NOTE ON LAPLACE-TRANSFORMS, (III)

ON SOME CLASS OF LAPLACE-TRANSFORMS,

(I1)

By Chuji TANAKA

(Communicated by Y.Komatu)

(I) THEOREM. Let f&) be R -
integrable in any finite interval
0&«x =X , x Dbeing an arbi-
trary positive constant. Let the
Laplace-transform of ) be

0o
1) F = [ exp(-42) fo) dx
(b=c+.t).

F#)  has generally four special
abscisses, i.e. regularity-absci-
ssa o¢» , simple convergence-
abscissa 03 , uniform conver-
gence-sbscissa ou , and abso-
lute convergence-sbscissa oa
( oy %03 S0 =92 ) In the
previous Note ( Cl] - See referen-
ces placed at the end -), we have
discussed the sufficient conditions
for 04 = cu=g5 .+ In the pre-
sent Note, we shall study the suf-
riclent ccnditions for ow=m=di=4 .
The theorem states as follows.

THEOREM. g + lafti=0 =g
=gl =03 ? prov ded that

(a) Fz) (2 =vexe(i®) 1s regu-
lar in » : lol=v<Z , except

2=0 » 8nd z =0 ;

(b)

for sufficiently large v ,

fiz) 1is of exponential type
in P ;

(c) r'ﬁ?o r {f(re“’)‘ =0 uni-
formly in » H

r&; N

(@) fim, Jp Areldr (<)
exists in 5 .
Furthermore, there exists at least

one singular point 4o =oy+it
(=00 <t K¥®) ON g =gy o

(2) _Proof. On account of (a),
(b), and (d), A belongs to
cint ([11), so that
= — o
G =g =d ‘-E’ZET@U“W

By Cauchy's theorem, in p ,
have

we

R
(21 4“/1(*41)}{1) dx
o re® R e’ 2
“,/ + +
*’_ 2, 00 Rae'®
xt==% agx=0 X1 =Ra
= I + L =+ I, , day,

- 59 =

By (b), there exists a constant C
such that

(2-2) |fre®) | < exp(eT)

for sufficlently large v .
Suppose that
23, o< t, and max(c,oi)<two

Then, putting 4 = tep-co) ,
by (2.2) and (2.3),

8
L1 = /7 ap{-tR, cot(-0) ] Ra ot
< 6Ry k(R (C-temo)}
—

By (c),

ad "Rx —> +o0

I
| L | g/ clxr{-fﬂ. B (o ~8 Hf(?.ef"()lkldd

< 0 oxe (-tR, &8) R, mar [fRie%) |
04d £6
—> 0 e R, —>+o0

Hence, by (2.1)

0o
@ 4) R =F(te”®) = | (o) faax
= o'® [Texp(-tix) F11x1€) dix|
- &

( mex(C,a3) < 1 08)
On the other hand,
4 = / exe(-42) fa) ax

is regular for RWU)>g(0) =
Zm Ly 0 80d

1P
G = e"’fwr(-tlzl)f(me“).zzx,

i1s regular for R® = $©6) =

Lm +lftre®|, For, by (a) and
(b), fox) and Faxie®) be-
long to C{n} , so that three
convergence-abscisses coincide

with ¢(@) (3=o0a¢) respective-
ly. By (2.4), for max{( ¢, o5 )<
tes s, F(te™?) is equal

to Gy . Hence, F(4) is

regular in 2, U , Where p,-
and RE) > (o) ’ P . =(4e?)>98,



. « .
@5 Fte"s) = e [ exp(~tim)f (xie®) dixi
fo wt > s,
Suppose that

R 6 T =g~ mct = o)
For sufficiently small ¢ (>o) ,
we have
Up \A~E (A < L+E.
Then, F(4) would be regular in

RY) z=d~E ) is abso-
lutely convergent for k() =o+¢ ,
and for X >c¢ s  ~(X) is ana-
lytic, so that sx) is continu-
ous and of bounded variation.
Hence, by the inversion-formula of
Laplace-transform (2% p,108),
1 rolttno
fw)=;ﬁ.— J exp(IX) F(8) dd

A+E~t @

(x>0)

By Cauchy's theorem,

LtEHT
/ xp(dX) F(4) 44
Lr€-IT

o ~E +(T A+E+(T
+ / +

A€~ T Ju-g+{T

oA~ =(T

dtE~(T

= I, r r, + 1'3 day
For sutficlently large T ,
the interval: JH)=--T , d-¢
& RM) £d+E is contained in
the angular domain |a7f(4-da |
&8 < , Where x (Joei®)
> PB) F-06<3<F .
Therefore, by (2.5) and the well-
known theorem ( (22 p.49), we have

@ & n IFlreit)| =0
'y~ 00
A~E | S A{+E
uniformly with respect
to o .
Accordingly,

| Tal < o(1) 28 ex?((dtE8)X) —> 0 ad T—>+00,

Similarly L, | —> 0

Hence, by (2.7),
p o ~E+ (o
Fx) =zTrT/ exP(4x) Fid) A4
o{-§ e

(2-9) (x>0}

BY (209) ’
@-70) ()

00
= mr((d-s)x)~f,—tj exp (X)) F(s~€+ct) AT
~ 00

(x>2),

on account of (2.8)

Lo | Fla=E+i0)| = 0,
t¥y-o0

so that

t
F(u“f"’(ﬂ =/ F (o(‘ﬁ“"l:t’(:dt
+00

Hence, F(d-2+it) is of bounded
variation in T<t<*x .
Therefore,

by the well-known theo-
rem (L3737 p.7¥,

/., exp ((4X) Flol=€+it) dt = o)

)

.Similarly,

- 60 -

+60
/ exp( CEX) Flol-E +it) dt = O(Ti/.

o
Therefore, by (2.10),
1
Fux) = ew(4-€)x) 0(x),
so that

- { -
Tm T lglfol sod-2 <o

Xp+oo

which is impossible.
have

Thus, we

Iy =03 =g

=’01L a = «,

By what was prcved above, the exi-
stence of 4. 1mmediately follows.
This completes our proof.

(x) Recelved July 28, 1951.
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