(©2021 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 73, No. 1 (2021) pp. 161-183

doi: 10.2969/jmsj/83258325

Existence of sign-changing solutions for p(x)-Laplacian Kirchhoff
type problem in RY

By Zifei SHEN, Bin SHANG and Chenyin QIAN

(Received Sep. 7, 2019)

Abstract. The p(z)-Laplacian Kirchhoff type equation involving the
nonlocal term beN(l/p(m))\VuW(z)dx is investigated. Based on the vari-
ational methods, deformation lemma and other technique of analysis, it is
proved that the problem possesses one least energy sign-changing solution
which has precisely two nodal domains. Moreover, the convergence property
of up as the parameter b\ 0 is also obtained.

1. Introduction.

In the past decades, the study of parabolic and elliptic equation involving p(x)-
Laplacian has attracted great attention due to its extensive applications in the elec-
trorheological fluids [19], elastic mechanics [26] and others various fields, and we refer
to the results of the parabolic p(z)-Laplacian equation (see [8], [15]), the elliptic p(z)-
Laplacian equation (see [2], [6]) and the reference therein. Recently, people are interested
in study of the p(z)-Kirchhoff elliptic problems and obtain the existence of solution or
multiple solutions for the equations, such as [1], [4], [7], [17] and so on. In fact, the
initial model of p(z)-Kirchhoff type problems is firstly presented by Kirchhoff [16]:

2 L 2 2
0u <po = daj) % =0, (1.1)

Po ~\n T3,
where p, pg, h, E, L are constants. This model is the extension of the classical D’Alembert
wave equation, which considers the change in the length of the string when vibrating.
The problem (1.1) can be studied under several physical and biological systems, and
we refer readers to [5], [14]. The purpose of this paper is to consider the existence of
sign-changing solutions for variable exponent Kirchhoff type problem in RV with N > 2,

Ju
ox

namely,
1
‘(“*b/ Npm'w(”dw)Ap<z>u+v<m>|u|p<m>—2u=f<w,u>, veRY, (R
R

where —Ap, ) u = div(|Vu|P(®)=2Vw) is the p(x)-Laplacian operator, a > 0, b > 0 and the
function f(z,u) is the external force. The variable exponent p(x) is Lipschitz continuous
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and satisfies

1 <p := inf p(x) <p":= sup p(x) < N.

zERN zERN

The problem (P,) is usually called a nonlocal problem due to b [px (1/p(2))|VulP(®) dz.
If b — 0, then the problem (P;) reduces to the following problem

—alyyu+ V(@) [uf "2 = fa,u). (Py)

There are lots of notable results on the existence of sign-changing solutions for the
nonlocal problem in case that the exponent function is just a constant function, such as
p(z) =2 or p(z) = p. For p(x) = 2, Shuai in [21] considered the following problem

{_ (a+0 [, |Vul* dz) Au= f(u), ze€Q (1.2)

u =20, x € 09,

where Q ¢ RV, N = 1,2, 3, is a bounded domain with smooth boundary and obtained the
sign-changing solutions with the external force f(u) satisfying some monotonic condition
(see condition (f5) in Remark 2.6 for detail). This restriction is replaced by a weaker
condition in Tang and Cheng [23] (see condition (fs) in Remark 2.6 for detail). Later,
Wang, Zhang and Cheng in [25] generalized the results of [21], [23] to the case of
entire space and obtained the ground state sign-changing solution for (1.2) involving an
additional term V(z)u with a given weighted function V(z). As to p(z) = p, Rasouli,
Fani and Khademloo [20], Han, Yao [13], Han, Ma and He [12] generalized the results of
Shuai [21], Tang and Cheng[23], Wang, Zhang and Cheng [25] to the one of p-Laplacian
Kirchhoff problem respectively.

In view of the results mentioned above, there are several contributions in the present
paper. Firstly, we transfer the Kirchhoff problem to the framework of p(x)-Laplacian. As
far as we know, there is no result on the least energy sign-changing solution for the p(z)-
Laplacian Kirchhoff problem. Furthermore, we consider the problem (P,) in the whole
space RY. Since the variational functional of the equation has totally different properties
from the case of no nonlocal term, we not only depend on the constraint variational
method and quantitative deformation lemma to establish the variational framework, but
also use the term V(z)|u|P®) =2y to solve the difficulty of losing compactness in RY. As
to the conditions on the external force, we remove the differentiable condition f € C*
and the monotonic assumption f(s)/|s|* on R\{0} with some power ac > 0 (see [12], [20],
[21]). Motivated by [23], we also try to find a weaker condition than the one in [12],
[20], [21] (see assumption (f4) in next section for detail). One can see that our condition
can be reduced to the one in [13], [23] when p(z) = 2 and p(z) = p respectively.

This paper is divided into four sections. In next section, we introduce the varia-
tional setting, some mathematical preliminaries and main results. Section 3 will give
some crucial lemmas. In Section 4, we prove the existence result of (P,), (Py) and the
convergence problem possess a least energy sign-changing solution.
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2. Preliminaries and main results.

2.1. Mathematical preliminaries.

In order to deal with problem (FP;), we state the certain definitions and basic prop-
erties of the variable exponent Lebesgue spaces Lp(')(RN ) and the variable exponent
Lebesgue-Sobolev spaces W1P()(RN).

For any p(x) € C(RY), the variable exponents Lebesgue space is defined by:

LPORN) = {u :u is a measurable real-valued function / JuP@ da < oo} ,
RN

with the norm

”uHLP(')(]RN) = inf {)\ >0: /
RN

The variable exponent Sobolev space W1 P()(RN) is defined by:

WIPO(RN) = {u e LPORN) : |Vu LP<')(RN)} :
with the norm
[ullwr.eor@vy = 1Vl ooy @ny + [[ull oo @y
We assume the weight function V : RV — (0, +00) is continuous and satisfies:
(V) There exist @ > 0 such that V(z) > « > 0 for all z € RY, and measurable

{z €RN : —0o < V(x) < v} < +oc for all vy € R.
In this paper, we work in the following subspace :

E= {u e WHPO(RN) / (|Vu\p(”) + V(:Jc)|u\p(’”)) dr < +oo} ,
RN
with the norm

||u||E—inf{/\>0:/ <Vu
RN A

ProrosITION 2.1 ([10]). Let

p(z)

+V(z) ’z’pm> dzx < 1} .

pu) :/ lulP®dz, ¥V ue LPORY).
]RN

Then,
(1) pu) <1(=1;>1) = [Jullprery@yy < L= 15> 1);

) - +
() f ull ooy > 1. then [[ulll,c, gy < p() < (a2, gny

, + -
(3) if [lull oy vy <1, then ||u||ZL)p<4>(RN) <plu) < ||UHip<->(RN)'
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PROPOSITION 2.2 ([9]). Let
plu) = / (|Vu|p(z) + |u|p(x)) dx, Yu€eE.
RN
Then,
(1) plu) <1(=1;>1) <= [Jullwrro@yy < L= 1;> 1);
(2) if Nullwsoor @y > 1, then [[ullfy e gy < P(U) < [ullfyamer @)
. +
(3) if Nullwsoor @y < 1, then [[ulllys e gy < 2(8) < [l gy

LeEMMA 2.3 ([3]). Assume that p: RN — R is Lipschitz continuous with 1 < p~ <
pt < N. If the weight function V satisfies assumption (V'), then

(1) there is a compact embedding E — LPC)(RY);

(2) for any measurable function q : RN — R with p(z) < q(x) for all x € RN, there
is a compact embedding E — LIC)(RN) if inf cpn (p*(x) — q(z)) > 0, where p*(z) =

Np(x)/(N = p(x)).

2.2. Variational setting.
We give the variational setting for (F;) in the following way.

DEFINITION 2.4. We say that u € E is a weak solution of (P,), if

a (/ |Vu|p(””)2Vquodx> +b </ 1|Vu|p("’”)d:v> </ |Vul[P@=2TuVp dx)
RN ry P(2) RN

+/sz V() |uP®~2up de = /RN f(z,u)pdr (2.1)

for all ¢ € E.
Define the energy functional I, : E — R to problem (P,) as follows:

2
Iy(u)=a (/ |Vu|”(’”)dx> ( |Vup(”)dx)
ry P(T ry P(T)
Viz) |u|p($)dx / (2.2)
RN

RN p(

Moreover, for any u, ¢ € E, we have

I (u =aq VulP®)2vuV dr
(Ip(u), @) |Vl v
RN

1
+0b (/ |Vu|p(m)da:> (/ |VulP@=2TuVp dac)
ry P() RN

+ /RN V() [ulP® " 2up da — /]RN flz,u)pdz. (2.3)

Clearly, the critical points of above functional are the weak solutions of (P,). Further-
more, if u € E is a solution of (P,) and u™ # 0, then u is a sign-changing solution of
(Py), where
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ut(r) = max{u(r),0} and wu(z)= min{u(z),0}.

We say that u € E is the least energy nodal solution of problem (P) if u is a sign-changing
solution of (P,) and

Iy(u) = inf {I;(v) : v #£0,I)(v) = 0}.

For u = ut 4+ u~, we have

Ib(u):Ib(u+)+Ib(u_)+b</R 1|Vu+|p(””)dx)</R 1|Vu_|p("”)da:>, (2.4)

~ p(x) ~ p(x)

(Ij(u),ut) = (Ij(u™),u™) +b (/R 1|Vu_|p(”3)dx) (/}RN |Vu+|p(””)dx) . (2.5)

~ p(x)
1
(Ij(u),u™)y = (Ijy(u"),u”) +b (/ |Vu+|p(w)dx> (/ Vu_|p(x)dx> . (2.6
ry P(T) RN
When b = 0, problem (P,) no longer depends on the nonlocal term

(Jan (1/p(2))|Vu|P®dz)A,yu. The energy functional Iy : E — RY to problem (Py) as
follows:

Iu)=a (/RN 1|vu|P<w>dx) +/R Viz) |u|P®) da: — /RN F(z,u)dz. (2.7)

p(x) ~x p(x)

Moreover,
(If(u), ) = a (/ |Vu|p(z)_2VuV<pdar) —|—/ V() |uP~ 2up da —/ flz,u)pde.
RN RN RN
(2.8)

Motivated by the work in [21], in order to get the least energy sign-changing solutions,
we introduce the constrained set:

M, :={u € E:u* £0,(I)(u),u™) =0}, (2.9)
and
Mo = {u € E:u* #0,{I)(u),u*) =0}. (2.10)

Whose minimizers correspond to the sign-changing solutions for equation (P,) and (FP).
We also define the following Nehari manifold for (P,) and (Pp) as

Ny ={u€FE:u#0,I,(u),u) =0}, (2.11)
and
No:={u€E:u#0,{I\u),u)=0}. (2.12)

Obviously, M C N contains all sign-changing solutions of (P,). Then, we can define
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the critical level by

cp = ug}&b Iy(u), ¢o= ug}\io Ip(u).
2.3. Assumptions and main results.
Next, we will give the conditions for nonlinearity f and our main results.
We impose the following conditions on the nonlinearity f:
(f1) f € C(RN xR, R), and f(x,s) = of|s|P®~1) as s — 0;
(f2) there exists a nonnegative weight function a(z) € L'(RY) N L*(RY) with
|la(x)||Lee < a such that

|f(z,8)] < a(z)|s[?™~!, VseR,

where g(-) € (p(-),p"(-));
(f3) limyg) 00 f (2, 3)/5217(@71 = 00;
(f4) there exists a 6 € (0,1) such that for every T € R\{0}

flz,sT)T — 52p+_1f(x,7')7' - min{l,a}90|VT|p(”’)(1 - sp+)sp+_1 >0, fors>1;
P (8217_71

p~ min{l,a}6,

f(z, 7)1 — f(z,sT)T + (Vr[P@) (1 — s )sP ~1 >0,

for 0 < s < 1.
We are now in a position to give the main results of this paper.

THEOREM 2.5.  Assume that (f1)—(f4) hold. Then, problems (Py) and (Py) have a
least energy sign-changing solution uy, and ug respectively, which has precisely two nodal
domains. Moreover, for any sequence {b,} with b, N\, 0 as n — oo, there exists a
subsequence of {up, }, we still denote by {up, } such that up, — ug in E, where ug € My
is the least energy sign-changing solution of (P).

REMARK 2.6. (1) We see that Shuai [21] studied the existence of sign-changing
solutions for equation (1.2) with some strong conditions f € C! and the Nehari type
monotonicity condition:

(fs) f(t)/]t]? is increasing on (—o0,0) U (0, +00).

Tang and Cheng [23] improved the results only need f € C and satisty:

(f6) there exists a 6y € (0,1) such that for all ¢ > 0 and 7 € R\{0}

{f(T) f(tr) aboi[1 — 7|

(t7)?

T3 (t1)3

} sign(1 —t) + >0,

where \; is the first eigenvalue of (—A, H}(Q)). It is worth to mention that Tang and
Cheng give an example to show (fs) much weaker than (fs) in paper [23]. Actually, if
we choose the index p™ = p_ = p(x) = 2 in our assumption (f4), then condition (f4)
reduces to (fs).

(2) We consider the problem in RY cause the lack of compactness. To overcome this
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difficulty, we define a subspace with weight function V() of the generalized Lebesgue—
Sobolev space with the equivalent norm, use the weight function condition (V') and the
important Lemma 2.3.

(3) The difference is p(x)-Laplacian operator has more complex nonlinearity, such
as it does not have the “first eigenvalue” [11]. When processing the article we can not
scaled down the energy functional directly, our process is relatively simplified. Moreover,
the degree theory, deformation lemma and Miranda’s theorem are also can be used.

3. Some technical lemmas.

In this section, we give some preliminary lemmas which are crucial for proving our
results.

LEMMA 3.1.  Assume that (f1)—(fs) hold, then

. -7’
Iy(u) > L(su™ +tu”) + o (Ty(u),u™) + opt

min{1,a}(1 — 6p)(1 — p)?
+ 2 0

min{lva}(l — 00)(1 - 77)2 —p(x) —p(z)
+ o /RN (VP 4 V(@) u )] da

. (/RN p(lm|vu+|m>dx> (/RN p(1x)|Vu_|p("'”)d1:) RNCRY

s 0<s<1 [ o<t<y
P2 s s>1 =V >0

(Iy(u),u™)

/ Va7 + V(@) u* )| da
RN

where

PrOOF. According to the different situations of s and ¢ mentioned above, we will
divide the proof into four cases. We give the detail proof for the case of 0 < s < 1,
0 < t <1 below and omit the similar proof for other cases.

Firstly, it follows from (fy), we have for 0 < s <1

11—t in{1,a}6 -
o )T+ Fastr) = Fay) + 20 (g
1~ (20 —1
p (s )
= flx,7)m — f(a,s7)T
/ [ L fa )T = fas)
p~ min{1,a}fy N
+ p—+|V7|p(’”>(1 —sP )P “Hds >0, (3.2)
and for s > 1
1— 2" min{1, a}fq

= . - +\2 (z)
opt flz, )7 + F(z,tr) — F(z,7) + o (1—") | vr|P



168 Z. SHEN, B. SHANG and C. QIAN

t
= / [f(x, ST)T — 32p+71f(3:,r)r — min{1, a}f,|V7|P® (1- sp+)sp+7l} ds > 0.
1

If0<s<1, 0<t<1,then from (2.2), (2.3), (3.2), one has

Iy(u) — Iy(su™ +tu™) = L(u" +u™) — Ly(su™ +tu™)

1—sP
> a(j)/ |Vu+\p(x)dx
p RN

b(1—s%") ( / 1
+ - ——|Vu™ p(x)d:z:> (/ Vut p(x)dx>
2pt RN p(:c)' | RN | |

1—sP 1— 5%
74 +P($)d - - - Hutd
[ V@O =2 [ ety
11—t
+a(+)/ (V™ [P da
p RN
b(1—t%") (/ 1
+ 7 ——|Vu~ W)dx) ( / Vu~ P<w>dx>
2 e ol e V|
11—t 11—t
V(x)|u~ [P@da — “Jud
i [ Vi P = [ e )eds

+b(1—sP t7) (/RN p(lx)|Vu+p(I)dx) (/RN p(lx)|Vu|p(‘”)dx>

+/ [P‘S%)f(x7u+)u+ + F(z,sut) — F(z,u™)
RN

ot dzx

2pt

1 —s?P b(1—s%") 1
_ 7o)ty - 24 =57 ) ~p(@) / +p(a)
A (/RN play Ve ) Ve

1 -2 b(1—t%7") ( 1 .
+ - (Lw),u )y - ~——-~L / ——|vut p("L)dx) (/ Vu~ p(“”)dx>
2pt (i), u) 2pt RN p(fzf)| | ]RN| |

—\2 -\ 2
a(l—sp) (1—8”)

Al =" ) [\ gytp@y 7/ Vi)t P g
ot /RNl ut P de + ot o (2)|u™ [ dz

-\2 -\2
a(l—1t) ~ p(@) (1—t) _
b Sl )4 ) p(r) g
+ ot /RN [Vu™| x + o /RN V(z)|lu™| x

+b(1—sP ) (/RN p(1I)|Vu+p(”)dx) (/RN p(1I)|Vu_|p(w)dac>

+/ [Fﬂ)f(x’u+)u+ + F(x, su+) — F(337u+)
RN

1—t2r o _ -
+/RN lf(x,u Ju~ + F(z,tu™) — F(z,u )] dx

+

ot dx
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1— s 112" a(l—s)? R
2A4§%147<¢(uyu+>+- gpr (o0, >+———E§I——f]£N|Vu+V“)dx

—\2 -\2
(1_817) ) a(l—tp) ;
Fp@) gy L 2N T = p@)g
- 2pt /RN (@)l 7+ 2pt /RN [V da
(L) - p@)
+ T /]RN V(z)|u™ [P da
b(sP —t¥ )2

e (Lo (L e )

_ g2~
+/ [Hf(x,u+)u++F(a:,su+) F(:L',zﬁ)] dx
Ry | 2pT

+ /]R ) llg]ff(as,u)u + P, tu”) = Fz, u>] do

1— 2P 11—t _
TU;, +>+2PT<II/>(U)7U >
in{1,a)} (1 —6p)(1—s? )°
LIS [ gt po 4 vt )] de
2pt RN

-2

min {1,a} (1 — o) (1 — ) —p(@) —1p(@)

el [ e s vione e
2

AR (] o) (] )

1— 52
+ / e flz,uut + F(z, su™) — F(z,u™)
rv | 2pt

min{1, a}fy —\2 T
-|—7{2pJr i (1—s") |Vt [P( )} dx

_ $2p”
+ /RN {121;_f(x,u)u + F(z,tu™) — F(z,u™)

min{1,a}fy (1 B tp)2|Vu|p(z)} du

20
1— 5% 1—t2p’ -
2 27+<Ib( uw),ut) + (Tp(u),u™)
1La}(1—0)(1— 2
y mindla}(1 ~ o)1 = 5 L/ (V0P V(@) )] do
2p RN

1,a}(1—6o) 1 — P
n min{1, a}( 0) / ‘vuf‘p(z) + V(m)|u7‘p(w)} dx
2pt RN
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The above inequality shows that (3.1) holds. O

COROLLARY 3.2.  Under the assumption of (f1)—(f41), let u=u"+u~ € M,, then

Iy(u) > Iy(su™ +tu™) + min{1,a}(1 — ) (1 — p)?

/ (V6P + V(@) ut )] da
RN

2pt
+ min{1, a}(12p—+90)(1 —n)? /RN [|Vu_|p(””) + V(x)|u_|p(””)} dx
e ( /R ) p(lx)wu*v’(w)dx) ( /R ) p(lx)wmp(w)dx) . (3.4)

COROLLARY 3.3.  Under the assumption of (f1)—(fs), let u=ut+u~ € My, then

L(ut +u) = max Iy(su™ +tu™). (3.5)

s,t=>

LEMMA 3.4.  Suppose u € E with vt # 0 and f satisfies (f1)-(fs), then there
exists a unique pair (Sy,ty) with s, > 0, t, > 0 such that syu™ + t,u™ € M,.

PRrROOF. For any u € E with u™ # 0, let

n5.0= [ [olV )@ + V@)l P o
RN

+b (/RN |V(su+)|p<f>dx> (/RN p(lx)wsuﬂw@)dx)
+b (/RN |V(su+)|p(x)da:> (/RN p(lx)V(tu_)P(”)dx)

. flx,su™)su™ do (3.6)

and

go(s5,8) = /]R v s v o]

b (/]RN |V(tu)”(”3)dx) (/RN p(lx)|V(tu)|p(x)dm>
+b (/RN |V(tu_)P(””)dx) (/RN p(1x)|V(su+)|p(”’)dm>

- f(z tu™ )tu™ du. (3.7
RN
According to (f1) and (f3), we can get that g1(s,s) > 0 and ga(s,s) > 0 when s > 0

small, g1(¢,t) < 0 and g2(t,t) < 0 when ¢ > 0 large. Thus, there exist 0 < r < R such
that
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g1(r,7) >0, ga(r,7) > 0; g1(R, R) <0, ¢g2(R,R) <O0. (3.8)
From (3.6), (3.7), (3.8), we deduce that
g1(r,t) >0, ¢1(R,t) <0 VterR] (3.9)
and
g2(s,7) >0, ¢a2(s,R) <0 VselrR] (3.10)

By Miranda’s theorem in [18], there exists some points (s, t,) with r < s,,t, < R such
that g1(Su,tu) = g2(Su, ty) = 0. Thus, s,u™ +t,u~ € M.

Next, we try to give the uniqueness of (s,,%,). Suppose there exist (s1,t1) and
(s2,t2) such that sju™ + tju~ € My and squ™ + tou™ € M. We may wish to assume
81 < s9 and t1 < ty. From Corollary 3.2, we have

Ly(siu®™ +tiu™) > Ly(sou™ +tau™)
. + +
min{1,a}(1 — 6) (s} —sb
2pt st
. + +42
N min{1,a}(1 —6o)(tf —15 )
2ttt

2
| /RN Va4 V@)t 7] da

/ [|Vu_|p(r) v V(x)|u—|i><f)} dr (3.1
RN

and

Iy(sou™t +tou™) > Ly(syu™ +tu)

N min{l,a}(1 — 0o)(sh — s}

2
| [ 190+ V@)t p)] do
RN

2ptsh
in{1,a}(1—60)(t5 — & )
n mln{ aa}( 0)_( 2 1 ) / [|Vu—|p(z) + V(x)|u7|p(z)] dr. (3'12)
2ptih RN
Combining (3.11) and (3.12) implies (s1,t1) = (S2,t2). O

LEMMA 3.5.  Assume that (f1)—(fs) hold. Then

¢y, = Inf I(u) = inf max Ip(su™ + tu™).
b ueEMy b( ) uEE,uiyéo s,tz)é b( T )

PrROOF. On the one hand, through Corollary 3.3 and the fact M, C {ulu €
E,u* # 0}, we deduce that

inf Iy(su™ +tu”) < inf I(sut +tu”) = inf I =c. (313
el o BT ) < B, BT 07 = nf, D) = (319

On the other hand, for any u € E with u® # 0, by Lemma 3.4 we have

+ ) > + ) > i = ¢
gg}slb(su +tu") > L(syu™ + tyu )_vgjlablb(v) Cp
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Also, we get the fact

f I t > inf I = Cp. 3.14
ueEHii;so max p(sut +tu”) > ul€r/1\/lb b(u) = cp (3.14)
Combining (3.13) and (3.14) we get the conclusion. O

LEMMA 3.6. If (f4) holds, then

1 in{1,a}6
wf(x,T)T—F(.T,T)-FHm;p;_a}OVTp(x) >0, VTeR (3.15)
PROOF. We can take ¢ = 0 in (3.2) and (3.3) to get the conclusion. O

LEMMA 3.7.  There exists 8 > 0 such that
. + -
(1) min {||uiw,; Neda } > 8 for allu € My,

. a(l—&o) 1—90
(2) Ib(u)Zmln{ o

},B and min {||u|\%+, ||u||g} > B for allu € Ny.
PrROOF. (1) From (fz) we can deduce that
f(z,u)u < a(x)|u)1®. (3.16)

For every u € My, we have (I}(u®),u*) < 0. It implies that

<I{;(ui),ui>=/RN [a|vui|p(x>+v |ui|p(x>}

1
+b (/ |Vui|p(m)dm> (/ Vui|p(m)dx>
RN ry P(T)

— f(z,ut)uFde <0,
RN
that is
/ [af Ve P 4 V(@) )] e
RN

S/ [a|Vui|p(z)—|—V \ui|p(z)} dx
]RN

WEP@ g gyt
wo ([ 1) ([ o v
/facu idgc

Under the assumption of (V;) and (3.16), it follows that
min{a, 1}||uj[|\%+ < / [a|vui|P(w) + V(x)|ui|p($)] da
RN

< / a(z)|u®)1® dz
RN
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« RN

la(@)]| .
< T

< for 0<|u®|g <1,
!

- _ lle@)lz.
< == wE g for flu*||g > 1.

min{a, 1}||u
Then, we can find suitable 3 such that 4 < min {||ui||%+, Ju|% }
(2) We have for function u € N,

1

Iy{u) = Iyu) — = (I (w). )

@) g )+ 2 1 CIAL
=a —|Vu\p dx = — | Vu[P'dx
RN p 2 RN p(l’)
+/ Viz) |u|P<l)dg; / F(z,u)dz
v p(z)

p(x
a |Vu|p(m)da: L / —|Vu|p(x dx / \Vu|P® dz
2p+ 2 RN
_— p(z)
+ 2p+ V(x)|u/P* de — / (z,u udm}

O B — L[ V@ e
>2</pr< >'V“‘ d"””)*fz/RN o)
2p+/ fxuudx—/ F(z,u)dx

a 1 V(z)
> — —|Vu p(z)dx) + f/ — 2 |u|P®) dz
=5 (L s 2 Joo o) "

— min{l,a}90 / |vu|P(ﬂ7)d1;
2p+ RN

a 1 1 V()
> — —|Vu p(”)dx) + 7/ — 2 |u|P®) dx
5 (Lo ™ 2 Je o)

min{1, a}fy p(x) p(z)
2p+ /RN [Vl +V @)ul? | do

. a(l — 90) 1-— 90 . >

> p(x) p(x)

> min { ot ot /RN [a|Vu| + V(x)|ul } dx
. [a(l—6y) 1—6p) . + -

S P P

> min { 020 220 i )

me{a(lﬁo) 190}5

2pt 7 2pt
The proof is thus completed. O
LEMMA 3.8.  Assume that (f1)—(f1) hold. Then ¢, > 0 can be achieved.

PROOF. From Lemma 3.7, we know that ¢;, > min{a(1—6y)/2p™, (1—60)/2p} 8 >
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0 due to 0 < 0y < 1. Let u, € My, be such that I(u,) — cp. We first show that {u,} is
bounded in E. In fact, for large n € N, we have

1 . (1(1—9()) 1—90 -
cb+1>Ib<un>—2p+<fl;<un>7un>>mm{ el R (T N

thus we get the conclusion due to 0 < 6y < 1, and then exist a u, € E such that uf — ubi

in E. Since u,, € My, we have (I} (u,,),u) = 0, that is

/ [aVud (@) + V@) @] o+ b (/ L vzt ””)dx> (/ |vujg|p<f>dx)
RN ry P(T) RN

RN

From Lemma 3.7 we know that mln{||ui|| Hu,iLHg} > B for n € N. With (f2) and
the boundedness of u,, we have

min{1,a}f < min{1, a}min {|luF |} ul5 }
< [ [alvutr@) + vl po] do
RN
< f,ub)us da
RN
< [ a@lui s
RN

D [y
RN

«
la(z)|[z N N
< — max{”u?quE ) Hu'riL”qE } )
which means
o _
Bmin{l,a ><7<1mahx{ujE uiq}-
e %t

By Lemma 2.3 the compactness of the embedding E — LIC)(RN) for inf,cpn (p*(z) —
q(z)) > 0, we can get

«
Smin{l,a ><7<max{u )% }
{ } HCL(IZ’)”LOO || b ||E || b ||

which implies that ubi # 0. With conditions (f;)—(f2) and the compactness lemma of
Strauss [22], we have

im [ fe it de = [ foud)d o,
e Sy RN (3.17)
lim F(z,ul)dx = F(z,uf)da.

n—oo RN RN
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By the Fatou’s lemma, we have

1
/ [a|vui|p(x) + V( )|Ui|p(w)} dr+0b (/ |Vub|p(x)dx> (/ |Vuljf|p(’”)dm)
RY RN p(x) RN

< lim inf { / [a|wf|1’<w> +V (x)luw(w)] dx
]RN

+b </ 1|Vun|p(‘”)d:c> </ Vu,ﬂp(z)dx) } :
ry P(2) RN

Then we can get

1
/ {a|Vugt|p(w) + V(m)|uzt|p(w)} dr+b (/ |Vub|p(“’)dw) (/ |Vugt|p(‘”)dx>
RN ry P(T) RN

< | fl,up)uf dr,
]RN

which means that (I} (up),u;’) < 0. Applying Fatou’s lemma, we obtain

¢ = lim [Ib(un) - Q;Jr(j’{,(un),un)]

n—oo

=a (/ L |Vun|p(””)dx) + b (/ L |Vun|p(z)dx>2
r~ P(T) 2 \Jr~ p(2)

+/ @|un|p($)d17/ F(x,upy)dx
R RN

~ p(x)

1 1
———la Vuy, pmdcc) +b (/ —|Vu, P(ﬂf)dx) (/ Vu, p(x)dx)
2pt [ (/]RN | | RN P(I)| | RN | |
+ V(m)|un‘1)(z)dw — / flx,up)uy, d:c]
RN RN
> liminf<a / ELE |V, [P@ dz
~ n—oo p(gj) 2p+ n
b 1 1 1
+ lim inf { {(/ ——|Vu, p(z)dx) (/ ( > Vu,|P z)dx>]}
R0 2 | o oV e W) ~ 7 ) IV

1 1
im i - = p(z)
t i (/]RN (p(x) 2p+> Vi@ dx)
1

+ lim flz,un)uy, — F(x,un)} dz

n=oo gy [2p+

/ [21 o, up)uy — F(xvub):|d33

w2 (o) (L (g 5 ) o)

= Ib(Ub) — F<Il(ub)7ub>
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— g2~ 1 — 2

1
> 1 T tu I — + e — .
2 :EZPO [ b(suy +tuy, ) + ot (I (), wy ) + o (I (up), uy >]

1
- %ﬁ%(ub),uw

= sup |Ip(su) +tu; ) — §L<I’(u ),ul ) — ﬁig’(u ), uy )
_s,tzpo b\ SUy b gpt VLo gpt Voltb)

> max Ip(su + tu;
= et>0 b(suy v)

Z Cp.
Therefore, we conclude that Iy (up) = ¢, and up € My, O

LEMMA 3.9.  Under the assumption (f1)—(f1) with ug € My and Iy(ug) = ¢p, then
ug s the critical point of I.

PrOOF. We prove that Ij(u,) = 0 by using the deformation lemma. Suppose by
contradiction I'(up) # 0, then there exist w > 0 and A > 0 such that

weE, |Iw|g >\ foral |u—ulg <3w. (3.18)
For any s,t > 0

Ib(sua' + tug ) < Iny(ug)
~ min{l,a}(1—6)(1 — w2
2pt
B min{1,a}(1 — 6p)(1 —n)?
2pt

[ [evug v+ v pe] de
RN

/ {a|Vua\p(m) + V(:17)|u5\p(z)} dx Vs,t >0. (3.19)
RN

Let D =(1/2,3/2) x (1/2,3/2). From (3.19), we see that

K= (S’rgg)ﬁ\(D Iy(sug +tug) < cp. (3.20)
For € := min{(cy —k)/3,1,wA/8}, S := B(Up,w). Lemma 2.3 in [24] yields a deformation
such that
i) n(1l,u) =uifug I, ([cp — 2, cp + 2¢]) N Sau;
i) n(1, I N B(ug,w)) C I;*~%;
iil) Iy(n(l,u)) < Iy(uw),V u € E.
Corollary 3.3 shows that Iy(sug + tuy ) < Iy(ug) = ¢ for s,t > 0. With ii) we can get

I (n(1,sud +tug)) <cp—e, Vs,t>0, [s— 12+t —1|* < w?/|juol*. (3.21)
Also, combine iii) and (3.19), we have

Iy (n(1, sud + tug)) < Iy(sud + tug)

o min{1,a}(1 — 6p)(1 — p)?
<o ot

[ (v re vl ] do
RN
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~ min{l,a}(1—6)(1 — n)?

[ 9P+ vl ] do
RN

2pt
<oy min{1,a}(1 —290)w2
2p™ [|uoll
y min{ / (170 1760 4V (@) )] i, / (1945 P + V(@) g 7] dx}
RN RN
Vs, t>0,]s — 12+ |t — 1) > w?/|juol* (3.22)

According to (3.21) and (3.22), we have

max_I, (n(1, sud +tu,)) < cp. (3.23)
(s,t)eD

Next, we prove that n(1,sug + tug) N M, # (), contradicting to the definition of c;.
Define

Wo(s,t) = ((L(sug +tug ) ug ), (L (sug +tug ) ug )
and
\111(8, t)

<I{, (77(1, sug + tuo_)), (77(1, sug + tua))+>

S

)

<Il’) (n(1, sug + tug)), (n(1, sud + tug))7>
t

According to Lemma 3.4 and degree theory we can deduce deg(¥y,D,0) = 1. From
(3.20) and i) it follows that n(1, sud + tuy ) = sud + tuy . Therefore Wy (sg,to) = 0 for
some (s9,t0) € D that is n(1, sougd + touy ) € My, which contradicts (3.23). From this,
we conclude that ug is a critical of I. O

4. Proof of main results.

This section is divided into two subsections to prove the main result Theorem 2.5.

4.1. Sign-changing solutions for (P5).

PrROOF OF THEOREM 2.5. By Lemma 3.8 and Lemma 3.9, we can get a u, € M,
such that Ip(up) = ¢ and Ij(up) = 0. By definition, we know that uy is a least energy
sign-changing solutions of (BP).

Next, we prove that u; has precisely two nodal domains. We assume by contradiction
that up = uy + us + uz, where

u; # 0, ug >0, up <0 and suppt(u;) Nsuppt(u;) =0, for i+#3j, i,j=1,2,3.

Setting v = u; + us, we see that vt = u; and v~ = ug, ie., v¥ # 0. Using the fact



178 Z. SHEN, B. SHANG and C. QIAN

that I;(up) = 0, we can get (I} (up),v") =0 and (I}(up),v") = 0, and it follows that

(Iw), o) = (Tj(up), o) — b ( /R 1|vu3|p<f>dx> ( /R ) |w+|p<r>da;>

v p(x)

([ V@ de Vot [P®) dz (4.1)
/]RN p(z) /]RN

(L), 0™ ) = (T} (up),v™) — b (/RN p(lx)|VU3|p(z)dx> (/RN |W|p<r>dx>

o ([ ) ([ ). (42)

Using above equality and Lemma 3.1, Lemma 3.6, we have

and

%:m%rﬂmmfzg@wmm>

— Iy(0) + Iy(us) + b (/RN p(lx)ww’(f)dx) (/RN p(1x)|vu3|f’<f>dx>
- 2}% {gl;(v),w + (T} (ug), us) + b (/RN p(lx)VvP(’”)dx) (/RN |VU3|p(“’)dx>

+b (/RN p(lx)|Vu3|p(w)dx> (/RN vu|P<$>dx> }

] , .
- K 1—n _
> sup [I(svT +tv7) + ——— (I} (v),v") + — (I} (v),v }
2 sup |1 )+ gy (B@) ") + = ((0)07)
1 1
- %Uﬁ(”)a@ =+ Ib(US) - 2pﬁ<[£(’&3),’u3>
- + /142 / + 772 /
> I ) — 2 (I _" g _
> Ss’»llzpo _ p(svT +tv7) o (Ij(v),v") 2T (I} (v),v >}

a 1 1 V(z)
+ = —|Vu p(z)dx) + - (/ ——|u pmdm)
5 (L syt 2 e plo)
1
+ /}RN [Wf(x,ug)ug — F(:C,ug)] dx
> sup [Ib(sv+ —i—tv_)—&—% (/ 1|Vu3|p(x)dx> (/ |Vv+|p(”)d$>
5,6>0 2pT \Jr~ p(x) RN
([ e [ v
+ —— | Vus|P® da / Vo~ P@dz ) | + = / Vg |[P@) dx
2pt \ Jr~ P(l”)| d ]RN‘ | 2 \Jr~ p(I)| o

(), i) [ [t

min{1,a}(1 — ) p() p(z)

> max I(sv™ +tv7) +
s,t>0

min{1,a} (1 — 6y)

. + -
> o+ o min { lus |} lus|y } -
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This way, us = 0 due to Lemma 3.5 and 0 < 6y < 1. Thus, u, has exactly two nodal
domains.

4.2. Sign-changing solutions for (Py) and convergence property.

In the proof above, we know that b = 0 is allowed. Therefore (FPy) has the least energy
sign-changing solution, which changes only once under the assumptions of Theorem 2.5.
For convergence problem, we put any b > 0, and let u, € M, be the least sign-changing
solution of (Fy), which changes sign only once. We first prove that {u, } is bounded.
We can let wy € C5°(RN) such that wi # 0.

From (f2) and (f3), we can deduce that there exists C; > 0 and C5 > 0 such that

F(x,5) > Cra(z)s*® — Cya(z), VseR. (4.3)
Hence, for any b € [0,1], by Lemma 3.5 we see that

Iy(up) = ¢p < max Iy(swy + twy )
s,t>0

o ([ o) 4 ([, i)

+/ M|swé‘|p($)dacf/ F(z, swi)dx
ry P(T) RN

+a </sz p(lm)|V(tw0_)|p(m)dx> + g (/RN plx)|V(tw0_)|p(””)dx)2

Vi) 4, — T, twy )dx
o o) [ Flotea

b / g VP ([ vt pelas ) |

1 b 1 :
< max |a —— |V (swg P(w)dx) + = (/ —— |V (swg p(z)d$>
[ (/prm' (s 3 Ly oy 90!
+ [ LDl de - [ a0 [ oty
RN

RN p(a:) RN

1 b 1 2
+a — |V (twy p(‘r)dx> + = (/ — |V (tw, p(r)dx)
([, 517t 3 ([ oIVt

7;|tw0_|p(m)da: - Cl/ a(z)|twy 2P dx + Cg/ a(z)dx
RN

RN

=2(/, @wwnwdmf w2 ([ @w(twanpmdw)g}
< s [o ([ sty Stesir) o+ ([ it e
w [ it ([ o Vi)

([ o) + [ 8w

+
T
2
=
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+ 205 la(2)|| L
= Ag € (0, 400). (4.4)

Then for any sequence {b, } with b, \, 0 as n — oo, from Lemma 3.6 and (4.4), we have
for large n € N

1
AO + 1 2 Ibn (ubn) — QPﬁ <I{)n(ubn)7ubn>

1—6y) 1-6 -
> min { Z 0 220 i, 1 o

which shows that {up,} is bounded in E due to 0 < 6y < 1. Then, we prove that
I (ug) = 0. There exists a subsequence of {u, }, still denote by {up, } and ug € E such
that up, — up in F. Then wug is a weak solution of (P,). By Lemma 2.3 the compactness
of the embedding E — L) for p(-) < ¢(-) < p*(z), we deduce that u;, — ug # 0
strongly in £ as n — oo.

In fact,

(Io(uo), @) = a (/ |VU0‘p(z)72VUQV<p dgc)
RN

+/ V(x)|u0|p(””)_2uogodx—/ f(z up)pda
RN RN

1
lim [(a + by </ |Vub"|l’(r)dm>) (/ |Vuy, PO 2V, Vo dx)
n—oo ry P(2) RN

+/ V(x)|ub”|p(’”)_2ub”<pdx—/ f(x,ubn)godx}
RN RN
= lim (I} (u,),¢) =0, Vo € C3°(RY).

n—0o0

Obviously, it follows that I} (ug) = 0, thus ug € Mg and Iy(ug) > c¢g. Next, we give the
proof of Ip(ug) = co. Let by, € [0,1], due to (f3) that there exists Ky > 0 such that

1

b 1 2
I, (svg +tvy) =a (/ V(svg p(”)dac) + = (/ —— |V (sv p(x)d$>
b ( 0 0) szp(x)l ( O)| 9 ]RNp(l')| ( 0)|
+/ V($)|svo+|p(w)dx _/ F(x,svar)dx
R RN

~ p(z)

+a </RN p(lx)W(tvo)lp(m)dx) n %n (/RN ])(195)|V(tvo)|p(I)dx>2
+ / ) Zéf)) g P / Flo, s )ds

+ by, (/RN p(1x)|V(svo+)|p(w)d;v> (/RN p(lx)|V(tv0)|p(””)d:r>

<a( [, sgveura) + ([ p(lm|v<svo+>|p<x)dm)2
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Viz),
+/ sv p(z)dm—/ F(z, svT)dx
RN p(l’) | 0 | RN ( 0 )

ta (/RN p(lx)|V(tvg)|P(“)dx) + (/RN p(lx) |V(tv0_)|p(””)dx>2

v
+/ (z) |tvg [P dx — / F(z,tvy )de <0, Vs, t>Ky. (4.5)
RN ) RA

p(z

According to Lemma 3.4, there exists (s, t,) such that snva' +tyv, € M, . Combining
with Lemma 3.8 and (4.5), we have 0 < s,,,t,, < K. Because I)(vg) = 0, then from (2.7)
and Lemma 3.1, we can get

b 1 2
Co = Io(’Uo) == Ibn - 371 (/ )|V’U0|p(x)d$>
R

N p(x

+ - 1—s + 1-r -
> Iy, (snvg +tnvg ) + o (I, (vo), vy ) + ot (14, (vo), vy )
by, 1 2
</ |Vv0|p(‘”)dx>
2 ry P(7)
14+ K2P 14 K2P _
> Cp, — T*O (T3, (o), vy )| — T*O | (5, (v0), vg )|

b 1 ?
_n Ve [P@ g
2 (/]RN p(x)| vol x)
(1 + gpi)bn 1
_ ., _UE Ky )b e p@g / +1p() g
o 2pt (/]RN p(x)| vol x) ( RN [Ves [ de

(1+ Kg? )bn (/ 1 _
— Vv pmdw) (/ Vo p(m)daz)
2pt RN p(x)' o RN Vol

3 / LTl ) (4.6)
- —— |V z .
2 ry P(2) ’ 7
which implies
limsup ¢p, < cp. (4.7)
n—oo

From (2.2), (2.7) and (4.7), we have

co < Ip(ug) = limsup Iy, (up, ) = limsup ¢, < co.
n—roo n—oo

This suggests that Ip(ug) = co. O
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