F. DILLEN, L. VERSTRAELEN AND L. VRANCKEN
KODAI MATH. J.
10 (1987), 261—271

ON ALMOST COMPLEX SURFACES OF THE
NEARLY KAEHLER 6-SPHERE II

By F. DILLEN®, L. VERSTRAELEN AND L. VRANCKEN®™

Abstract

Let M be a 2-dimensional almost complex submanifold with Gauss curva-
ture K in the nearly Kaehler unit 6-sphere S¢(1)* Then, in case K is con-
stant, either K=1, K=1/6 or K=0 [S]. In [D-0-V-V], we proved that for
compact M, if 1/6<K<1, then either K=1 or K=1/6. In the present paper
we prove that for compact M, if 0<K<1/6, then either K=0 or K=1/6.

1. Introduction.

On a 6-dimensional unit sphere S°(1), a nearly Kaehler structure J can be
constructed in a natural way, making use of the Cayley number system [C].
We recall this construction in Section 3. In this paper we study (connected)
almost complex (2-dimensional) surfaces M of S°(1). The basic formulas for
such surfaces are given in Section 4. Let K denote the Gaussian curvature of
M. In [S], Sekigawa proved that, if K is constant, then K=1, K=1/6 or
K=0. In [D-O-V-V] we proved that, if M is compact and 1/6<K<1, then
either K=1/6 or K=1 (this result follows also from the papers [O] and [D],
and the fact that an almost complex surface cannot lie in a totally geodesic
S{1)cS%(1)). In Section 5 we prove the following result, which solves a prob-
lem proposed in [D-O-V-V].

THEOREM. Let M be a compact almost complex surface in the nearly Kaehler
S%1). If the Gaussian curvature K of M satisfies the inequality 0<K<1/6, then
either K=0 or K=1/6.

Examples of almost complex surfaces of S%1) with K=0 or K=1/6 are given
in [S]. The proof of this Theorem essentially uses some integral formulas of
Ros, which are stated in Section 2.
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2. Integral formulas.

Let M be a compact Riemannian manifold, UM its unit tangent bundle,
and UM, the fiber of UM over a point p of M. Let dp, du and du, be respec-
tively the canonical measures on M, UM and UM,. For any continuous function
f:UM—R, one has

SUMfduZSM(SUMpfdup)dp'

Let T be any k-covariant tensor field on M and let V be the Levi Civita con-
nection of M. Then the integral formulas of Ros [R] state that

@.1) SUM(VT)(u, u, u, -, wdu=0
and
2.2) SUM ;} T e, e, u, -, w)du=0,

where {e,}%, is an orthonormal basis of TM, the tangent bundle over M.

3. The nearly Kaehler S%(1).

Let e, ey, ---, e, be the standard basis of R®. Then each point a of R?
can be written in a unique way as

a=Ae+x,

where AR and x is a linear combination of ¢, ---, ¢;. a can be viewed as
a Cayley number, and is called purely imaginary when A=0. For any pair of
purely imaginary x and y, we consider the multiplication - given by

x-y={x, yye,+xXy,

where ¢, ) is the standard scalar product on R® and xXy is defined by the
following multiplication table for e¢,Xe,,

i/k 1 2 3 4 5 6 7
1 0 e —e, @5 —e, e, —e;
2 —e, 0 e e —ey —e, e
3 e, —e, 0 —eq —e, es e,
4 —es —eg e, 0 e, 2, —e,
5 e4 e7 86 "'el 0 “’eg “"ez
6 —ey e, —e5 —e, 2, 0 e,
7 ¢ —e5 —e, e, 2, —e 0.
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For two Cayley numbers a=Ae¢,+x and f=Be,+y, the Cayley multiplication -,
which makes R® the Cayley algebra C, is defined by

a-f=ABe,+Ay+Bx+x-y.

We recall that the multiplication - of € is neither commutative nor associative.
The set €+ of all purely imaginary Cayley numbers clearly can be viewed as a
7-dimensional linear subspace R” of R®. In €, we consider the unit hypersphere
which is centered at the origin:

S ={xeC:|<x, x>=1}.

Then the tangent space T,S° of S%1) at a point x may be identified with the
affine subspace of €, which is orthogonal to x.
On S%1) we now define a (1, 1)-tensor field J by putting

J.U=xXxU,

where x=S%1) and U=T,S® This tensor field is well-defined (i.e., J,U<T.S%)
and determines an almost complex structure on S%1), i.e.

J=-Id,

where Id is the identity transformation ([F]). The compact simple Lie group
G, is the group of automorphisms of € and acts transitively on S¢1) and
preserves both J and the standard metric on S%1) ([F-IJ).

Further, let G be the (2, 1)-tensor field on S°1) defined by

3.0 GX, V)=(Vx))Y,

where X, Y €2(S®) and where V is the Levi Civita connection on S%1). This
tensor field has the following properties:

(3.2) G(X, X)=0,

3.3) G(X, Y)+G(, X)=0,

(3.4) GX, JY)+JG(X, Y)=0,

(3.5) VxG)Y, Z)=<Y, JZyX+<X, Z>]Y —(X, Y>]Z,
(3.6) G(X, Y), Z)+<G(X, Z), Y>=0,

3.7 (G(X, V), GZ, Wy=(X, ZXY, Wy)—X, WXZ,Y>

where X, Y, Z, Wex(S% ([S], [G]). We recall that (3.2) means that the
structure J is nearly Kaehler, i.e. that VX 2(S%: (Vx/])X=0.
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4. Almost complex surfaces of S¢(1).

A submanifold M of the nearly Kaehler S%1) is called almost complex if
JT,M)ST ,M for every pe M, where T,M denotes the tangent space to M at
p. On an almost complex submanifold the almost complex structure of S¢1)
naturally induces an almost Kaehler structure, which we also denote by J.
Therefore any almost complex submanifold must be even-dimensional. Gray
[G2] showed that there are no 4-dimensional almost complex submanifolds in
S8(1).

In the following, M always denotes a (2-dimensional) almost complex surface
of S%1). It is clear that the almost Kaehler structure J on M actually deter-
mines a Kaehler structure with respect to the induced metric. The Levi Civita
connection of M will be denoted by V.

The formulas of Gauss and Weingarten for M in S%1) are respectively
given by

VY =YY +h(X, Y)
and
Vxé=—A:X+Dxé,

where & is a local normal vector field on M in S%1) and X, Yex(M). his
called the second fundamental form, Ae a second fundamental tensor and D the
normal connection of M in S*(1). h and A are related by

whereby <, > denotes the metric on S%1) as well as the induced metric on M.
From these formulas, it follows easily that

4.1 h(X, JY)=]nX,Y),
4.2) Aye=JA:=—A:]

and that

4.3) Dx(JO)=G(X, §)+/DxE.

We recall that M is nunimal, as follows from (4.1). The equation of Gauss is
given by
K=1-2|lh(v, v)|?,

where K denotes the Gaussian curvature of M, and v is a unit vector tangent
to M.

The equation of Codazz states that
(Va(X, Y, 2)=(Nm)(Y, X, Z),
where X, Y, Z€x(M) and Vh is defined by
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WX, Y, Z)=Dxh(Y, Z)—h(NxY, Z)—h(Y,VxZ).
The equation of Ricci is given by
RPw, J0)§=2(Kh(v, Jv), &k, v)—<h(, v), &k, Jv)),

where v is a unit vector tangent to M, & is a normal vector field, and R? is
the normal curvature tensor corresponding to the normal connection D, i.e.
RP(X, Y)=[Dy, DY]_DEX.Y]-

The second and third derivative V*h and V*h of h are defined by

(v?h)(X, Y’ Z’ W):DX(Vh)(Yy Z: W)_(Vh)(vXYy Z} W)

—~(NW(Y,NxZ, W)—(NW)Y, Z, VxW),
and

VR X, Y, Z, V,W)=Dxy(\N*W)Y, Z,V, W)—(N*h)(NxY, Z,V, W)
—(ChY ,NxZ, V, W)=Y, Z, NV, W)
—(V)(Y, Z,V,VxW).
Then we have the following Ricci identities:
VXX, Y, Z, W)=(V*h)(Y, X, Z, W)+ RP(X, Y)h(Z, W)

—h(R(X,Y)Z, W)—h(Z, R(X, V)W)
and

(VRX, Y, Z, V, W)=Y, X, Z, V, W)+ RYX, Y)NI(Z,V, W)
—(VR)(R(X, Y)Z,V, W)—(h)(Z, R(X, Y)V, W)

5. Proof of the Theorem.

In the following v always denotes a unit tangent vector at some point p
of M, and also a unit local vector field around p such that V,u=0 at p.
LEMMA 1. (a) (YA)(v, Jv, v)=]J(Nh)(v, v, 1)+ G, h(v, V).
() (h)(Jv, Jv, Jv)=—h)(Jv, v, V).

LEMMA 2. (a) (V*h)(, Ju, Jv, v)=—(N?h)v, v, v, V)
) (*R)(Jv, v, Jv, v)=—2h)w, v, v, V)+EBK—=Dh(v, v).
©) (Vh)(Jv, v, v, v)=2h)w, Jv, v, vV)+(1—3K)h(Jv, v)
@ h)w, Jv, v, v)=J(V2h)v, v, v, V)+2G, Nh)(V, v, V))
—Jh(v, v).
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Proofs.
1(a). We know that

(Vh)(w, Jv, v)=Dyh(Jv, v)
=D, Jh(v, v)
=G(v, h(, V))+]Dyh(v, v),
where we have used (4.1) and (4.3).

1(b) and 2(a) follow straightforwardly from the minimality of M.
2(b) and 2(c). From the equations of Gauss and Ricci and the Ricci identities it
follows that

(V2R)(Jv, v, Jv, v)
=(Vh)(v, Jv, Jv, v)+RP(Jv, v)h(Jv, v)—h(R(Jv, v)Jv, v)—h(Jv, R(Jv, V)V)
=(Vh)(w, Jv, Jv, v)—(1—K)h(v, v)+2Kh(v, v)
=—N\h)w, v, v, v)+BK—1)h(v, v)
and
(V2R)(Jv, v, v, v)=2h)(v, Jv, v, V)+RP(Jv, V)h(v, V)—2h(R(Jv, V)V, V)
=Nh)w, Jv, v, v)+1—=3K)h(Jv, v).

2(d). From 1(a), (4.3), (3.1) and (3.5) it follows that
(V2h)(v, Ju, v, V)=D,(h)(Jv, v, v)
=D (JVh), v, v)4+G(v, h(v, v)))
=G, Vh)(w, v, v))+JN?h)v, v, v, v)
+V.6)w, A, V)+Asw, v +G 0, (T, v, 1))
=J(V*h)(, v, v, v)+2Gw, Nh)w, v, v))—]Jh(v, V),

since Agcw, neo =0 because G(v, h(v, v)) is perpendicular to im(h) (which is a
consequence of (3.2), (3.4) and (3.6)). m

LEMMA 3. x-K=—4(h)(x, v, v), h(v, v)).
Proof. This follows directly from the equation of Gauss. M
Define covariant tensor fields Ty, T, and T, by

Ty Xy, Xey X5, Xo)=<h(Xy, X,), h(Xs, X0)),

T2(Xl7 Xz, e, X, Xs)=<h(X1, Xs), h(X,, X)><h(Xs, Xe), h(Xq, Xs)>
and
TS(Xlr XZy A XG’ X7)=<(V2h)(X1; XZ; X3y X4)’ (Vh)(XS; XG’ X7)>-
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Since the measure of UM is invariant with respect to J, the first integral
formula of Section 2 implies that

6. [, TT0@, v, 9,0, 0, D+@TI o, Jo, o, Jo, Jo, J)=0
and
G2 | T, 0, -, D@ TI, Jo, Jo, -, Jo)=0

and the second integral formula implies that
3 [T, 0,0, )FATYJo, Jo, v, -+, 1)=0.
By Lemma 1 and 2 we know that
(VZTI)(U; v; Tty v)+(v2T1)(]U! ]1), Ty ]U)
=2{(V*h)(v, v, v, V)+(*h)(Jv, Jv, v, V), h(v, V)>
+2|(VR) (v, v, VP2 (VR Jv, v, V)|?
=2@K—-Dllh, v)*+|J( )@, v, v)+(Th)(Jv, v, V)|?
+IVRY(Jv, v, v)—=J R, v, V)|
=QBK-1)A—-K)+2J ), v, v)+G, A, )II*+IGw, A, V))|?
=Q@K-D1—K)+s@)+ |, v)|?
=0BK-1/2)01—K)+s(@),

where we have used the Gauss equation, the parallelogram law, and (3.7), and
where we have put

(5.4) s)=|2J(Vh)(v, v, v)+ G, h(v, v))|?2.
Then (5.1) yields

5.5) SW(I—K)(SK—I/Z)+SUMs(v)=O.
Note that, if 1/6<K<1, (5.5) implies K=1 or K=1/6.

Again by Lemma 1 and 2, we obtain similarly that

VT, v, -, )+ *TH(Jv, Jv, -, Jv)

=8((Vh)(v, v, v), h(v, V)>*+L(VR)(Jv, v, v), h(v, 1))?)
+4llh, V)IIVAQ@, v, I2+IVA(JY, v, V)]%)
+4| kv, V)PP, v, v, V)+(*A)(Jv, v, Jv, v), h(V, V)))
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=81()+1—K)(s)+ 5 (1—K))+ @K~ DA~ K"
=8t()+(1—K)s()+(1—K)*BK—-1/2),
where we have put
t)=<(Vh)(v, v, v), h(v, V)>*+(VR)(Jv, v, V), h(v, V))".
Then (5.2) yields

(5.6) SUM(1—~K)2(3K—1/2)+SUM(1—K)s(v)+SSUMt(v)=O.
Subtracting (5.5) and (5.6) implies
G.7) BSUM(I—K)(I/G—K)K-—SUMKs(v)—i—SSUMt(v):O.

Finally we know that
(5.8) NT)w, v, v, -, V+NTHJv, Ju, v, -+, V)
=<{(V*h)(v, v, v, v, V)F+N*R)(Jv, Jv, v, v, v), Vh)(V, v, V)>
+HI(VR)©, v, v, VIP+IV*L)(Jv, v, v, VII®.
={(V¥h)(w, v, v, v, V)FNHR)(Jv, Jv, v, v, v), Vh)(V, v, V)

+ 2 UT R, v, v, VTR, v, v, DI

+ 5 TR, v, v, )= JTh@, v, v, V.
Next, we need some more lemmata.

LemMA 4. (V*R)(Jv, Ju, v, v, v)+(PR)(v, v, v, v, V)
=14 h)(Jv, v, v), h(v, V)>R(Jv, V)
—14&(Rh)w, v, v), h(v, V)>h{, V)—2—9IK)(Vh), v, V).

Proof.
By Lemma 1, 2 and 3, we know that

(5.9 (V2h)(Jv, Jv, v, v, V)=Ds(N2h)(Jv, v, v, V)
=D (VA (, Jv, v, V)+1-3K)h(Jv, v))
=(V*n)(Jv, v, Jv, v, vV)—(1—=3K)(Nh)v, v, v)
+12<(VR)(Jv, v, v), h(v, V)DR(Jv, V).

Using the Ricci identities, the equation of Ricci, and Lemma 1, 2 and 3 we
also obtain that
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(3.10) N*R)(Jv, v, Jv, v, V)

=(*h)(w, Jv, Jv, v, v)+RP(Jv, vV)VA)(Jv, v, V)
—(h)(R(Jv, v)Jv, v, V)—2(Nh)(Jv, R(Jv, v)v, v)

=Dy(V*h)(Jv, Jv, v, v)+2<h(, v), (VA)(Jv, v, V)>R(Jv, V)
—2{h(Jv, v), (Vh)(Jv, v, V)>h(v, V)+3K(Nh)v, v, v)

=—N2h)(, v, v, v, V)—12{(Vh)(v, v, v), h(v, V)>h(, V)
+@BK—-1)(NVh)w, v, v)+2{h(, v), V) Jv, v, v)>h(Jv, V)
—2{h(v, v), (VA)W, v, V)>h(, v)+3KNR)(V, v, V)

=—(h)(v, v, v, v, V)—14{h(v, v), (Vh)(v, v, V)>h(V, V)
+2<h, v), VR)(Jv, v, V))h(Jv, V)+(O6K—1)(Nh)(v, v, V).

The combination of (5.9) and (5.10) yields the proof of this lemma. m
LEMMA 5. ”(vzh)(]l), v, v, U)"‘](Vzh)(v, v, v, 'U) ”2
=4[[(Vh)(w, v, v)ll2+—g—K2(l—K)+12K<G(v, h(, v), JNR) (W, v, V)).

Proof‘ ||(v2h)(]'l), U, U, U)'—](Vzh)(v, U: v’ 'I})“2
=[2G, (Vh)(@, v, v))—3Kh(Jv, v)|*

=4|(Th)w, v, v)ll*+%K2(l-—K)—12K<G(v, Vh)w, v, v), h(Jv, )
=4[(TR, v, DI+ K1~ K)+12KGw, b, v), TR, v, ),
where we have used the equation of Gauss, Lemma 2, (3.4), (3.6), (3.7) and (4.1).
Lewwa 6. @ 4f KITh@, v, v)|[2=SUMKs(v)+%—SUMK(I-K).
(b) 4SUMK<G(1}, h(w, v)), JOR), v, v)>+SUMK(1—K):O.
Proof. Since J preserves the measure of UM, we know that
|, K10, v, 0={  KI@n)o, Jo, Jo)IP.

Consequently,

4], KT, v, 1= _KITHE, v, I+20TRp, v, VI)

=, o+, KK,
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which proves (a).
On the other hand, we have that

[, K1), v, 0)I°
={, KD, v, I
=, KT, v, v)+G, hv, I
S KI(Wh)w, v, v)* +2S KR, v, v), G, hv, v))

1
+ 5, A FOK,
which proves (b). m

Integrating (5.8) and using (5.3), Lemma 4, 5 and 6, we obtain that

0=—14{ TR, v, ), b, 0 +T, v, ), hE, 1))
=[N, v, VI*
5 N, v, v, D+ IR, v, v, D
+2{ IR, v, o+ | K-S Ka-)

- ——14Svﬂt(v) + %SUMKS(U) + —Z_SUMK(I —K)(K_'_ —% o _z’_).l- %Smf@) :

Thus we find that

where we have put
r)=1(V*h)(Jv, v, v, V)+J L), v, v, V)|*.
Adding (5.11) and (5.7) implies
16 2
(5.12) 25 K(1— K)(——K)+ g SUMt(v)+§SUMr(v)=0.

If we suppose that OSKSE, then all terms on the left hand side in (5.12) are

non negative, and consequently zero.
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In particular we obtain that

[ i)

Since K(l—K)(% —K) is a positive function under the assumption ogKgé,

it follows that either K=0 or Kzé.
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