
A G-SNERAI JZATION OF ABSOLQTE NEIGHBORHOOD RETRACTS

By Hiroshi NOOUCKI

1. In this paper we give some
generalization of absolute neighbor-
hood retracts *> [1]. This generali-
zation is not useΓul on homotopy
theor y but admits some generaliza-
tions on fixed point properties of
AΛRseta (section 4). In sections
2 and 3 the familiar definitions and
theorems of ARsets and ANRsets are
described with the slight modifica-
tions

 β

2. In the following a space and
a set are always separable metric

β

(2.3) DEFINITION. Cϊiven the
number ε' , &' > O , and the sets
A and B such that B c A we say that
a map r

ε
' is an £

1
-retraction pro-

vided r
c
 is defined and continuous

on A, r^ (B) C B and r
£
» (A) C B, and

% (b, r
c
t (b) )<€' *) for every b 6 B.

If such~maps exist for every ζ
f
 > 0,

then B is called an £ -retract of A*

(2.2) DEFINITION. Given the sets
A and B such that B C A, we say that
B is an ε -neighborhood retract of
A provided there exists an open set
U such that B C II C A and such that
B is an 6 -retract of IT.

(2.3) DEFINITION. A space, H,
is called an t -absolute neighborhood
retract ( £, -ANR or t -ANRset) pro-
vided it is a compactum and for every
topologica] image A± of A, such that
Ai is contained in a space ¥

t
 we have

Ai is an £-neighborhood retract of
M.

(2.4) THEOREM. A necessary and
sufficient condition for a set to
be an ε-ANu is that it be homeomor-
phic to a closed & -neighborhood
retract of the Hubert parallelotope

PROOF. Necessity. Let A be an
€ -ANK. Since A is a compactum,

we can map A topologically into the
Hubert parallelotope Q [5] Let
h(A) = Ax, where h is a homeororphism
and At 1 s a subset of Q. Since Q
is a coϊίpactur, by («s 3) A^ is an ε -
neighborhood retract of Q. In virtue
of the continuity of h and the com-
pactness of A, we have At is compact
and therefore closed in w*.

Sufficiency,, Let h(A) = Ai,, where
h is a homeomorphism and A^ is a
closed C -neighborhood retract of Q.
Consider any othar hopeomorphic image
A2L oΐ A such that A2 is contained
in a space M. Let k(A) = A

a
, where

k is a homβomorphisiΓ:. Q is a com-
pactum. Therefore A2 is a compactum
and hence closed in M. We now apply
Tietze

f
s extension theorem [5] to

the map hk~* : A 2. —> Q and obtain an
extension f of hk"** over V relative
to Q Since At 5s an £ -neighborhood
retract of Q, there exists an open
set \Jχ => A

A
 and for each ε' > 0 an

I
1
 -retraction r

f

f
 such that r

ε
 :

ϋi—>Ai Now f
1
 [f(M)r^ϋi] is an

open subset of M and clearly
f ̂ [fίMjΓNϋi] 3 Ai The map klΓ

1
 r

fc
' f

maps the open set f [f(Ni)^Ui] into
Aj* Since Ax is compact, for suffi-
ciently small t

1
 by uniform conti-

nuity of kh'
1
 v

t
* ΐ we have

where i is any giving positive num-
ber. Thus A 2 is an £ -neighborhood
retract of i/U

(2.5) DEFINITION. A space, A,
is called an I -absolute retract
( ε -AR or ε -ARset) provided it is
a compactum and for every topological
image A^ of A, such that A^ is con-
tained in a space If

$
 we have Ai is

an ε -retract of lί,

(2.6) THEOREM. A necessary and
sufficient condition for A to be an
t -AR is that it be homeomorphic
to a closed ε -retract of the Hubert
parallelotope Q.

This result may be verified by
the method of (2.4).

(2.7) In (2.4) and (2.6) when
the dimension of A is finite we can
replace Q by a sufficiently hign di-
mensional Euclidean space. Naturally
every ANR(AR) set is an i -ANR( £ -AR)
set.

(2.8) EXAiVPLE. In two-dimen-
sional Euclidean space we consider
next set A in a rectangle x-y coordi-
nate.



It is evident that A is an £ -AH and
not an AR*

3, The fo3 lowing Lemmas and
Theorems are verified by the usual
methods [1, 6] with the slight modi-
fication, hence we omit their proofs
here, But they are useful in the
construction of the examples

β

(3.1) LEMMA» A necessary and
sulTicient condition for A be an £, -
ANR is that A be a compactum and that
for every C > 0 and for every map ϊ"

defined on a closed subset P of a
space fri such that f(P)C A, there
exists a map fg defined on some openapί

nrheisubset v, where" V contains P, such
that %(ί{x)

9
 f&(x))< I, for eveFy

(3.2) THEOREM. If the sets Ai.,
..., Aty are j -ANRsets, then the
topological product TΓ Ac is an £ -
ANR,

(3*3) LEMfr A. A necessary and
sufficient condition for A be an I -
AR is that A be a cornpactum and that
for every 6 > 0 and for every map
f defined on a closed subset P of"
a space Pj. such that f(P)C A, there
exists a map ί't defined on P± such
that S(f(x)ι fε(xJ)<ε for eveTy

P.

(3
β
4y THEOREM, If is a

c o l l e c t i o n of se t s where each A*.
i s an £ -AR, then the topoJogica]
product TΓ A* i s an l -ART

(3.5) Sum theorem could not hold
in the standard form but from Borsuk's
method [1] we have the following,,

THEOREM Let A
Ai r\ Ai I S an'ANR and AI and

k% where

are
6 -ANRsets of which for sufflciently

smalls *'» **•} ε
/
-retractions fix

every point of A; r\ A a.
Aan £
poin

~ANR,
Then A Is

(3,6) EXAMPLE. From (3.5) the
following set A is an £ -ANR and
not an ANR«

Let A
Λ
 A | ^ Ai, where A|=A in

(2.9) and A* is a boundary of an unit
square and A

t
 A A^ la, x = 0, 0 -. y k 1.

4. (4.1) THEOREM, (Borsuk D 3)
If A la an £-AR» then every map
which maps A into A hag a fixed point.

PROOF. By (2.6), we have h(A)=aAi.,

where h is a home omor phi air and AJL ir>
an t - re t ract of the Hubert para} le i-
otope v̂ . Since Q has the fixed point
property, for every map f: A—»A and
for every £ - retract ion r£ we have
a fixed point a^ e A such that
a' t =s f r t ( a ' ε ) . Let r€ (a't ) =. ae e A,
we have

On the other hand if ϊ has not anv
fixed point, there uxist3 to > 0
sucπ that

ί'or every a 6- As

This is a contradiction. fpr.us
X' has a fixocl point.

(4,2) LSίWA ( Silenberg [ 4 ] ) c

Let A be an 6 -ANH. For every >?>0
H T ^ T~ 0 h t h t

AN. For every ?>
tHeTeexists T~> 0. such that when
a map f is an e -rriap 3j? then there
existsΊΓrcap <g oiι' i'(A) Into A and

i'or every a e _A_«

PROOF. Let lίjf be a sequence
of δn -maps of A, where 3 ίvrΛ-*&>U=C.
Then we can embed spaces A, ί'^(k),
i*2.(A), . «., i n a coπ pacturr. G-= A ^

X. f n (A) such t h a t the sequence j j ̂

converges uniformly to f o ( A ) = A in
C [3J . Since A i s an £-ANR tnerβ
e x i s t s an open s e t U, where A C I I C C
ana 4 - r e t r a c t i o n r$ : U—> A for
every £ > 0. For s u f f i c i e n t l y l a r g e
n we have fΛlA) C Π and the sequence

r$ f p = r
l

Λ ( ) C q
converges uniform] y to

f f f i i
verg y
Kence for su f f ic ient ly$ p 5

large n we have

5 (r,^(*

for every a €- A.

If we put 5 < T t h c n w e h a v Θ

i'or every a €- Ae

(4.3) THEOREM (Boruak [ 2 ] ; .
Let A bo an £ ΆNrt and has a cap f
which rrapa A Into i t s e l f without
the fixed point, " TKen""tΊϊer« exists



t > 0 such that every image of £ -
map of A has also a map which maps
it into Itself without the fixed po-
int*

PROOF.
exists *[

(1) % (

Since A is compact, there
y 0 such that

for every a A
Since A is an £ -ANR, Lemma (4*2)
holds good, that is, for \ y 0
there exists t > 0 such that a map

ί is an ί -map then there exists
a map ^ of *f(A) into A and

(a) Ί
for every a A.

Put g x ^ f f
 t h e n

 g is a required
map. If g has not a required pro-
perty, there exists b

0
 6 ^f(A) such

that

Hence we have

(3) t f ft (-*•>= *(<•).

Substitute fγ(b
0
) for a in (2), we

have

From (3) we have

This contradicts (3)

(4
#
4) THEOREM (Borusk {1]).

If A is a finite dimensional £ -
ANR, and f la a null-homotopic^map
of A into A, then f has a fixed

PROOF. Since A is an £ -ANR and
finite dimensional, we may assume
that by (̂ .7) and (2.4) A is in cer-
tain dimensional Euclidean space E
and there exists a complex K such
that U O K and the interior of K
involves A, where ϋ is an open set
of E of which there are £ -retractions
r

t
 : U -» A, for every I > 0.

Since f fv) 0 in A, we have fr€ :
K —> A is null-homotopic in At Since
K is an ANR, then there exists an
at e A such that frz (at ) - a ε

 for
every £> 0 [1]. On the other
hand if f has not any fixed point,
there exists f > 0 such that

C*.
for every a 6 A

For sufficiently small £ we have
ί/i έ J (f(a)., f r t (a) ) for every

a £ A and we nave

0 ~

This is a contradiction. Thus f
has a fixed point.
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Notes

1) We abbreviate "absolute neigh-
borhood retract" by ANR or ANRset.

2
) 3(

a
> b) is the distance from a

to b.
3) f:A—>M is called an £-map pro-

vided the diameter of inverse
image of each point of f (A) C M
is less than £

Mathematical Institute, Waseda
University©

(*) Received Dec* 20, 1952.

- 22 -




