A NOTE ON STRONGLY ERGODIC SEMI-GROUP OF OPERATCRS

Let iT(S); 0< §<”} be a semi-
group of operators satisfying the
following assumptions:

(1) For each § , 0<f§<oo, T(E) is
a bounded linear operator from a
camplex Banach space X into itself
and

1) T(§7)=T(F)T(7)e

(i1) T(}) is strongly measurable
on (0, oo ),

(1i1) f} I T(8)xl] at < =0

for each x€ X,
If T(%) satisfies the condition

(4v) lim)»/ e T(E)x d§=x

for each xeX,

then T(§) is said to be of class (O,
A), If, instead of (iv), T(§) satis-
fies the stronger condition

H
ol
(v)  lmo} /O(E—

then T(¥) is said to be of class (O,
Cx)s If (iii) is replaced by the
stronger condition

]
(1141) JI/T(E)U@UO s

then these classes become (1,A) and
(1,Cx), respectively.

ot~/
T) T(t)xdT=x
for each xe X,

It follows from (i) and (ii) that
T(¥) is strongly continuous for § > O
and w. = %ﬂlo& ”T(§))/l/§ Lao,

We shall now define R(A;A), for
each A>w, , by
-\l
(2) RO 3A)x =f e s'r(; )x d§
o for each x¢X o

It is clear that this integral con-
verges absolutely for A>c), « When
T(t) is a semi-group of class (0,4),
the following properties are well
known [3]:

(a) There exists the complete
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infinitesimal generator A.
(b) The domain D(A) of A is dense
in X and R(A;A) is the resolvent of A.
(c) ;Lim T(§)x=x for xeD(A),

2. Theorem 1, Let X be a positive
number. A necessary and sufficient
condition that a semi-group of class
(0,A) is of class (0,Cy), is that
there exists a real number w = O such

that
‘k/ TCh+a-<)
©) Ao, fezo” r29+d+)4;a (#- :)/ [ROwe /4)] °l
= M < o= ,

In case of X =1 this theorem is
due to R,S.Phillips (3] and further

more in case where 4 is a positive
integer, the theorem has been proved
by the present author [1].

Proof, «w is a fixed non-negative
number such that w><«w, » Then
€“EIIT(§)ll 1is bounded at §=oco.

We get
fetol+]
I’(;wﬁ) "“’[ﬂ% e reox olz]at;
_(w -+ T = AG-7. £ »
e
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If T(§) is a semi-group of class
(0,Cy), then 6“5 T(£) is of class
(0,Cy) and €5[|T(¢)J| 1is bounded at

=oo . Thus there exists a positive
number M such that

£ -
supuo@-d/ (§—Z5‘léntT(t)x dI/J
12379 had for all x¢ X,

Thﬁrefore we get the relation (3) fram
(4).

On the other hand, using the
theorem that f(§) is a bounded con-
tinuous vector valued function from
ES’W) in X and g =7 (A= Alf)>so, ko)
en

't o2 +of
7%7’) e (x) at — 2(p),

we obtain from (4)

£ "
o fe! < [lk-3) .
%E’i‘?{l I’Zhd+/)4§ (B! [AK(}*Q’/A)] x

—d ’Z'[ Y-zl T Coxdt

Therefore we get by (3)

for x€D(A).
“T)x at

¥ -
sup"ﬂ{?-b( (f—f)ﬂ”e
%’Mﬂx[/ °

for x¢ D(A).; Since D&A) is dense in
X and 3% [(§-T )7 e“T1(D)x dT
is a boundéd linear operator for each
¥ > 0, the above relation is true for
all xeX. We have ]}tim T(§ )x=x for
x&D(A) and a fortiori®

$
Lim ,,(g"‘/a(g—z Y& w(ox az

=X

for xe D(A). Thus the above relation
is true for all x e X by the Banach-
Steinhaus theorem, Hence 6*5T(f) is
a semi-group of class (0,Cy), so that
T(¥) is of class (0,Cy)e

The present author (2] has already
given a necessary and sufficient con-
dition that a closed linear operator
A becomes the complete infinitesimal
generator of a semi-group of class
(0,A)s Thus we can obtain from Theorem
1 the following:

Theorem 2, Let « be a positive
number, A necessary and sufficient
condition that a closed linear opera-
tor A is the complete infinitesimal
generator of a semi-group § T(%);0
< §<o=t of class (0,Cy), is that

(i') ‘D(A) is a dense linear
subset in X,

(ii') there exists a real number

w Z O such that the spectrum of A is
located in @ (A) (the real part ofx)

<« and

% 5 <t
,‘iﬂ ZM[ARO*“}/’J i

sup || 733Y,

A)"“aa‘ r(‘i'ﬁl)('no
< oo

2
where R(X ;A) is the resolvent of A,

(11i') there exists a non-negative
function £( §,x) defined on the pro-
duct space (0,60 )X X having the follow-
ing properties:

(a') for each xe X, £(§ ,x) is
continuous for § > O, integrable

o;x [g,O,l} and ¢“¥£(¥ ,x) is bounded

a =oo , e

(b1) !R*)(}\-no ;A)x]]é/e o)
- FRf(% ,x) df °

for each x€X, all realA >,0 and

all integers k20, where R&{ A ;)

denotes the k-th derivative -of

R(A;A) with respect to A..

We note that, in the above theorem,
if O<od =1, then "the complete infini-
tesimal generator" may be replaced by
"the infinitesimal generator",

3. We shall give a semi-group
which is of class (0,A) but not of
class (1,A). The following example
is a modification of that by R.S,
Phillips [3]. Let X consist of all

sequerce pairs x sn 1,2,
such that and n
with norm x n

The operator T( )x x

n 1,2, is defined by

2= exp[~(ntin®)¥] (% cos n}

”e S n 3

exp[-(n+in?) 3] (4 sin ni+

%. €08 n¥).
It is easy to show that { T(§); O
<3y<oofis a semi-group of bounded
linear operator and that T(§) is
strongly continuous for § > 0.
Since

el = Fodalf+ Tl
.—f;’}(—‘/-rigm I’7ml+—fﬂ~éqslz..l 3

we get/
(5) jollm)xll P AN
eo ee = o
#25 [ S Tl [ g 2 2 %))
for all xéX. ) °
However, for x L {( d. ,0);

i=1,2, -} where ;=0 for i%j,
3;;= 1, we have for all n

1 T( ) ) = € -1
R A A bt



and [lx"J} = 1. Therefore, for any
small § > O, we get

=0 = =7 nem;’ s/i" nﬂfz’;"s]‘gm-z?L J
ne'”;lsin n}] 2 E"(Ze)" sin 1, 2‘.

Hence T(3) is not of class (1,A)s On
the other hand, we get|[ T(})[f = 2 for
all § Z 1. Then

S VI
ROiA)x =/ e " T(§)x d¥
::i( 1»130,[7,‘(/\) }in=1,2, - }

is defined for all >0 and for all
;So:-xf 1f’I‘lhen we have Z. (\)= X (N\)
-7 /5..&.) and 7,(\) = Z. A A) +
»L‘;(‘m_()\), where
a’..l)~)=/ exp[—()\+n+ in®) ?J cos n§d3
o

X+ 2+ A!»'Lz

= Tt mtan)pm
P,

/{J));/Zx [—(,)H— n-r—:\.n‘)f] sin n} alg

= CA-’-O‘*X“.'; o+ n®

since |pa (A)]EX7, lﬂ.(k)l,-‘sJC' and
{n/d,,(x)l,‘.)\"for all x> 0, we get

oo o3
RO 8 ll= F 2]+ Z 1]
= &=
Hence|| A R(A ;A)[| < 2 for all A> 0.
Furthermore, for any ultimately zero
vector x’{ (K/, 73, sty (Z"’ 74'.)3
(0, 0), (0,0), + --f, we obtain

z
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I RO\ sA)x—x ff

” )
=g,/)\?t,¢()\)—,§/+£‘£/)‘ Zg())— 7‘/-—) °
as A»#&0. Since the set of the ulti-
mately zero vectors ig dense in X, it
follows from the Banach-Steinhaus

theorem that

(6) 1im X\ R(X\ jA)x=x

»ras for all xe X.

Thus we obtain from (5) and (6) that
T(§) is of class (O,A).
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