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lo Let S be a complete lattice
and <§ be the set oΓ all T-closure
operators J defined on S, that is,
each element <χ of S is mapped by «p
on an element α

y
 of S such that

of = o
 9
 where

ment of S. let
elements of <£
for any element
ψ Th

o is the zero ele-
f , Ϋ be two

. When α* c <L
Ψ

<L of S, we define
f<J . Then it is known that
is a complete lattice bv this partial
order <

 ι)
 „ When (0*^= ( α*)^

for any element a. of S, we say that
f and Ϋ are commutative. Denoting
ia,*)* by 4.** , we say ψψ

the product of γ and Ϋ •

In this note, we will obtain the
condition that f and ψ should
be commutative, and as an application,
we will next investigate what proper-
ties a maximal subset "^ of <| has,
of which any two elements are commu-
tative

2. In the first place, we will
consider the condition for commutabi-
lity, by the partial order of § •

Theorem 1^ If ψψ* ψf

Proof« If 0*
f -closed.

α

Let

then

is said
b θC

y

the set of a l l ψ -closeci elements
and f -closed elements respectively.
Then Cy and Cy are both complete
sublattices over S with respect to
meet? and f Λ ψ is a T-closure
operator determined by Ĉ  n C ,̂3)

 β

l e t A, be any element of S, then

α*Ψ= Q (

Similarly

a?) = Q (x € Cf * *?^α^j.

Since, by hypothesis 0
C b t hand C

y p h
are both complete sub-

i h t
and C« , Cy. are both complete sub
lattices over S with respect to meet,

On the other hand,

0.
 Λ
 ss Π (x ̂  C< A ^

Hence Q.E De

Remark. I t is easy to see by
giving an example that the converse
of this theorem does not always hold*
But the following corollary is easily
verified*

Corollary, When ff<ψf , then
fψTψf lΐ and only if ff=fnψ

In the next place, we will consider
the condition for commutability, by
the product of elements of § β

Theorem
only

if and
and

Proofo As the necessity is ob-
vious, we will prove the sufficiency

β

Since a
9
** rr a** for any element

α, of S, α*
ψ
e C

y

On the other hand,
hence α'

1
*'? c Ou^

Similarly, from α
we get a?* C β.**

Corollary. <t\
only if f ψ and
T-closure operatorsa

- *f

Q.E.D.

if and
are both

Proofo As the necessity follows
from Thcorer 3, we will prove the
sufficiency. By the assumption that
fψ is a T-closure operator, we

have

Then Q?V ~) aJΫi

On the other hand, α*
hence ψψ

Similarly Ϋf
by Theorem 2,

Therefore,

.E . D .

In the above reason.ings, wo con-
sidered from the point oΓ view of
the partial order and the product of
elements of § • We will next con-
sider according to the relation be-

- 17



cwetm Cy and C
ψ
 « Let C' , CJ, be

fcho sets oj' elements of Cy , Gψ.
which do not belong to C^ rs Cψ re-
spectively, then we have the follow-
ing the or err.

Theorem 3
e
 fψ - Ϋf ί f and

only if any element CL of CJ, and
any element •£• of C^, are not com-
parable, except the case when there
exists at least one element of Cψ r> C
between a and •& «

Proof. Necessity. Suppose, ̂ if
pos.sibl e, that there exist *- e C<J ,

such that &> CO- and
no element of

CL and ^

Denoting (α
9

is between
f

Then

by c , then cfβ.

On the other hand, since £ •> c ,
then c £ C

f
 n C ̂ . Hence (*•)»

? and c* \ c . Therefore
α

y
* and

Sufficiency.- let A be the set
oΓ all elements of Gψ r\ Cψ which
contains all elements of CΛ and C^
Then A + θ follows from A * I, where
I is the unit element of S. Let B
denote the set of all elements of
C n Cψ which are contained in all
elements of CL and 0^, «, Then
B + θ follows from the fact that
B ^ o

 c
 And let C be the set of all

elements of Cψ ̂  C^ which do not be-
long to A and B

β

Let (X
o
 be any element of S« When

we denote by -f- or — the cases
according to whether <L

O
 is contained

in some element of B (or C, Cy , C^ )
or not, it is obvious that there arise
the following seven cases to be con-
sidered. In the following, we will
prove Q-J* ~ &>T* In the cases
(i), (iii), (iv), (vii), we can ea-
sily see that &f

Ϋ
 * a.?* , so we

will prove the other cases©

B / i rι i Λ I

(i) -

(ϋ) - 2 ΐ ΐ

(Ui) + +

(iv) +

(v; r t - +
(vi) + + +

<""> ^ * t %
Case ( i i ) « As we can consider

the l a t t e r case s i m i l a r l y , we wi l l
prove only the above case. l e t
α̂  e C' such t h a t αΛ z> βuβ ,

then Q α̂  6 c l c Hence
„ € c ; * Therefore „ . χ _ .

> O αβc) On the o t h e r hand,
^t * Q ( X C Ά ^ * ~> α«) Since any element
of A c o n t a i n s any element of Cψ and
C \ 9 ^ ^>Q Λ<* • Hence a* > Λ?^ «
Therefore ae

φψ « α/ • From α./ 4r A ,
i t follows that αβ** - α/ . There-
fore α** ••

Case (v)» We will only consider
the above case Let α^ ς Cφ such
that α^ z> α

β
 , then O 0^ € C«>

Then there arise the following two
cases: ( U Q ^ * C ( ^ ) p C ^

Case ( 1 ) . l e t c^ ς £ s u c h that
. D α 0 , then Π Ĉ  ^ C . Hence
'JΛI\JΛCUΓ Therefore

#
 o

n
 the other hand,

( Q
 α
J
 Λ

 ( Λ c
y
) , / V ^since

Thus <

Case (2), Since

« Then, in any case between
)€CynCγ and (φβ^Λίφ

1

€<~ r»W, yυy is the least element of
Cγ containing (£*<*.*) o (Q C

y
) «

Hence α
0
^^ = π

C y
 . On the

other hand, α*
φ
 « O

lows from α
 ψ
 = ^

c τ
fol-

Case (vi)e In this case, it is
sufficient to consider the following
two cases: (β< ) There exists <y € O
such that ςv A^ ) C ̂ 5 α

β
 , (p )

There exists no element of C between
Q Λ ^ and ft.© and between O ^
and where and

Case («C )• In this case, α?
Ψ
( ^ ) Λ ( ^ ^(j) > hence

Suppose t h a t β-oΨiί^QCy and

This contradic t s αβ

τ« Λ c γ β Hence

^9
Hence

Case ( Λ ) . Since (

where >α.d
C Then

QQ y by the hypothe-
s i s . On the other hand, since any
element of C£ is not comparable with
any element of CJ, , no element of CL
is between fj c^ and ( Q αA )^
( ty C r ). Hence αβ** « φ c^
Similarly α / f = Π C y ft.E.D.

As an application of Theorem 3,
we will prove the following theorem
concerning the set "]}> .

Theorem- 4. -ψ is a complete
sublattice over ξ with respect to
meet.
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Proof* ~As f̂ * ̂ contains the unit
element I and the Vero element o
of fj , i t is sufficient to prove
that if X is any subset of Ϋ ,

JΫ *} . Let V be any ele-
ψ such that H X X

Let « C:
t then it is easv

to see that
Let L be the ̂ e*F£\

χ
 C - « «χrκ»a

that is, the set o f all elements
which belong to Q χ C _ but

M
 not

£χ
where denotes the se

On the other hand, since "i is com-
mutative with any ? *• X» , by
Theorem 3 any element of C^

y
 is not

comparable with any element of C
!

y
$ ,

with the same exception as Theorem 3,
h C d t Cwhere denotes the set Cj — K j

9
$
9
 j j

9

Then any element of h is not compara-
ble with any element of the set
C

y
 - GIL K<jy » with the same

exception as Theorem δ As
is determined by (£κ C"f >

 b
y

Theorem 3 , ^ ^ J is a T-closure
operator and is commutative with V ,

When 1 * X , then V> (^ ϊ
is easy to verify that V and
f are couimutative, so we omit

the proof of this case.

On the other hand, since Φ* is a
maximal subset of $ , therefore

*) This-note owes to the problem
suggested by Profβ K»ίv_orita of
Tokyo Bunrika Daigaku0
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