ON SOME DETERMINANT EQUATION

By

In his theory of communication,
C.E.Shannon"™ determined the
channel capacity o1t a disrete noi-
seless systcm by means of a de-
terminant equation o1 the follow-
ing type:

| E—A()|=0,

where A(Z) is a ‘square matrix
dependent on a complex variable
Z.

In this note I will prove the
existence of a real positive root
of the smallest absolute value,
which 1s assumed in Shannon's
theory.

Theoren.

Let /A(Z) be a matrix subject
to the tollowing conditions:

(1) A(2) 1s a square matrix of
order n.

(2) Every matrix element A @)
of A(z) is an entire func-
tion of 2z

Q0
Anrl2)=> A z™
m=0 -7
and
Aix(0)=0
(3) Every coerficlent A em
of A,,‘(z)is non-negative

ALk.'m;_O_

(4) At least one coefficient of
the characteristic polyno-
mial |AE—A()| 1is not
constant.

Then the determinant equation

|[E -A()]=0
has a re?% positive root of the
smallest@absolute value.

Lemma 1, It all or the traces

—r;.-‘A(Z)S, if(Az(Z)) - Tr(AM(Z)) of
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A*(z) are constant, then the
characteristic polynomial has con-
stant coefficients,

=+ Aube

Prool. Let N\ Az ---
eigenvalues of A (z) , then

—E(A (z)=A, + Azt v+ Ag = Const
TelA* ()= Af+ A7 - AL const

_,:-(A“{Z))=/\7f/\:+~ + \l;congt

From these equations tollows
Ai#Azt =+ An=const
/{,/\z 'f'/\//\3 'f'"'f‘/\n-//\aﬁ WW/):.

AMAu Ay oo

by the theorem of syrmetric func-
tions,

A= consT

Lemma 2. The matrix (E-:A(Zv-/

is not an entire tunction.

Proor's By Lerma 1, at least
one Ty (A%(Z)) is not con-
stant for 1 < k £ n.

Hence at least one diagonal
element o A*(z) 1is not all
constant.

# < R
ooy
Ay D= AymZ
ﬁ
Let /&,7); be & non-zero coer-
ficient of the smallest order in
the above expansion. Because all

the coerficients is non-negative,
the rollowing inequality holds:

#s * s
A;;/,s/a > (Aszr)
In the expansion
= ¢
Z_ A

L=



Jj-th diagonal element has a sub-
sequence

2 sﬁ Z A 2"

The last series 995 a convergence

radius (A,]J /’)r

Hence 2§l/4(z) is not an en-
tire Iunction, g.e.d.

Because the matrix(E —A(z)
is singular, when and only whe
|E —A(2)] is zero, it surtices
to examine the singularity of

(E — Al

!
Instead of (E — A(2)) we con-
sider the infinite series:

ZA(z) B(2).

Every element Btﬁ(z> of B(z) has
non-negative coeff'iclents. By
the well-known theorem ol Prings-
heim, such a function has a sin-
gularity Yie it Yox 1is the
convergence radius of' B.,(z) -

Hence

Y‘:M“"(Y—”‘ Y./L ST Y:no‘_>

is the real positive root ot the
smallest absolute value, q.e.d.

Remark, Ispecially when
Acem=0 (mz1) , our theoren
reduces. to the theorem ot PFrobe-
nius, (3)
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