ON UNIFORMIZING FUNCTIONS
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(Communicated by Y. Komatu)

§1, Let S be a closed Riemann
surface with genus 4 22 , whose
equation is given by S (x.4) =0 ,

S(x, §) Dbeing an irreducible polyno-
mial of degree M in %X and M in

4 . Let fct) and %(t) be mero-
morphic functions in the circle
RRI<KR . If S(f), 3r))=o0 s WO
say that f &) ~and %(t) are unifor-
mizing functions., In this note we will
prove the following theorem:
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where 'L (t, ) and Ttr, 4) are Nevan-
linna’s characteristic functions.

§ 2, The algebraic function can
be uniformized by means of Fuchsian
functions x = X(z) , 4 = ¥(Z) , in
such a manner that in a sufficiently
small neighbourhood of a point Z 1in
the principal circle of the group the
correspondence between the points of
the plsne and the points of § is one
to ona. '
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In this note, by infinity points on

we mean points where X =o , We

suppose that infinity points on § are
not branch points.

(I)o At a branch point (4, 4)= (¢, b)
of order m -1
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where V(x) 18 bounded function in
a neighborhood of the point (a, b) .
Since J(¥) and $.t) are single-
valued functions,
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where fix)=a » $(tay=b

Qgm £0 5 by %o . From (1)
and (2) we get W = [£-t,/*ts (1) .
where §(t) 18 a bounded function in
a neighbourhood of t=1t, ,

(II). At an infinity point on S :
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where (g, ¥0 . From (3) and (4) we
get
(k-4

w= lt-%, S

By Ahlfors’ theorem (An extension
of Schwarz’s lemma, Trans. of Amer,
Math. Soc. 43, 1938) we get the fol-
lowing theorem:

Theorem l. We suppose that infini-
ty points on S are not branch points,
If we put 2 ()= Z (f@4), $(%)) , then

dax
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1-~lz. = OR*-1t1

§ a2, rLet Gy, [\, L)  be harmo-
nic on § , except two logarithmic
singular points at [, and [, and let

I (e, 40 and [} (¢, <2) be branch
points of order 4, -t and %, -1 ,
respectively;

il“‘é (_X%?-_l + bounded fharmonic
* t
function at F‘,

Googp L0y |
Elag |x-C 1+ bounded harmonic
2

function at [,

wo put Gwl’)= G g«

and (T2 r)-—l-[ G, )de,

where & = Tei® ~ o Putting

Gty = GHots %, ) = G0, ) +U .ot 5, 1)
G ) -G wn )= Uk, &0, My,

then 1J(k,x, %, ") and Uttiaf. M2}
are bounded functions in the circle
i < R . Hence we get
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and
(@ maa ) =mora )+ 001,

Iéet ®(a, b) be a branch point of order
-4
7 (+i)g

4-b= 0, (1-(,\)/‘t &y, (X-a) k,,“.,

where a), 4o e

o) -0 = ACk- t) -,

§(t-b = B ct-t,,)” S
where A%o0 , B+0o ., Then we say
that (‘j‘(t), %(%)) takes X (a,b) at t=t,
and M 1s the order at %, , and we

the total sum of
takes « in
We put

denote by M (T,«)
orders which (f), (%))
the circle itls T .
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Ner, oy = f %ﬁ%—m—("ﬂ dr + m(o, ) log x
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and
T (e, )=

Aapplying Green s formula to G(t;d.,dz) »

we get .
) 1_17[_ G, o) do + N (x,8)~ Nx,0,)= C,
From (1) and

where (C is a constant.

(3) we got

T(x,d.,f’)= T(r,o(,, M) +0(1) .

From (2) we get
Ter M)y = T, % [+ o),
Therefore we may use the notatlon
Tir, )= Tcrf 3,,o<) in the place
of T¢r, % § «.[ » Then we have
the following theovem:
Theorem 2.

:lf(r.d.): T’(E»&h o(1).

Let O (a,by) {a=10,2,-+5) be
points on § where X=a , and at &
let k., sheets hang together;

e

y ﬁft = o,
i=1

From Theorem 2
| s
. z—w =,
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= o Temey +0 1),

T $ 4, ) = Mere, PN,

Theorem 3,

'T(T,O‘)=~,;1‘-T(r,f)+o<4)
- Txgy+rom,
§4. Let X = py) ,Y=Vy)

be a birational tranaformation where

(1 4) has x simple poles on S
d ¥(x%) has v simple poles.

l‘hen we get G(X,Y)=0 , where GX.Y)

is an irreduciole polynomial of degree
v  in and » in Y . We sup-

pose that the following conditlons are

satisfied:

(1) X = 9 (% 4) has simple
poles which are not branch points on
1
(II) Infinity points on § are not

branch points and the m values of
at infinity points are represented by
m distinct expansions
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where i=1,2,3 -, M and 0.{ o0 o

On the condition (I). We choose X,
so that ¢ (1,;):){0 has simple roots
oA (v=l2,- ) on § . We put

X Y=Y,
G- (fe), g0)

&, 6) = G,

VXX x
F(t)° FF@)4),

- —t
Flo = Fay-xX, 7

Let X on N be transformed into A
by X = ¢,4)Y=¥(14) and let, A ve
transformed into A, by X =-"x x- ,

Y, = . If we consider (X, D)
in place of (X.Y) , then the c¢on-
dition (I) 1s satisfied and

T G A= TrF LG, A) o) e

On the condition (II). We choose
X, 80 that S («.,4)=0 has m
simple roots . (i=1,2,~-,m) and

<fm,y ) #X f(xo,:;,)(dzf)and
X? = 0—, +a, (x=%,) #-- +Qh(1-a.°) o
where ay o,
£ =

(e 1—Lx, 7 7':7'.
fior- f” PR (At A

Let & Dbe transformed into o, by
L= x=x,, =¥ o If we consider
(X0, %) in place of (%, 4) , then
the condition (II) is satisfied and

Tof. g0y = Ter,fi, $d)+001) o
Under the conditions (I) and (II)

we classify points on § in the fol-
lowing four cases:




(a) poles of X (« 4) i
(b) infinity points;

éc) branch points;

d

) points which are nelther brench
points nor infinity polnts.

Now,

o= girin.gw)), Geo=¢ (fo, go),

Let & be transformed into A by the
birational transformation, then

(TT

[t q0)= T B, G,A) +0u,

In all cases this proposition can be
ensily proved, We will give the proof
only in the cass (c).

Let & (o, b) be a branch point of
order % -1 . Let

7% (?f“/&
X=X, v -a*, '

'F"'(* )y 4

where ©, T0 and by the condition
(I) $ 1is & positive lnteger.

M (x -x

By inversion
As 4-b 13 a regular fu
(x—ayk s, we nave

‘f‘(ﬁ,w\ R (X- ‘()

@) ;
—\/yd, (X=X.) yr--" :

whers E‘L, Qk , and R} ars
regular at f£=0¢ and by the property
of the birational transformation S/p
1s an irreducihle rational number.
Let * Dbe trans d into A(Xc,‘,/o‘z
then A 1=z a '’ point of order
r-1 . We . .
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(3)  Fy-a= 8, o (E-To) - Oz ta) o
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From (l)a {Z
by the defin

Tef a01=T¢

5, Ws suppose that infinity points
are not branch pointa, Let o («=1,2-.%)
be a branch point of order m; ~1 and
B (d=12,—, m) be an infinity pelint.
Applying Gresn's formula te w(t) steted
in 2; we have
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By Theorem 2

& = Ac)
o (}_::(mrt) —.‘Lm) T(Tr“):[41;4r+0($))

%
{z) Z (m;-1) —2m = 24 -2,
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is genus. Prom Theorem 1,
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svom (1), {2) and (3), we have

T(;:,o()é +0(1).

Ap’olying the birational transformation,
“rom the result of 4, we have the
"2llowing theorem,

Theorem 4o,

(1

07 .
T(r,0) = z}- g,{rf o),

“rom Theorems 3 and 4 we have the
7oalowing theorem

Theorsm 5.
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