ON FUNCTIONS OF BOUNDED DIRICHLET INTEGRAL

By Akikazu KURIBAYASI

Ozawa [ 1] has derived a perfect
criterion in terms of local coef-
ficients in order that a single-valued
regular function has an image domain
whose area does not exceed 7 . In the
present paper we shall notice that the
criterion may be obtained as a par-
ticular case of a topological theorem
due to Helly (2]. We shall further
show that from this point of view it
can be extended functions defined on
a Riemann surface.

1. Basic notations. Let B be a
planar n-ply connected schlicht domain
with a boundary [° consisting of ana-
lytic curves [, ( v=1,...,n ). For
the sake of simplicity, suppose that
B contains the origin.

Let z, be any assigned peint in B
and P(z, Z,) be a polynanial with re-
spect to t = 1/(z -~ z,):

N
Pzz)=2 xmt™
m=1

Let further o/ be a real parameter and

fp(z,2 ;«) be a single-valued mercmor-
phic function characterized by the
following conditions:

1. fe(® %, <) - P(zz,) is regular
in B and vanishes at z,;

ii, all the images of [ (v=1,
seey D) by f,(z,z,,«) are segments
with inclination « to the real axis,

Existence of fp(z,z.,f*) for any
given P and « , together with its
uniqueness, is well-known; cf. Grunsky

°

Put

Fp(z 2.5 0)= -%_—(ﬁ;(z,z,, «)-fp(z 2., tx+-§-))’

then we have

N
F’f(z, £.,0)=€" Y, Tm Pml2Lo),

=]

where
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9.(2,2,) = S (fulz. 2, 0-ful22, 5))

Put further
$z2)= IT(ft"‘(Z'Z“ DESMCE M %))_
The local expansions of &, and ¥ (m

2 1) about z, are obviously of the
forms

-1 % v
btz 20 = (z-z)" +Z=; By (f‘zo),
and
§ (LE)I= 3, S, (22

<
il

{

respectively. There holds

d,‘fm = d,Em along .

Let L'(B)be a family of functions
v (2) satisfying the following con-
ditions:

1., ¥@={"vwdz 15 a single-
valued function regular in B;

i, §f, 1v@ 1P dey < oo s dox
denoting the areal element,

In [Z(B) we define the Dirichlet
norm by

u«ynB:DB(«y,«lf)L‘s (ﬁawlz)a*m)”’

and denote by Ds(¥,¥.) the associated
bilinear integral form:

De(¥, ¥4,) = 5)’3 SACR AL

Introducing further the inner product
by

("ﬁ"""z): DB(YL,'{’,)’
Y= Sl Y dz (g=1,2),

[1(8) becomes a Hilbert space.



Let now f(x¢[1(B), and f@=2,0z%),
We then have

Dg (f, %m) = ?“SP{ 4%, = —%—Srﬂém

Lj‘ f@
2

m z

(i_z‘)ml

= xmCm .

Especially we have

DB(%,%&): I#Svru= v S,

2. Perfect condition for Dirichlet
integral to be bounded.

Theorem 1, Let (2> be single-
valued function regular in B and its
power series expansion be

f =f_" ezt
=i

valid in a neighborhood of the origin.
In order that Dg(rf)sm , it is neces-
sary and sufficient that there hold
the inequalities

9 N 2 N
\%!"CPIP\S_—.

Z: Vsyv 1‘»'?‘}& (N‘&.l, t )

mvel

for any complex numbers X, .

Proof, We shall follow Helly's
method. Since the necessity of the
condition is trivial, we shall merely
show the sufficiency.

We introduce a family
Lo={v@, «r=vﬁ. %9,

1, and N leing M‘Gitnmﬁé}‘

By taking the norm in L(B) as that in
L, , the latter becomes a normed sub-

space of the former, Put
N
fv) =1, =vT %,
V=1
N = ’
= L2
fro W=

Then "f, is a linear functional and
$ el » L* being the dual space of
L, Based on the definition

10, = wr|f0),
feL, ¥ ,s!

the assumed inequalities of the
theorem imply
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1.0, < /=

N
since, for ¥=2_ % %/ , we have

~N
By =2, % Dg (9, %)
V=i
N =
= IC Z v Spv z, l#
vl
~ —
= 7T Z: vSFV Xy 1)4,.
=i
In view of Hahn-Banach's theorem, T,

can be extended to a linear functional
f defined in the whole [:(B) . Name-
ly, there exists a linear functional

{ defined in [’ (8) such that

o) =% (gr=nve

(v=1,1,
and

“¥“C(B) = “f(l\_‘ S \[—E.

Since, by Riesz' theorem, (LX(8))"
=[2(B) » We have $e¢[’(B) so that

fr)=(F,9)=7v0C

(v=1,2, ).

Let now the local expansion of ¥ be
fo = S ovd z!

V=1

Then, we get
=l oo
(f,soy)_sz+akfv~%jrfd@v

7[0&\/,

whence follows dy=c, (V= 1,2,.00)0
Consequently, ¥ is coincident locally
with ' + But, ¥ and { being both
analytic, it follows that there holds
$=¢f in the large. Thus, we have
shown the L'-continuability of f’,
which completes our proof.

3. Extension to Riemann surface.

Let R be a Riemann surface not of
class Oux » Introduce a local pa-
rameter z in a neighborhood of a point
P,¢ R and suppose that z = O corre-
sponds to P, .

Our present purpose is now to ob-
tain a perfect condition in terms of



local coefficients in order that a
single~valued and regular function
defined in a neighborhood of P, is
continuable to a single-valued
function on the whole R and further
its Dirichlet norm on R does not ex-
ceed an assigned bound.

Let L’(R) be a family of single-
valued covariants +v(z) regular on R
and satisfying the following con-
ditions:

1, J*+@ dz  is a single-valued
function regular on R;
i3, JJRI*PQ)I’AQ< 4] .

As shows the procedure of the proof
of theorem 1, an analogous theorsm
will be obtained provided that there
exists a system of functions corre-~
sponding to }{%w) introduced in & 1,

Such a system can be, indeed,
formally defined in a following
manner, In fact, let +(z) be any
covariant which is single-valued on
R. Then, as shown by Virtanen (4],
there exists a covariant £ (z,x) for
which §*g(z,x)dz is one-valued on
R and

SSK\W@ F(z.x) doz = ¥(x)

Consequently, from the local expansion

Vo= 3, duz”
we get
dy =14
= %—[ d),v jjgw(zl m M}Jﬁo
_H o [ 35 B ‘)]1 u‘“"z

(v=0,1, - ),

Thus, a system defined by

x=0

[ M
§ (0= o [u, E(z,x)]
(v=o,1, )

consists of covariants single-valued,
regular and quadratically integrable
on R and every S®i()dz is also
single-valued on R. As shown above,
there holds
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4= ) v o dg

R
for any v . This system being com-
plete on [}(r) , [2(R) is a Hilbert
space, Hence, we can conclude the
following theorem.

Theorem 2, Let f(z) be a single-
valued function regular on R and its
power series expansion be

el
JF(:;: 2. cpxt
V=i

valid in a neighborhood of a parameter
circle. In order that D.(f,f)=<7, it
is necessary and sufficient that there
hold the inequalities

w N
pas N AN

( N=1,2, )
for any complex numbers %. ,
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