1 ang
‘Vlk(s)=fV)K(cmG) sicng) for k24 »

Equating to zero the coefficients
of successive powers of 7 on the
left-hand side of the equation (5'),
we obtain following system of equations:

M,.(8)= 0 for

aM, () o
- ‘d“‘—; = e (Co-a G-P(G))

+(n+3) SL'?:O'P(S))

Mé 'n~1l

Mm(9) =0 for ntiimg 2n-1,

M, (8
6 —_:6—)= C%B(IV}"(G)-CMG-P(O))

+(a2n+2) Mn(e) scn 6. P(o)/

dMm n(e)
— (o) cmevlo(e))

d(»; ( (k-dn

+ Chnrzy M, O)sme-Peoy,

Mk(e) are determined successively from
these equations. For X=Y=0 to be a
center, M, (6) should be free from
secular terms. Whence we get



.2
 sime.Proydo=o,
]
27T
(7)1 50 M, (0)sine.Ploydo=o,
2TC
j Mkn(e) St'nO.P(G) de = 0,
(4
\ 4 e - -
Now we put
> ime
Pwr=2 a,e€ ,

ms -0

O(m =Q, ,* amﬁ)

ﬁm = Qm_‘— XLt ,
=0 %] +2 -,
y 7 4
Obviously we have

for m2m+z or m<-n-2

Q R=0,ti, 2 ...

if n is even,

zk: 0)

- =0 | %2
sz'_/-o’ k ) s
(;‘ n s col.c{}

and
{ > i m
14
Co-oe-P(e):zz,‘(me
-~ Q0
(8 | @ .
tm
Sen e.P(9) 32""‘. z, Fme
l -

If conditions (7) are all satis-
fied, My, (8) are free from secular
terms., Therefore we can write

v4 6
(9) MK,‘(O)=§JCR,1,56 5 '/Q:i 2 e

7

Then, from (8), the condition
an
M, (6) sin6.Pe)d6 =

is equivalent to the relation
Ct0) Z‘f‘ACkn,-duo'
A

As Mckrnn () is determined from the
equation
dM(k*/)n
d6

+{ Chenny n} Pn(0) 5t 0+ P ()

(Mk,.(e) c0s6. P(6))

we have, from (8), (9) and (10),
r Msenn €9 = Z' C(k-n)n s®

= éw(% O(A"”

(k+/)n+2

L'A e

C(kf-l)n V)

(u)i S Paom )Ck,‘,,, for A% O

L C

Using (10) and (11) for A=0,1,2, -
successively, conditions (7) imposed
on the coefficients of B(€) can be
written down explicitly as follows:

=S
-""ZJ 2 e C‘kn,m.
m= -

k+n,o

(/2,’ 1) /90 = 0 R
n+r2
(12,2) m;;'”’:o('(m, o, P )ﬁm =9,
_2n#2
(/2/ ’.) rg§1:¢"5=o( ' y,-pm IGIH,)
X(c(mz "fzﬂ’”z)/g’" 25
Ch-On+2
- e
(12, %) n”n%«d’n,ﬁ ("(ml gt My F"'/)

(k-z)n+2
(- 220

P

v~ X (O(m " __"'— ka_)ﬁm“ /

where we always adopt the convention
that every term with vanishing denomi~
nator should be identified with zero,
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Thus we have

Proposition 3. When P (X, Y) is a
homogeneous polynamial of degree w+|
(M2 )) xzY=o0 1s a center if and
only if the coefficients of P (x,¥»
satisfy the conditions (12,1), (12,2),
+eo Simultaneously.

5. Now we apply the conditions
just obtained to several simple cases.
In what follows, we always adopt the
same notations as in the preceding
section,

Proposition 4., When
Pogyr= AXZ+BZy+C};‘
A=Y=0 is a center if and only if

B(A+C)=o_

Proof. 1) Necessity: In this
case

n=1

2
and

G=a,=3{CA-C)-iB}
a = - (A+ C),

o 2
other 4,, being all zero, -Therefore
condition (12,1) is an idéntity., From
(12,2) we obtain the condition

Qo (d_‘l—al) = o)
which can be rewritten as

B(A+ C)=o0.

2) Sufficiency: If B=0, X=3=09
is a center according to Theorem 3.

1r A TC=0, we can write
P(z,y): Ax‘+}3xy+ C;"
= A(xrep)Cgy),

2

_1/,_8./8B
w"z( A+ A1+4L)’
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Put
x+wy.= u)
! v
1-g3=v.

Then the system (1) will be written as

di . _ w wur
dt - wv + A :
ol A

ok VIR 4 SRy
ae T @ T w U

This system can easily be solved by
quadrature, and has an integral

(1" A M)(’-A V‘)wze A““"Z‘A: K—_—. Cun&t,

Therefore we have
A W AlrDx
Co-Ax-Awg) (1-Axs 2 ) A0

Since the left-hand side is homomorphic
at x=3 =0, we can expand it in power
series of x and y . Then we get

M_) = const,
A2 (11 w")

This shows that X=Y=0 is a center,

2 2
x"g+~--=

Proposition 5. When

N
Pevgy=(xhy CAx+Bry+ Cyd),
N1,

X=Y=0 ig a center if and only if one
of the following conditions is satis-
fied:

1) B=o;
(2) A=C=o,

Proof, 1) Necessity: In this

case
= Q.N‘? i )

and the coefficients Q,, are same as
in Proposition 4., Therefore every
(12,k) with an odd R is an identity.
From (12,2) we obtain, as in Propo-
sition 4,

X, (a_,_-—qz)= 9,



If a,-azo , we have B=oc combining (14) and (15), we obtain

If G,-a,% o, we must have @,=0, B=D-=o,
and
If @ -@a,¥o , we must have
°\/3=PJ= Q(’:..ﬁ, :azl
(/'3) /6) Q’ = Q"I = 0,
X3 = ~/9_3 = °(_,= ﬁ-,‘-‘ Ag, Fram (12,3) and (16), we get
From (12,4) and (13), we obtain (N~ a,a_; (2~ 2;) =0,

Since this relation can never hold for
N(N-1)aa,(a,r d_z)(‘q;(z_z): 0. N#/ and & ¢ a,, x=y=0 cannot
be a center,

Since N >/ and 4,- G, %0 , we must Hence we must have
have
B=D= o0,
ql + &.; = 0 ,

Combining this relation with @, =0 , 2) Sufficiency: Obvious from

we get Theorem 3.
A=C= o0, 7. Proposition 7. When P (6) is of
the form
2) Sufficiency: Obvious from -2040 2040
Theorem 3 and Theorem 4. ~24 + 224 € R 42 L
6. Proposition 6. When X=Y=0 1is a center if and only if
N D) Q,, =2
E(I,:;')-T (11'*;2) (413* szy o P A,
xy? 3
+C }+Dy )/ N%1, (2) Qs == s,
X=Yy=0 is a center if and only Aif save for some exceptional values of 7,
B=D-=o0. Proof, 1) Necessity: In this
case
Proof., 1) Necessity: In this
case A go-y = *f_u_, = °(~zA41=/zzSH= lel
n =2 N + 2
and - - =
- (oA (B )} Kass) = Peser = a5y = "By T Qs
= =4 ~C)- 1 -D
a = ;%3 {( ¢) /
o .a =1{GA+C)-1(B3D)]
4= g ’
other @, being all zero. From (12,1), and other °(m, B are-all ZEero,
we have Consequently, the condition (12,R)
is an identity for every odd £ .
(4) 4, =a_, .
From (12,2) and (14), First we notice that the left-hand
? . side of every (12,f) should be purely
a(a-a;)=0. imaginary. This can easily be seen
I¢ from
) a-a, =9,
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_()n+ 3
Z(O("': mlf‘..-rmk_’/g"’/)x“‘

X ('(m,(-,‘ Igmk,,) P
E (i R gy

nt+2

X (o, t ’-‘-;;f @,,,k_,)ﬁ-mk
=-2 (%, - (’:%ﬁ,,)x

- X (‘Z’"x- - 711:3. lgﬂm :)fm,(
=-3 (“m,*(%_’/gm,)x“

o X (°‘MK-, n;zy,:, /gmu~,)ﬁmk)

in which we used the fact that

o(_m': °(M) jg\m: 'Fm ,

Now we consider (12,2[7) for 9/7
S 448-2 -

Each summand of the left-hand side
of (12,2{:) has the form

. (k-l)hfl R
("(m, mk—lﬁm) X o~
n+2
S~~~ X (0(7"2/:-' m?.f)-l szf,_/) szlb

with 7,4+ +My= 0, and each mg is
equal to one of the numbers 248+
9A-1 > =24+] s =28~/

Suppose that, among these 2p
numbers, m; , .. , Mg are positive
(i.e, equal "Wo as#l or 25-1 )
Then { cannot exceed p .

In fact, if f=/’*‘3—, inl
m, + -‘+’rnz},2(/;+;)(zj~l)
~(p-g)C2AHT)

=44y - /, 4.8~ 2/2.1

_95-

Hence, 7+ --~+ Mz2b  cannot be zero if
.f')[o . In the same way, we can show

that { cannot be less than r .

Therefore, among 2}7 numbers 7,
» ™z , there are p pos:.t:.ve
ones and /o negatlve ones.

On the other hand,

/lk 1A if Mo,
o - (2p- R)n+2
Mk [UPERRE R .
f ,uka_ c)( mk<()}

where )\, , MKk are real numbers, So
we can write

(o, ~ &
. ‘n-r2
~ ﬁm,_/,_ )/gmz/,

é—q)n-r 2
! +m2},-,)87n
/\" (425 -zs)’b

‘“‘(*w
/\ being real.

Hence the left-hand side of each

(12, 2/»), 1;, < ¢ 4-2 , is a real
number ., -

However, as we have remarked first,
this should also be a purely imaginary
number. Therefore the left-hand side
of each (12,2p), 2p<$ 4 6-2 must
identically vanish,

Making use of this fact, the left-
hand side of (12,45) can be expressed
in the following form:

fony (aa, ) (- s
fmr= ¥, (1~
Z ot Mg,
e x (-
( )

“+~, Mys are equal to either
~2st/ 5 and M g My

—23

(#S )M+ )

x—rl

t,cS /
where ™,
25+ or

Since ')[-lﬂ) is a polynomial of
degree #s5-~ in n, it can only



vanish for at most #5-/ values of .
Therefore, if * is not equal to one
of these exceptional values, we must
have

- Q~1A = qz_é >
or

Q T*az,d_

24
2) Sufficiency: Obvious from
Theorem 3 and Theorem 4.

(The exceptional case stated above
can really occur. For example, suppose
that

-206 276
Ple)=a,e va,e™";

In this case A=/ , and the condition
(12,4) becomes, as we have calculated
in the proof of Proposition 5,

(M=1)n=3) @q,a_, (a’s~a;)=o0.

7=] and h =3 correspond to ex-
ceptional cases.)
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Similarly we can prove
Proposition 8., When P(b’) is of
the form

~(25+116

e (as+) i@
~25- t su

521
J

x= 3:0 is a center if and only if

q"‘lSﬂ = aZ.SfI >

save for some exceptional values of & ,
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