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1. Introduction. The space BMOA is one which lies between the space
AB of bounded analytic functions and the Hardy class H, for any p>0. In this
paper we are concerned with BMOA for general domains and investigate the
inclusion relations among the null classes Oz, Opyo4 and O, of plane domains
corresponding to these spaces.

The space BMO of functions of bounded mean oscillation was first introduced
by John and Nirenberg [7], in the context of functions defied in R*. Since then
several people [1, 3, 5] investigated the space in various contexts and noticed
that BMO has deep connections with conjugate harmonic functions and the dual
of Hardy class H,. We state the definition of BMO for functions defined on
the unit circle 7. Let u be an integrable function on 7 and [ be a subarc of
T. We denote by u, the average of u over I, that is,

_ 1 it
U;= 7] Slu(e )dt,

where |I| denotes the Lebesgue measure of /. We say that u is of bounded
mean oscillation, u< BMO, if

1 by __
Sl}p—mgllu(e V—1y|di< 400,

where the supremum is taken over all subarcs ICT. We denote by BMOA the
set of functions in BMO whose Poisson extensions to the unit disc D are analytic.
It is known that BMOA can be defined in an equivalent way which makes it
conformally invariant.

Let f be an analytic function in D. We use the following notations :

lo=sup (5[ 15 rena)"”,  0<p<oo,

0<r<1 0
1.1) Hy(D)y={f: f is analytic in D and |f|,<+oo},
and

T()=sup o "log*| f(re)] 0.

0<r<1 4T JO
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It is known that for f analytic in D the following are equivalent (see, for
example, [1] or [4]):

(a) feBMOA;
, 1—az .
o gl e 2 gy <

(¢) fle)=fiz)+ifs(z), zeD, for some f; analytic in D with Re f;€ HB(D) for
7=1, 2, where HB denotes the space of bounded harmonic functions;

(d) sup

aEeD

f(lz_:_gz)—f(a)up<+00, for every p>0;

f(lz:;)—f(a)Hp<+OO, for some p>0;

(e) sup

a<€D

) s T(f(EEL) @) <+oo.

aED 14az

In Section 2 we define BMOA for general domains and state several equi-
valent conditions. In Section 3 we deal with a classification problem of plane
domains for BMOA.

2. BMOA for general domains. Following Metzger [10], we defie BMOA
for general domains by using a similar condition to (). Let G& O (i.e. G
possesses Green’s function) be a domain in the extended complex plane S. We
denote by BMOA(G) the space of functions f analytic in G for which

@ sup({ 17/@)1%8(z, adxdy<too,

where g(z, a) denotes the Green’s function of G with pole at a.

Note that the condition (c) is not equivalent to (2.1) in the case where G is
not simply connected. As for conditions (d), (¢) and (f), however, we can con-
sider similar conditions for a general domain G, which are equivalent to (2.1).
Let S(G) denote the class of functions subharmonic in G, and following [9], for
ueS(G) we denote by # the least harmonic majorant of u in G, where we set
fi(z)=-+o0 if u admits no harmonic majorants.

THEOREM 1. For f analytic in G, the following are equivalent :
(i) feBMOAG);

(ii) sup fia(a)<-+oo, where uy(z)=|f(z)—f(a)|?, for any p>0;
(iii) i‘é‘é fia(a)<+oo, where uy(z)=|f(z)—f(a)|?, for some p>0;

(iv) itégﬁa(a)<+0°, where uq.(z)=log*|f(z)—f(a)|.
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In order to prove the theorem, we need two lemmas, one of which is proved
by using Green’s theorem, and the other was essentially proved by Rudin [11,

p. 48].

LEMMA 1. For f analytic in G and a<G let u,(2)=|f(z)—f(a)|? then
2.2) Sgayf/(zwg(z, a)dxdy=-4(a).

Proof. Let ._Q be a plane domain with smooth boundary and let » and v be
C? functions on 2. Then Green’s theorem states that

ou ov
(2.3) SSQ(vAu—uAv)dxdy —gag<v5ﬁf—u3;>ds s
where A denotes the Laplacian, 5’% is differentiation in the outward normal
direction, and ds is the arc length element on 02.
Let {G,} be a regular exaustion of G suchthat a=G, for n=1, 2, ---. We

apply (2.3) with u(z)=|f(z)—f(a)|®> and v(z)=g.(z, a) in the domain obtained
by delating from G, a small disc centered at a, where g,(z, a) denotes the
Green’s function of G,. Noting Au=4]|f’(z)|?, we see by a simple calculation

2 .

[, 17 @1t adray=imZ([ | 7@ adxdy
T 1 273gn(2, )
=timy {1/ — @52 as
=t.(a).

R PN
LEMMA 2. Let © be a universal covering map of G, then fex=jem for any
fes@G).

Proof. Since few is a harmonic majorant of fox, we easily see that fex
=forx. We must show the inverse inequality. Let I be the cover transformation
group under which n is invariant. Since femeT is a harmonic majorant of
fereT=f-r for every Tl, we see j(/«=7r§f/°7r°T. By composing 7' from
right, we obtain the inverse inequality f/o;g f/>T Thus we see that f/? is
invariant B@er I'. Therefore we can define a single-valued harmonic fggction
in G by femex~!, which is a harmonic majorant of f. Then we see that femox~!
>7, and hence for=fer, as asserted.

Proof of Theorem 1. By Lemma 1 we see that (2.1) and (iii) with p=2 are
equivalent. In paticular, we see that (i) implies (iii) and that (ii) implies (i). It
is obvious that (ii) implies (iii) and that (iii) implies (iv), since log*t=<t?/p for
any t>0 and p>0.
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All we must prove is that (iv) implies (ii). Suppose that (iv) holds and let
p be fixed with 0<p<co. Let g=fox and gob(z)z(z—i—b)/(l—l-I;z) for beD. Let
Klz‘szlégﬁa(a), where wu.(z)=log*|f(z)—f(a)|]. For every beD, set vyz)

=log*| g(2)—g(b)|, and a==r(b), then we see by Lemma 2

T(o(-5 ) 8®)=Grg(0)

=(05°¢5)(0)
’—“@o(b)

S
=(uqem)(b)
=(@Lq°m)(b)
=i.(a)=K,,

since u,°w=v,. Therefore we see that g satisfies the condition (f), and hence
(d), since these conditions are equivalent for functions analytic in D as mentioned
in the introduction.

Let Kzzsbtelg|lg((z—l—b)/(1—|—53))—g(b)Ilp. For fixed a G, let uy(z2)=|f(z)— f(a)|?

and take a point b= D such that a==(b), then we see again by Lemma 2
ita(a)=(lg°m)(b)
S
=(ugeom)(b)
:ﬁb(b)
:(ﬁb"SOb)(O)

P

:(L’b°§0b)(0)
_|| (ztb
‘ ( 1+bz )
where vy(z)=]g(z)—g(b)|?. Therefore f satisfies (ii), as asserted.
From the proof of the theorem we obtain

<K§’,

COROLLARY. For f analyticin G, f€ BMOA(G)if and only if fox<=BMOA(D).

Remark. Metzger [10] essentially proved the corollary in the way to showing
AD(G)C BMOA(G), by using Myrberg’s theorem, but (the author thinks that)
our proof is rather elementary. Here AD(G) denotes the space of analytic
functions with finite Dirichlet integrals in G.
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3. Classification of domains. Let AB(G) denote the space of all bounded
analytic functions in G, and H,(G), 0<p<oco, the Hardy class, denote the space
of analytic functions f for which | f|? admits a harmonic majorant in G. Note
that when G=0D this definition is equivalent with (1.1). We denote by O p
(resp. Ogyoa, Op) the set of all plane domains G for which AB(G) (resp.
BMOA(G), H,(G)) contains only the constants. By Theorem 1 we easily see that

AB(G)YCBMOA(G)CH,(G),
for any G and any »>0, and hence

(3.1) 0452051042 \J O,.
0<p<on

In this section we deal with a classification problem which asks whether the
inclusion relation in (3.1) are strict or not. We denote by the sign of inequality
> a strict inclusion relation, and by Cap(FE) the logarithmic capacity of a
compact set E.

THEOREM 2. 045> Opyos> \U O,
0<p<ee

Proof. 1In order to prove O,5>Ogyo4, W€ must construct a plane domain
G for which AB(G) contains only the constants while BMOA(G) contains a
nonconstant function. Let A be a compact totally disconnected set with 0& A
which lies on the interval [—1, 1] such that Cap(A)>0 but of linear measure 0.
For example, we can take as A a Cantor ternary set which is constructed on
the interval [—1,1]. Let E, n={z+4n+4mi:z= A} for every integer n and
m, and E=\Jy n--wFn n. Finally let G be the complement of E, G=C—E,
then G is a plane domain with 0=G.

We easily see that E is removable for 4B functions, since it is a countable
union of sets of linear measure 0, and hence G0, 5 To show G& Ogyoas, WE
prove that f(z)=z belongs to BMOA(G). This follows from a deep result on
BMOA and omitted values by Hayman and Pommerenke [5], but we give
another proof so as to make this paper self-contained. Let F=\J5..FE,, where
E,={z+4n:z= A}, and G,=C—F. The author [8] used the following lemma
for H, classification.

LEMMA 3. For every p with 0<p<]1, f(z)=z belongs to H,(G,).

Proof. By a theorem of Kolmogorov [2, p. 57], every analytic function g
for which |Im g| admits a harmonic majorant belongs to H, for 0<p<1. There-
fore it is sufficient to prove that |Im z| admits a harmonic majorant in G,. Let
% be the bounded harmonic function in G;N\{z:Im z<2} with boundary value 0
on F and 1 on the line {z:Imz=2}. Since Cap (F)>0, we see that X is non-
constant. Since [ is invariant under the translation ¢(z)=z--4, sois X. There-
fore we see that
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sup{X(z) : Im z=1} =max {X(z) : Imz=1, —2=<Re z=2}<1—-¢
for some ¢ with 0<e<1/2, and hence we see
(3.2) e N(z)+2=Im z-+¢"?,

on the line {z:Imz=1}. Since (3.2) holds in equality on the line {z:Imz=2},
we see that (3.2) holds in {z:1<Im z<2} by the maximum principle. We define
a positive function s in G; by

Imz+4¢t if Imz=2,
(3.3) s(z)=

e X(z)+2 if Imz<2.

If we can prove that s is superharmonic in G;, we see that s(z)+s(Z) is a super-
harmonic majorant of |[Imz|. Since |Imz| is subharmonic, we easily see that
|Im z| admits a harmonic majorant in G, by the Perron’s family argument.
Therefore it is sufficient to prove that s is superharmonic on the line {z:Im z=2},
since s is harmonic off the line. Fix any z, with Im z,=2 and » with 0<r<1,
then we see by (3.2) and (3.3)

s(zo)=Im z,+¢7*

:igz"‘(lm (zotrei?)+e1)do
27 Jo

gi(&’:(lm (zo+refﬁ)+s-1)dﬁ+Si"(e-luzo+re”>+2)dﬁ)

i

1 (e .
fS s(zo+rei®dd ,
27 Jo

and hence s is superharmonic at z,, as asserted. This completes the proof of
the lemma.

Let p be arbitrarily fixed with 0<p <1, and put u.(z)=|z—a|? for a=aG.
By Lemma 3 we see that u, admits a harmonic majorant in G, since GCG,.
Let w=4n-+4mi, where m and n are integers, then we see that

Ugro(2)=U(2—0) S (2—w)

for z&G, since G is invariant under the translation ¢(z)=z-+w. Therefore we
obtain
flaro(2) Sl z—w),
and hence
(3.4) Naro(a+w)=0(a).

By putting a=a—w and then w=—w in (3.4), we obtain the inverse inequality,
and hence

(3.5) Narola+w)=1,.(a),
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which means that #@,(a) is invariant under the translation ¢(a)=a+w as a
function of a. Since u,(2)=22(|z|?+|a|?)=2P(u,(2)+]al|?), we see

(3.6) fa(a)=2%(0e(a)+]al?)

for every a=G. Let Q={z:|Rez|<2, |Imz|<2} and M:rré%g fo(z). If we
define
min (24(z), M) for zeQNG,
U(Z)::

fo(2) for zeQ°NG,

then we easily see that v(z) is a superharmonic majorant of u.(z), since u,(z2)=M
for zeQ by the maximum principle. Therefore we see that

3.7 n(2)=Sv(z) =M
for zeQNG. By (3.5), (3.6) and (3.7) we obtain

sup @q(a)= sup dq(a)
[t aERNG

=27 sup (@(a)+|al?)
acsQNG
=2°(M+-8'127) L 40,

which means that f(z)=z satisfies the condition (iii) of Theorem 1, and hence
f(z)=z belongs to BMOA(G) by Theorem 1, as asserted.
Next we prove Ogyos> \J O,. For this we must construct a domain G
0<p<o0

for which BMOA(G) contains only the constants while H,(G) contains a non-
constant function for every p with 0<p<co.

It is known that 0,>0, if p>¢=1 ([8]). Let E, be a compact totally
disconnected set which satisfies

(3.8) S—E:€0441—04.

Since the condition (3.8) remains unchanged if E, is mapped by a parallel
translation or a homothetic transformation, we can take E, so that F, is con-
tained in the disc {z:|z—4%|<1} for k=1, 2, --. Let E=\U,E, and G be
the complement of E, G=C—E. It is trivial that Ge& 0, for every p»>0, since
GCS—E, for k=1, 2, ---.

In order to prove G&Ogyps, wWe suppose f<BMOA(G) and show that f is
constant. Since BMOA(G)CH,(G), f belongs to H,(G) for every p>0. There-
fore we see that every point on E, is removable singularity of f, and hence f
is analytic in the whole complex plane C. Then f can be expressed as a Taylor
expansion

(3.9) f)= mii}ocmzm
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for zeC. Let

(3.10) Gio={z: |z| <3-4%} —{z: |z—4*%| <4*%}
and g.(z2)=g.(z, —4*) be the Green’s function of G, with pole at —4* for
k=0, 1,2, ---. Since G,=4*G,={4%z; z=G,} by (3.10), we see
g1(2)=go4 *2)
and
A -k
(3.11) 0842 _ 4. 08047°2)
on on
for z€0G,, where *5% denotes differentiation in the inward normal direction.
Let uq(2)=|f(z)—/(a)| for a=G and write a,=—4% If we put
e:minigt’—(ﬂ>0,
2€0G on
then we see by (3.11 that
0g1(2) S gke

on

on 0G,. Therefore we see

ta(anZoe|, 110 f(an | A2 4z

T JoG
S Y CR PRI
= 2r 1z1=3-4% k i
since G,CG for £=0, 1, 2, ---. Since f satisfies the condition (iiij of Theorem
1 with p=1, we see that
1
(3.12) 3=\ W@ @] 1dz] s45C
T Jlzi=3-1

for some constant C. It is well known that the coefficient ¢, in the expansion
(3.9) is expressed as

N S (O
(3.13) n= 2m.5m=R Lz
_ 1 S S@—fay) .
271 Jizi=R zmtl “
for m=1, 2, ---, where R is an arbitrary positive number. Putting R=3-4* in
(3.13) and using (3.12), we obtain

1 | f(2)—f(aw)|
JCnngz—{SKZngk (3’41;)7,‘_”

gC/(BmH 4km) i

|dz
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Letting k—co, we see that ¢, =0 for m=1, 2, ---, and hence f is constant, as
asserted. This completes the proof of the theorem.

4. Concluding remarks. It is easily seen that the null class of plane
domains corresponding to the space of analytic functions which satisfy the
condition (c) coincides with O4s. In fact, if G0 5 and if a function f analytic
in G is expressed as f(z)=f(2)+if.(z), z=G, with Re f;€ HB(G) for j=1, 2,
then g;(z)=exp f,(z) belongs to AB(G). Therefore g; is constant and so is f;
for j=1, 2, and hence f is also constant. (cf. [5, p.2207)

Let E be the set which we used to prove O 3>0gyo4 Let F=log(E),
the image of E under all branches of log, and G=C—F. Then we easily show
that G€0,45—03suos and that f(z)=e® belongs to BMOA(G). Therefore we
can construct a plane domain G€O0,3—0pgyos which does not satisfy the
geometric condition of Hayman and Pommerenke’s theorem [5] and for which
BMOA(G) contains a function with exponential growth.

Let G be the domain which we used to prove OBMOA>0<%4°°OP. By modi-

fying somewhat our proof, we can also prove that if fe H,(G) and f is analytic
in the whole plane C, then f is constant.
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