
A
NOTE ON (LM)-GROUPS OF FINITE ORDERS

By Noboru ITO

(Communicated by H Toyama)

In the present note, we study
some properties of a finite group
whose lattice of subgroups is lower
semi-modular. We, however, use no
result of the general theory ox
lattices.

I give my hearty thanks to Mr
M SUZUKI for his kind remarks and
advices.

NOT ATI ONS: 5
£
 (X)=S^iX), H VO « Hς.tt),

C(X),Cαo(*λ Θ(X) and f(Λ) denote
a P

£
 -Sylow subgroup, a ft -Sylow

complement, the centre, the hyper-
centre, the commutator subgroup and
} -subgroup of a group X respec-

tively; (X) may be often omitted.
Ttγ(x) denotes the normalizer of

a subgroup X in a group y

1. On the f-nilpotency.

DEFINITION 1. A finite group
is called p-nllpotent when it has
a normal P-Sylow complement.

PROPOSITION l Let & be a
group whose order has at least
three distinct prime iactors and
let P be one of them. Then 6r
is P-nilpotent if every proper
subgroup oΓ Gr is so

r
e

PROOF* Let Q be a group which
satisfies our condition* If G
is not I? -normal in GRUN's sense,
there exist a P-subgroup p and
a p-regular element A in Gr such
that A induces a non-identical
automorphism into P , by virtue
of a theorem of W.BURNSIDE . Since

T{A] is non-p-nilpotent, we
have 6j = P-{A} Let Λ β A A j - Λ r
be the Sylow decomposition of A o
Then r^ 2 by our condition*
Clearly fiψp W , whence p {Λ

t
 }=

?x{Aί} «. Therefore Gr=P* {A}.
which is a contradiction. Hence
Gr is P-normal* Now by a theorem

of O GRUN
<J>
 ,

fore, $ =φ θ(3-> whence it is easily
verified that Gt is P-nilpotent.
If et-TtlQ(fy) and Sp^cCStf ,
then induction argument can be ap-
plied to Gf/cίSfd and we can see
that Of/cCSt*) is J»-nilpotent
whence it is easily verified that
G is p-nilpotent. Finally if

a = n (C (S
r
>) and Sf = CCSμ) ,

then there exists, by a theorem of
I.SCHUR«H one H^ in Gf . Since

Q ^SQζ , by our condition,
ώ € 3 H

I f (jφϊlίCίSp) , since the latter
is p-nilpotent by our condition,

Slices,))/ θ(Jt(C(S
Γ
 »))=*- e

whence θ,. ( Q-/ec*>) Φ e There-

Therel'ore, of course, Gr is |»-
nilpotent.

PROPOSITION 2
β
 Let Q be a

non-ί>-nilpotent group whose every
proper subgroup is p-nilpotent.
Then Gr-Sp+Sz where S^ is normal,

5^={Q) is cyclic, non-normal.
And every proper subgroup of Gr is
nilpotent In particular it Is
soluble. The converse is also va-
lid,

PROOF. Let Gr be a group which
satisfies our condition. Follow
the proof of PROPOSITION 1. First
it is evident that the order of
is ρ

m
4

n
' by PROPOSITION 1. There-

fore if Gf is not p-normal, then
A^Ai 9 using the same notations

as in the proof of PROPOSITION 1,
and this proves PROPOSITION 2. Now
assume that Gr is P-normal. Then

C^Gr , since if lt(ccM=*=Φ »
is p-nilpotent, as is easily

seen by virtue of the proof of PRO-
POSITION 1. ir C(S>)ΦS

P
 , induc-

tion can be applied to Gf/cCS?) and
we can easily prove PROPOSITION 2

O

Finally if C(S>) - Sψ , then
q-=Sp^5

3
 And if S

3

where T and U ^ S
±
 , since*

<Hr SyT and S^V, S,'T *» S
P
X T

and SpU= S^xU whence φ S ^
which is a contradiction

o
 There-

fore 3i Is cyclic and this proves
PROPOSITION 2. The converse is
obvious *

REMARK lc Similar results as
PROPOSITION 1 and 2 have been ob-
tained by many authors, for instan-
ce, 0.SCHMIDT

0
*, D«K0LIANK0WSKY

c6ί
,

S TCH0UNIKHIN
(7>
and KoIWASAWA

(J)
 .

And our result is a slight modifi-
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cation of theirs
9
 But it seems to

me that our formulation is a little
more general and applicable than
antecedents. (Cf. 14 ."SUZUKI

0
" ).

PROPOSITION 3
(
'
0)
. A simple non-

abelian group Qr has a proper sub-
group which satisfies the condition
in PROPOSITION 2 for every prime
factor J> of its order.

PROOF. Clearly φ is not f>-
nllpotent Therefore <3r has at
least one non- p -nilpotent subgroup,
for instance, Gr itself. Choose
a minimal one of such subgroups*
Then it is a group of PROPOSITION 2
and soluble* Therefore it does not
coincide with Gr »

PROPOSITION 4
C<I)

. Let the order
g of a group ft have just n

distinct prime factors. If Φ has
at most π-i non-isomorphic pro-
per non-nilpotent subgroups, <5r is
soluble

PROOF Clearly we may assume
that Gr is p-nilpotent for some

P which is a prime factor of g ,
as is easily seen by virtue of the
proof of PROPOSITION 3. The p-
Sylow complement has clearly at most
n-2 non-isomorphic proper non-

nilpotent subgroups. Now for n*l
Gr is nilpotent. Therefore we

can easily prove PROPOSITION 4 by
induction for n

2. On (C)-groups.

DEFINITION 2. A finite group
is called a (C)-group if every
maximal subgroup of any subgroup has
a prime index.

PROPOSITION 5, A (C)-group is
P -nilpotent for the least prime

factor p of its order» In parti-
cular, it is solubleo

PROOF. Let $ be a group satis-
fying the condition in PROPOSITION
2. If Gr is a (C)-group, then Gr
has a subgroup H of index p as
a maximal subgroup containing Sj
and H is normal since p is the
least. Since H is nilpotent,

SiO-Os SiCQ) is normal in H
and therefore in Gj «> This is a
contradiction.

REMARK 2. Groups of this type
investigated first by 0.ORE* 'and
complemented by G.ZAPPA^andK.
IWASAWA

0
^

We shall refer only to

PROPOSITION 6. A minimal nor-
mal subgroup of a (C)-group has a

prime order Therefore, it has a
chief series each oΓ wnose factors
is of a prime order. The converse
is also true.

PROOF We shall show that Φ
has a normal subgroup of order P,
where |> is the maximum prime
factor of the order of ^ . If
αSi)-Hi ̂  Gr then CCS^Hi has

a normal subgroup of order ft and
clearly this is also normal in # .
Assume that C(S,λH,= Gr Then
φ has a subgroup Π of index
p, as a maximal subgroup contain-

ing ^ • If $>CM)=^e then Π
has a normal subgroup of order %
and this clearly is also normal in
Gr Finally if S,(M)« 6 th n
S»(<τ) is normal in φ and of

order f\ « The remainder and the
converse are obvious.

3. On (LM)-groups.

DEFINITION 3. A finite group
ΘΓ is called an (LM)-group if

every intersection of two distinct
maximal subgroups of any subgroup
is maximal respectively in such two
maximal subgroups.

PROPOSITION 7. An (LM)-group is
p -nilpotent for the least prime

factor P of its order. In parti-
cular, it is soluble.

PROOF. Let Gr be a group as in
PROPOSITION 2. Assume that Gr is
an (LM)-group and we kick out a
contradiction. To do this we use
induction argument. If Sμ is not
minimal normal we take such p
contained in Sp ana consider
Then a contradiction easily tumbles
out. Hence we may assume that Sp
is minimal normal. Further if S%
is not of order % , a maximal
subgroup T of S* is normal in

Gi If we observe Φ / τ >
a contradiction easily tumbles out.
Hence we may assume that S^ is
of order ϊ Then S* and Sj
are maximal in Gr and obviously

S ' ^ S j a e « Since G)* is assumed
to be an (LM)-group, S,, must be of
order £ and Si is normal in Gr
since P< a This is a contra-
diction.

PROPOSITION 8. An (LM)-group
is a (C)-group* The converse is
not true.

PROOF. Assume that every proper
subgroup of Gf is a (C)-grouρ. We
show first that the number of prime
factors of Gr ί M is invariant by
the choice of maximal subgroup M .
In fact, let N be another maximal
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subgroup if any, then Gr Π^ίM =

and Π/>N is maximal in M and N
since Q is (LM), therefore,

M C M Λ N and N M Λ N are prime

whence the assertion is obvious.

Whence H, is abelian Putting
{ } , we consider H, o H,

i S Sthen this contains S
2 S

3
 ,

If there exists no such N
ft

then
ft is cyclic and the assertion

is trivial. Now since (Sj is solu-
ble, φ M is prime and Gr is

(C) . Thus induction completes
our proof

PROPOSITION 9β Let the order of
a group Gi have the following prime
factor decomposition: PtPιPδ or f fc2

where f}>ft>P3 * Then Gf i s a
(C)-group, except the case that

6r Or ^ . Further ft i s a (C)-
group and not an (LM)-group i f and
only i f Hi induces an automorphi-
sm of order £ p3 or β2 into Sj .

PROOF. If Si i s not normal then
ϊt(S,)==Si , therefore, ?^l

(mod ί ) w whence £ = 3 , f>z = Z
and Q- « 01^ Hence Sx i s normal
i f not Q3-tf^ This proves
our f i rs t assertion,, Assume that

Gf i s not isomorphic to OLq.
Now θ i s nilpotent by a theorem
of O OREί 'and i f β + Si or more
generally Gr i s not fully irredu-
cible, then Gr i s clearly an (LM)-
group Further assume that Gf i s
not an (LM)-group Therefore

S4 = 9 Then HL i s cyclic and
is considered as a group of auto-
morphisms of Sj , as i s easi ly
seen. Conversely, assume that this
i s the case. Putting S ^ ί A }
we have H*r\H,=* £ « There-
fore GT i s not an (LM)-group*

REMARK 3 . PROPOSITION 9 was
suggested to the author by Mr. S.
SATO and I g ive him my hearty thanks.
(Cf. S.SA*0<l7} )

PROPOSITION lO Assume that
the order of a group Gr have the
fol lowing prime factor decomposi-
t i o n : IPpff* ( * > £ > £ )
I f Gr i s an (LM)-group, then

S,S2«S,*sz or 3iS3^Six33

PROOF. Assume that the asser-
tion i s true for al l groups of
smaller order. Now θ i s nilpotent
by a theorem of OoORE(lf) and i f

Θ$S, , then S*(e) or Sj(θ)
is distinct from e Further i f

or S3(Θ)=S3 then
or S,S3 = S>xSs

and i f 3^0)^Si then induction
can be applied to &/Sz(θ) and

fS,,S2] or C S,>S3]g S^(θ)
Since CS,,SO and £S,,SJ £ S, , f5r>Sj
or ΓS,,S3D ξ SΛCβ) ^ΛSJ SS t whence

S.S^^S.ΛSi or ^ S J — S . Λ S S ••
Hence we may assume that θ£S,

whence we can easily see that S
z

or 5
3
 is normal in Gj Therefore

S, s
x
 « 5, x S

z
 or S, S

3
 = 5, xS

3

Thus induction completes the proof*

PROPOSITION 11. Let Gr be a
(C)-group whose order g has at
least four distinct prime factors.
If every proper subgroup is an (LM)-
group, then φ is so, too*

PROOFo Let M and N be any
two distinct maximal subgroups of
Gr We have to show that M Λ M

is maximal in M and N . Now
if Π and N are not conjugate
MW=l\ίΠ«= Gr , by a theorem of

O
β
ORE

(<<0
, whence we can easily see

that 6r«M- N ; M Λ N S = prime and
Gr:N= M; M ^ N = prime. Therefore

M ^ N is clearly maximal in
ΓΛ and f\I <» Hence we may assume

that N = M* for some element x
of όί Now let ξ have the fol-
lowing prime factor decompositions:

*,
e<
 fe* P Λ ( R >Pz> ••> Pr

and r ^ 4 ) . If Gr^Π =* ̂  , i > 1 ,
then Gr/Sj 2 Π/S

t
 and *Ksι and

6ir/S| 'S- H, is an (LM)-group,
whence the assertion trivially
holds Hence we may assume that

QrcMsf: ft Now assume that
the assertion is true for all groups
of smaller order. If e,>/ then

S,(M) is normal in Gt and we
can apply induction argument to

<Sr/S,(M) 2 "ΛSjflvj) ̂ d tf/S,(M).
Then we can see that Gr/S£n) is
an (LM)-group whence the assertion
clearly holds. Hence we may assume
that e,= | and put S|=(Λ} and

χ = A o Now PROPOSITION 10 can
be applied to this case: We have

S; = S; except at most one
k (l<k 4 r) , where M^SjS^

•. S
r
 Finally consider S,S

K

and s* Λ S K Since 5,S
K
 ^

s

an (LM)-group, s£ Γ^SK is maxi-
mal in S

κ
 and 5J Hence Λi^N

is clearly maximal in M and N
Therefore PROPOSITION 11 has been
completely proved by induction,

PROPOSITION 12. Let Gr be a
soluble group. Then Gς is a (C)-
or an (LM)-group according to that

Gf/C*, is a (C)- or an (LM)-group.
The converse is also true*

PROOF. First assume that
is a (c)-group We use induction
for the length of the upper central
series* Then we may assume that

Ceo=rC >e . Let Π be any
maximal subgroup of Gr « If M 2C ,
then since Gr/c D M / c is a (CM-
group, SrίMa prime. If M ψ C



then M is normal in Gr and ob-
viously we have G^tt — prime. Next
we assume that Gς/c*> is an (LM)-
group. As above we may assume that
C~=-C 3 C Let M and N

be any two distinct maximal sub-
groups of ή . II M ana N are
not conjugat-e, we have M N « N M - # b y
a theorem of O.ORE

(
*

o)
and easily see

GrCMs: N : M ^ N » prime and
Gr * N = M ;M/\N

β
prime» Therefore

M A N is clearly maximal in M
and N . Hence we may assume that

M and N are conjugate. Then
M and therefore N Z>C $ since

if not we can easily see that M
is normal and M s N which is a
contradiction. Then since
S /c 2^1/(2and N/

c
 is an (LM)-group,

Mr^N is clearly maximal in M
and N «, Therefore induction pro-
ves PROPOSITION 12

β
 The converse

is trivial,

PROPOSITION 13. Let φ be a
(0)- but non-(LM)-group whose every
proper subgroup is an (LM)-group«,
Then ft has a homomorphic image
which is a group as in PROPOSITION
9

β

PROOF, Follow the proof of PRO-
POSITION 11. Let 6f be a group
which satisfies our condition. We
may replace &/C*> for Gr &y
virtue of PROPOSITION 1<2 therefore
we may assume that C = e « Now
the order of has the following
prime factor decomposition:

R* ** tf* or ?* r** C ft > K > h)
and 6r has a homomorphic image
of order p, p

x

β
* f>** or f, *»/*

as is easily seen in virtue of the
proof of PROPOSITION 11. There-
fore we may assume that the order
of ft is j; p/* ffs or ft *»/*
Now 6 T / H , ( Θ ) satisfies the same
condition that φ does

β
 There-

fore we may assume that θ έ Sj β
Hence H, is abelian Now put

S,=τ{Ai and let K be a
maximal subgroup of H

f
 and we con-

sider K Λ K
A
 O Since S

f
K is

an (LM)-group, K ^ K
A
 is maxi-

mal in K * On tne other hand,
it is contained in C « Therefore

HrsK
A
=ze Therefore H, is

of order ?
2
 fe or £

2
 and this

completes the proof of PROPOSITION
13.

Now we shall apply the method,
by which P

β
HALL

t2
° studied comple-

mented (C)-groups, to general (LM)-
groups. And this is proposed by
Mr. MoSUZUKI.

PROPOSITION 14. Let &**$!*&*
be a soluble group. Every maximal
subgroup M , such that tΛ ̂  Gr,
and Gr

z
 > is normal©

PROOF Assume that the asser-
tion is true for all groups of
smaller ordezu And we shall prove
PROPOSITION Ϊ4 by induction. Now
if M^6τ, * e and MrsGt^=e ,
then Gr*= M6r, * Mθr

t
 and φ m ~ ρ

e

where p is a prime factor of the
order of Gr . Therefore 6r/ : β =

^ ί δ ^ ρ
e
 as Grϊ M and, in par-

ticular, ^ is a f» -group.
Hence M is obviously normal in
Gr . Then we may assume that,

for instance, n^<3r = r θ e
Since 2Γt (N,> :> M and ^

 z
 , M,

is normal in 6r Therefore we
can apply induction to
<5r/M, S6r//N,x6r

a
 ^ ^/iV, Hence

M is normal in 6r . And induc-
tion completes the proof of PROPO-
SITION 14.

PROPOSITION 15. If %

z
 are (LM)-groups, then

^Gr, x6ikls so, too.

and

PROOF. Let the assertion be
secured xor groups of smaller
order. And we shall prove PROPOSI-
TION lδ by induction argument

β

First it is trivial that θt is a
(C)-group by PROPOSITION 6. Let
H and N be any two distinct

maximal subgroups of Gt . If
fi and N are not conjugate,

then, M N « N M « G r by a theorem
of 0,0RS

<22
\ Hence φ M «N: M ^ N «

prime and Gr N « M ί M/%N « prime.
If M and N are conjugate, then
M and N contain Gi-/ or Q

x
 by

PROPOSITIOiN 14 and therefore M ^ N
contains Gf, or Gf

2
 > whence it is

clear that M Λ N is maximal in M
and N . Now it is sufficient to
show that every proper subgroup of
Q is an (LM)-group. So we shall

assume that there exists at least
one non-(LM) subgroup in φ let
H be a minimal one. Then every

proper subgroup of H is an (LM)-
group Now we may assume that

<3 , H = G i H = α For if not,
say firiH φ Φ then induction
can be applied to Gt,H~ Gt, x (Gr* /Λ<*,H)

and we see that <3τ,H
is an (LM)-group. Then, of course,
H is (LM) which is a contradic-

tion. Further we may assume that
any minimal normal subgroup L
of Gr which is contained in Gt,
or Gt

τ
 is contained in H « For

if not, it is evident that
JUHΛUZHand Q , or Gt

z
 There-

fore Ti(Hr\L)a*Gr , that is,
H^L is normal in ^

Since H
Λ
L is distinct from

U and since L is minimal,
H/-\L = e β Then induction

can be applied to GT/L, SE Gr//£,xGr
z

2 HL/
L
 ar H and we see

that βr/ι^ is (LM). Then, of
course, HL/L iar H is (LM) which
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is a contradiction. In particular
H contains a minimal normal sub-

group p, which is contained in
Gri or Θr

z
 , say Gt, of order P

t

where p, is the maximum prime
factor of the order of (% : The
existence of P, is secured since
Gf is a (C)-groupo Now as is

easily seen in virtue of the proof
of PROPOSITION 11 there exists a
maximal subgroup M of index P|
in H such that the intersection

M/Λ M
h
 is not maximal in M

or π
h
 * say M , for a suitable

element h of H . Now we may
assume that M contains no minimal
normal subgroup which is contained
in Gr, or Ot

z
 . For if not, in-

duction can be applied and we see
that Π ^ M

h
 Is maximal in M

and Π
h
 which is a contradiction*

In particular, M does not contain
f, . Then 6r,M^Gr,fi Ms=6r,H«6r

Similarly Gr
2
M«• GT Now consi-

der Gt,s\M , then Tt(6r,^M)2 M
and Gk , that is, K CGi^ M)sΓ<5r
and Gr, ̂ M is normal in Gr
Therefore or/'^—e . Similarly

Gf
x
<^ϊΛ*=>t Then it is

easily seen that H^v^Γ/βsP, and
H/^Grz=R where p

2
 is a

minimal normal subgroup which is
contained in Q ̂  of order P

t
 «

Therefore H«rp, f1 - R M
Since H Φ P

Γ
H , C M ) , P

r
H,(M)

is an (LM)-group. Then
S

£
 ( H, (M>>P, β S

£
(H,(M>)X Pi except

at "most only one' L by PROPOSITION
10 Then as in the proof of PROPO-
SITION 11 it is easily seen that

(^M*
1 i s

 maximal in M which
is a contradiction. Therefore In-
duction completes the proof of
PROPOSITION 15.

Lastly we shall analyse a struc-
ture of fully irreducible (LM)-
groups. Since it is evident that
a p -group belongs to this class if
and only if its centrum is cyclic,
we shall treat in the following
only non-P -groups. We however,
contrary to Rail's case, have not
succeeded in writing out a struc-
ture of such groups.

Let Qr be a fully-irreducible
(LM)-group* Then since Gf is a
(C)-group, θ is nilpotent by a
theorem of 0 0RS

u
 . Therefore

θ S Sj by our assumption
where p, is the largest prime
factor of the order of Q and
hence H, Is abelian. Let Q(C(S,))

be a subgroup of C(Sι) which
is consisted by all elements of
order P, of C(Sι) and consider

£(CCS,))*Hι . . Then
it is easily verified that 2(CCS,))
is of order ρ

t
 since if not Gf

has at least two minimal normal
subgroups. Therefore C(Sι) is
cyclic and S» is fully irreducible.
Further it is evident that H

(
 is

considered as a group of some auto-
morphisms of Si and that every
prime factor <l of the order of

H, satisfies the conaitioni
f,sl (mod q). We have used

no fact that Gt is an (LM)-group
in above observation.

PROPOSITION 15. Let 6r be an
(LM)-group and H be its proper
subgroup. If M is a maximal
subgroup of Gt , then M J H or
H Λ M is maximal in H . I n

particular $ (H) Q ψ (Gr) .

PROOF. Let N be a maximal
subgroup of GT which contains
H . If N ~ M then M ^ H .

If N % M , then N Λ M is maxi-
mal in fi and N since Gr is an
(LM)-group. Now induction can be
applied to N , H and N Λ M and
we can see that Nr\M r\ H-M^Hίs
maximal in H Thus induction
proves PROPOSITION 15.

Again let ή be a fully irre-
ducible (LM)-group. Since $ (Gr)
is nilpotent, $(<Sr)|~S,
our assumption. Therefore
and H

f
 is a direct product of

elementary abelian 1 -groups where
9 runs all the prime factors of

the order of H, . Finally let

s«τ; >τo ;>τ
βί
 = e

be a part of principal series of
Gr Then It is easily verified

that H, induces a group of auto-
morphism cf at most prime order into
each Ύc /

τ
.

+l
 C t ** o, ••• , e,-/) ,

Conversely such a group is evident-
ly a fully irreducible (LM)-group.
Such a characterization, however,
is not constructive at all, we
think.

EXAMPLE. Let p be a prime such
that P-ί*!,^... Sπ r where

1. . **, *••
 >
and l

n
 are primes

and T is a positive integer. Let
S be a p -group of order j»

awl

defined by following relations:
[ A J ^ f

Cκ ,^j φ
p or (zi,zί~ι) and

4J =a e . Then, as is easily
verified, s is fully irreducible
and of class 2 Denote by "Π the
subgroup which is generated by

Azi-i and Azi for
i~/,2, -, r\ Then, as is easily

verified, "Q has a cyclic group
Q

iaS
ε{θf} of prime order %

£
 as

a group of automorphisms such that
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and ( m
°

d

group of automorphisms ofc s where
Q

κ
 induces an automorphism of

order ^ into *Tκ in the same man-
ner as above and does an identical
automorphism into TJ, witn /+ k
Let Gr = S-H be a holomorph of

S by H o Then, as is easily
verified, Gx of order \>

11ί¥ί
.% <l

n

is a fully irreducible
(LM)-groupo

(*) Received December 29, 1950.

(ί) I have obtained the following
results during 1947-1948. After I
had accomplished this work, it was
reported that Mr. "A.JOHNES had stu-
died groups of similar type* Yet
his proof is not communicated to me.
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