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In this paper, we shall denote by e
the ildentity element of a group, while
we denote by E the 1dentity group.
And we shall denote by A4(G) the group
of automorphisms of a group G,

Definition 1l.
whose center is E,

Gl'.< G’,( A
satisfying the following conditions;

Let G, be a group
Conslder the chain

< GWL< A

(¥) if there exists G (1 21),

Gg = A(Gi-1);

(2) when
not exist,

G exlsts and Gg¢44 does
A(Gy) = Gi W

Then we shall call this chain the tower
of Gg « If there exists a last term,
say Gpn, of this chain, we shall say
that the length of this tower is n, and
denote G, by G, o Otherwlse we shall
say that the length .of this tower is in-
Linite,

Remark: Wielandt has proved that a
tower of any finite group has a finite
length (cf. Math, Zeitschr., 45 (1939)).

Definition 2. We shall say that a
group G 1s complete 1f (1) the center

of G is E and (11) G =G (i.e,
A(G) = G),
§1. Groups of dihedral type.

Definition 3. We shall say that G
i1s of dihedral type, if (1) G has a
normal subgroup U such that (G : U) =
2, (11) G has an element x of order
2 such that xax = &' for every a e
U and (111) G = U.{x}.

Remark: From this definition, it
follows easily that U 4is an abelian
groupe.

Lemmp 1. Let G be a group of di-
hedral type. Then the center of G 1is
E 1if and only if U (with the notation
introduced in definition 3) has no ele-
ment of order even,

Proof, If U has an element a of
order 2, a 1s contained in the center
of G. In the other case, it 1is clear
that the center of G 1s E,
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Lerma 2, Let G Dbe a group of dihee
dral type with minimal condition on nore

mal subgypoups. L[hen the order of G 1ia
finite,
Proof. This follows readlly from that

every subgroup of U (in definition 3)
1s a normal subgroup of G.

From now on we shall consider only
groups with minimal condition on normal
subgroups if contrary is not expressed.

Proposition 1, ILet G be a group of
dihedral typg. Then G 1is complete 1if
and only if G 1s the syrmetric group
of degree 3 (we shall denote this by Sg).
(Cf, example 2, §4)

Proof, If U (with notation in de=-
finition 3) has an element of order k
(k >3 ) then G has an outer automor-
phism o= such as a” = a® for every
a € U and x% = x (with notations in
definition 3), Therefore, if (U : E)>
3, U 1is of the type (3,3, .va » 3 )u
Then G has outer automorphismsj for
instance, those which permute the basis
of U and leave x fixeds So G must
be S3 . On the other hand, it 1s clear
that S; 1s complete,

§2.

Propesition 2, Let G Dbe a complets,
directly indecompisable groupe. ‘hen
A(GXG) =(GXG) {y} where y* =oe,
y(a, b)y = (b, a) for every (a, b) €
G X Go Furthermore A(C X G) 1is directly
indecomposable,

On A(G X G).

Proof. Let o be an automorphism of
G X G. We set

Hy = {(a, €); (apn, c) = (ba, c)
every (b,c) € (G X E)*} and Hg =
{(e, a); (b, ac) = (b, ca) for every
(b, c) € (6 X E)} . Then we have
(E X G) =Hy X H, ., This implies that
(E X G =EXG or GXE, because G
1s directly indecomposable. If we obsepve
that G 1s complete, we have the first
part of proposition 2,

Assume now that A(G X G) = K XN
vhere M #E N # E, and set

Ky =5 (G X G), E2=N A6 X G).
Then we have (i3 Kg) =2 or M =K, ,
(N s Ky) =2 or ¥ =Kgo If Ke=E,



then N would be contained in the center
of A(G X G). Therefore Kz #¥ E, and
similarly K4 # E. We can assume without
loss of generality that M # K4 , whence
M contains at least one element of the
type (g,, 8¢)% « Then we have

(819 gz,) v (hy, he) = (h1! hz.)(§51t 8207
for évery (h;, hy) € Kz,

This shows that each pair (hy, hz) in
Kq 18 already determined dy one of its
components. Let (hy, hy) 7 e, (hy, hy)

€ Hpo, Then we have hy # e. We choose
an element (1, e) speh that Nyl # 1lhy,
then we have (1, @)™ (h,, h,)-(1, e) =
(1" n;1, hy) € K., This contradicts
with the fact just observed.

Proposityion 3¢ Under the same assump-
tions in propositioms 2, A(G X G) 1is
not complete if and only if G = S5z,

Proofe. If A(G X G) 1s not complete,
A(G X G) has at least one outer automor-
phism o= , whence (G X G) # G X G.
We shall set (GXE)7A (6XG)=H, and (EX c);f
 (GXG)= Ha Then we have ((GXE]:H)=((EXG)

: Hg),= 2 because (alG X G) ¢ (GXG)) =
2 and at least one, whence both, of

Gi's contain some elements which are not
contained tn G X G » And we have that
eadh pair (hy, hg) in Hy is uniquely
determined by one component and the same
for each pair (g4, 82) in Hz (cf. the
proof of proposition 2).

If we set
(a, b) € H},
(a, b) € Hz-}’

Ny X E= {(a, &) € 3X G

N, X B =

we have (G ¢ Ng) = (G ¢ Np) = 2, and
U= Ng A Nz is abelian, If N, # N,
we have G = Ngo.Nz, whence U 1s 1n the
center of Ge This means (G : E) = 4
and G 1is abelian., So we have U = N; =
N,¢ Therefore, proposition 3 follows
from proposition 1 if we observe that
A(S3 X S3) is not complete.

[la, &) €6 X G ;

§ 3, Groups of a special type.

We define K,‘_ (n =1, 2, ecess) by
induction on n. Let K ; be a complete
and directly indecomposable group other
than Sg. If K is already defined,
we 96t K pyg S Ep X En = A(Ky X K“)

... S
= KXKXEX.eeeio XEn

Lerma 3. Let G = H X Kp». where
K1x K1X K;z,x XXX Xqu S.. ‘H <
K@ . Then both H and K« ars invari-
ant by every automorphism of G,

Prcof. Let & be an automorphism of

G, We set

Hy = {h € H; ha = sh for every
(a, b) € HT }

H,={g € K,5 gb = bg for every
(3: b) € Hr}

Then we have K% = H, X Hae If we
observe that K 1s directly indecom-
posable and (H 3 E) < (¥yu: E), we find
that K .. 1is invarliant by o o There-
fore H 1s also invariant by o ,
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Proposition 4,

The tower of K, X
x Kz, X Ks x e e ;

X Ky is given by

Ky X Kg X KoX seo XKn < KX Ko
X Kg X aos X Ky
X Eq < Emngy

Xy

see T Ea X

~f is evident.

& 4. Remarks and examples.,

(1) In order to show that ®for an
arbitrary integsr n, there exists a
group whose length of tower is larger
than n we need not use our above re-
sult. JSimpler methods exist,

(2) We can not conclude the directly
indecomposability of A(G) from that of

Go

Example 1. Let A,q, Som be respecti-

vely the alternating and symmetric g
of degree me. © yrmetrie group

For m4 and m, , where mgq 6,
me ¥ 6, my> 3, my >3 and m, ¥ m, ,
we take x, y from Ssm, and Sm, »
respectively, such as x ¢ A, ,

Yy & Am, and x?* =6, y2=e. If we
set’ G = (Ag X Agy )(x,¥), then G

is directly indecomposable and A(G) =
S.m')( Sﬁlz .

(3) A group with infinite tower length,

Remark: The group in this exam

ple is
of dihedral type and satisfies maximal
condition but not minimal condition on
normal subgroups,



Example 2. Let U e a cycllic group (#) Recelved August 28, 1040,
of infinite order ana lLet x be an ele- i

ment such that x% = e, xax = a~! where

U={a}l . And we set G = U'xls 4{(G) Nagoya University,
is genersted by G and w where w 'aw = ?

e and wxw ! = ax. Then we have w?® = g,

and A(G) ¥ G.








