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Abstract. Extending the results of the current authors [Doc. Math.,
21 (2016), 1607-1643] and [Asian J. Math. to appear, arXiv:1404.2978], we
calculated explicitly the number of isomorphism classes of superspecial abelian
surfaces over an arbitrary finite field of odd degree over the prime field Fp,. A
key step was to reduce the calculation to the prime field case, and we calculated
the number of isomorphism classes in each isogeny class through a concrete
lattice description. In the present paper we treat the even degree case by a
different method. We first translate the problem by Galois cohomology into
a seemingly unrelated problem of computing conjugacy classes of elements of
finite order in arithmetic subgroups, which is of independent interest. We
then explain how to calculate the number of these classes for the arithmetic
subgroups concerned, and complete the computation in the case of rank two.
This complements our earlier results and completes the explicit calculation of
superspecial abelian surfaces over finite fields.

1. Introduction.

Throughout this paper, p denotes a prime number and ¢ is a power of p. An abelian
variety over a field k of characteristic p is said to be supersingular if it is isogenous to
a product of supersingular elliptic curves over an algebraic closure k of k; it is said to
be superspecial if it is isomorphic to a product of supersingular elliptic curves over k.
As any supersingular abelian variety is isogenous to a superspecial abelian variety?!, it is
common to study supersingular abelian varieties through investigating the superspecial
abelian varieties.

Our goal is to calculate explicitly the number of superspecial abelian surfaces over
an arbitrary finite field. This is motivated by the search for natural generalizations of
known explicit results of elliptic curves over finite fields to abelian surfaces, especially
from supersingular elliptic curves to supersingular abelian surfaces. Thus, studying su-
perspecial abelian surfaces becomes a vital step for this purpose. Explicit calculations for
supersingular abelian surfaces are certainly more complicated. However, if all supersin-
gular cases are understood, then we would have very good understanding of all abelian
surfaces over finite fields, because the cases of ordinary and almost ordinary (simple)
abelian surfaces are simpler and have been studied by Waterhouse [24]. That would
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improve our knowledge from d = 1 (elliptic curves by Deuring in the 1940’s) to d = 2
(abelian surfaces).

In [27] we calculated explicitly the number of superspecial abelian surfaces over an
arbitrary finite field F, of odd degree over F,. This extended our earlier works [25],
[26] and [31], which contributed to the study of superspecial abelian varieties over finite
fields. In this paper we treat the even degree case. Thus, this complements the results
in loc. cit. and completes an explicit calculation of superspecial abelian surfaces over an
arbitrary finite field.

A key step in [27] is the reduction to the case where the ground field is a prime
finite field. This step is achieved by a Galois cohomology argument. Then we calculate
case-by-case the number of superspecial abelian surfaces in each isogeny class over IF,.
This approach works fine when the field [y is of odd degree over IF, because we have a
natural concrete lattice description for abelian varieties over F, (see [31, Theorem 3.1]).
When the degree [F, : F,] is even, the Galois cohomology argument unfortunately yields
no immediate simplification. However, it leads to a seemingly unrelated problem, which
is important but also equally challenging, on counting conjugacy classes of elements of
finite order in arithmetic subgroups. Although the connection itself is straightforward,
it is applicable to a rather general setting; see Proposition 1.1.

For any group G, we denote by Cl(G) the set of conjugacy classes of G and Cly(G) C
Cl(G) the subset of classes of group elements of finite order. Let D = D,, », be the definite
quaternion Q-algebra ramified exactly at p and oo, and O be a maximal order in D.

ProrositioN 1.1.  Let Fy be a finite field containing Fp2, and d > 1 be an integer.
Then the set of Fq-isomorphism classes of d-dimensional superspecial abelian varieties
over F is in bijection with the set Clo(GL4(O)).

By a classical result of Eichler [7], if d > 1, then the class number of Maty(O) is
equal to one, where Maty(O) denotes the ring of d x d matrices over O. Thus, for d > 2,
any maximal arithmetic subgroup in GL4(D) is conjugate to GLg(O) by an element in
GL4(D), and hence Proposition 1.1 does not depend on the choice of the maximal order
O. We prove the following explicit formula (see Theorem 3.4).

THEOREM 1.2.  The cardinality of Cly(GL2(O)) is equal to
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42 (1 - <_3>>2+20(5) +o(8) + 0(12) + o1, 2), (1.1)

p
where
L if p=75;
0 ¢ =1 d 5);
o(5) = if p (mod 5)
2 if p=2,3 (mod 5);
4 if p=4 (mod 5);
L if p=2
0o8)=<0 if p=1 (mod 8);
4 if p=3,5,7 (mod 8);
3 if p=2,3;
0o(12) =<0 if p=1 (mod 12);
4 if p=5,7,11 (mod 12);

34f p=3;
e e
+(1a<1_ (j)) (1— (j)) if p#3.

The number o(n) or o(ni,ne) is defined in (3.7) (see also Section 3.2), which is
the cardinality of a subset of Cly(GL2(Q)). Combining with Proposition 1.1, we obtain
an explicit formula for the number of superspecial abelian surfaces over F, O F,.. By
Theorem 1.2, we see that the main term of | Cly(GL2(O))| is o(1,2) and obtain the
asymptotic behavior of | Clo(GL2(O))]:

| Clo(GL2(0))|
p*/9

In fact, the method we use for computing Clo(GL2(O)) also provides a way of finding
structures of Clyo(GL4(O)) for higher d; see Section 3.1. However, as d increases, it
becomes a daunting or even hopeless task to carry out similar computations as in the
proof of Theorem 1.2 for d = 2. Nevertheless, it is an interesting question to figure out
the main term and error terms of | Clo(GL4(O))| as d or p varies. Thanks to a finiteness
result of Borel (see Theorem 2.2), it also makes sense to ask the similar questions for
more general arithmetic subgroups.

— 1, asp— oo (1.2)

This paper is organized as follows. In Section 2, we give a proof of Proposition 1.1.
Section 3 describes our main results in details. The remaining part of this paper fills in
the details of the computation in Theorem 1.2.
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2. Conjugacy classes of elements of finite order.

As in the introduction, for any group G, we denote by CI(G) the set of conjugacy
classes of G, and by Cly(G) C Cl(G) the subset of classes of elements of finite order in G.
In this section we reduce the computation of the number of d-dimensional superspecial
abelian varieties to that of Cly(GLg(O)) (Proposition 1.1). Then we study the finiteness
of Cly(G) for a certain special type of groups G. The latter part is of independent interest,
and will not be used in the rest of this paper.

2.1. Galois cohomology and forms.

Let X be a quasi-projective algebraic variety over an arbitrary field k£, and denote
by T'y, = Gal(ks/k) the Galois group of ks/k, where ks is a separable closure of k. Let
3(Xo, ks/k) denote the set of isomorphism classes of kg/k-forms of Xy. In other words,
3(Xo, ks /k) classifies algebraic varieties X over k such that there is an isomorphism X @y
ks >~ Xo ®k ks. A well-known result due to Weil states that there is a natural bijection
¥ (Xo, ks/k) — H*(T'y, G) of pointed sets, where G' = Auty_(Xo) := Auty, (Xo @ ks) is
the group of automorphisms of Xy ®jy ks over kg, equipped with the discrete topology and
a continuous I'g-action. If Ty acts trivially on Auty, (Xo), namely the natural inclusion
Aut(Xp) < Auty, (Xp) is bijective, then H*(I'y, G) = Hom(['x, G)/G, where G acts on
the set Hom(T'x, G) of continuous homomorphisms by conjugation. In addition, if Ty
is isomorphic to the profinite group 7 = @Z/ mZ, one obtains a natural bijection of
pointed sets:

S(Xo, ks /k) =5 Clo(G), G = Aut(Xo). (2.1)

Let X be an abelian variety over k and k'/k be a field extension. Denote by
Endg (X) = Endp (X ®j k') the endomorphism ring of X ® k' over k'; we also
write End(X) for Endg(X). The endomorphism algebra of X ®j k' is defined to be
End(X ® k') @7 Q and denoted by Endg, (X). Applying Weil’s result to abelian varieties
over finite fields, one obtains the following proposition.

PROPOSITION 2.1.  Let Xg be an abelian variety over a finite field Fy such that the
endomorphism algebra End%q (Xo) s equal to End®(Xy), and let G = Aut(Xy). Then

there is a natural bijection of pointed sets ¥(Xq,F,/F,) ~ Clo(G).

Note that the group G in Proposition 2.1 is an arithmetic subgroup of the reductive
group G over Q such that G(R) = (End®(X) ®q R)* for any Q-algebra R.

ProOF OoF PrROPOSITION 1.1. We choose a supersingular elliptic curve Ey over
F,> with End(Ep) = O under an isomorphism End’(Ep) ~ D. Put Xy = Ef ®F,, Fq,
then we have G = Aut(Xy) = GL4(O) and the Galois group I'r, acts trivially on G.
By Proposition 2.1, there is a natural bijection %(Xo,F,/F,) — Clp(G). As Xj is
superspecial of dimension d > 1, for any d-dimensional superspecial abelian variety X
over F, there is an isomorphism X ®p, F, ~ X, ®p, Fq; see [13, Section 1.6, p.13].
Thus, ¥(Xo, ks/k) classifies the d-dimensional superspecial abelian varieties over Fy up
to Fg-isomorphism. This completes the proof of the proposition. O
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2.2. Finiteness of Cly(G) for some groups G.

We take the opportunity to discuss the finiteness of Cly(G) for a group G that is of
the form H(F') for a reductive group H over a global or local field F, or an arithmetic
subgroup of H(F) for a global field F. The following is a fundamental result due to
Borel; see [4, Section 5].

THEOREM 2.2. Let G be a reductive group over a number field F', and I' C G(F)
an S-arithmetic subgroup, where S is a finite set of places of F containing all the
archimedean ones. Then there are only finitely many finite subgroups of I' up to con-
Jugation by T'. In particular, Clo(T) is finite.

We could not find the reference for a similar result of Theorem 2.2 under the condi-
tion that F' is a global function field.

PropOSITION 2.3. (1) Suppose G is a linear algebraic group over a non-
archimedean local field F of characteristic zero. Then Clo(G(F)) is finite.

(2) Let G be a linear algebraic group over R. Then the set Clo(G(R)) is infinite if
and only if G(R) contains a non-trivial compact torus S.

PROOF. (1) Since char F' = 0, every element in G(F') of finite order is semisimple
and hence it is contained in a maximal F-torus T of G. By [16, Section 6.4, Corollary 3,
p.320], there are only finitely many maximal F-tori up to conjugation by G(F'). There-
fore, one reduces the statement to the case where G = T is a torus. Choose a finite exten-
sion K of F over which T splits. Then one has T'(F) C (K*)%, where d = dimT. Since
there are only finitely many roots of unity in K=, the subgroup T'(F)tors = Clo(T'(F)) is
finite.

(2) Suppose that every R-torus T of G is split. Then we use the argument in (1) to
prove that Clo(G(R)) is finite, because for a split torus T, the set Clp(T(R)) = T(R)tors
is finite. Now we prove the other direction. Suppose that G(R) contains a non-trivial
compact torus S. Then for any positive integer n there is an element of order n in S.
Since elements of different orders are not conjugate, the set Clo(G(R)) is infinite. This
proves the proposition. O

PROPOSITION 2.4. Let A be a finite-dimensional semisimple algebra over a number
field F'. Then Clg(A*) is finite.

PROOF.  For each positive integer n, denote by Homp (F'[t]/(t"—1), A) the set of F-
algebra homomorphisms from F[t]/(t"—1) to A, and by Hom} (F[t]/(t"—1), A) the subset
consisting of all maps ¢ with ord(¢(t)) = n. The group A* acts on Homp (F[t]/(t" — 1),
A) by conjugation, and we have orbit spaces

Hom’(F[t] /(" — 1), A)/A* € Homp(F[t]/(t" — 1), A)/A*.

Let Clp(n, A*) denote the set of conjugacy classes of elements of order n in A*. Clearly
this set agrees with the set Homp (F[t]/(t™ — 1), A)/A*.

Since A is separable over F' and F[t]/(t" — 1) is semisimple, an extension of the
Noether—Skolem theorem ([17, Theorem 2], also see [30, Theorem 1.4]) states the set
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Homp(F[t]/(t™ — 1), A)/A* is finite. Thus, Cly(n, A*) is finite for each n. Note that
Clo(A*) is the union of Cly(n, A*) for all n, and that Cly(n, A*) is empty for almost all
n, because the degree of Q(¢,,) is unbounded when n goes large, This proves the finiteness
of Clp(AX). O

Now we provide an example showing that Cly(G(F)) can be infinite for a connected
reductive group G over a number field F'. Take G = SLy and F' = Q. Consider the subset
Clp(4,SLy(Q)) C Clp(SL2(Q)) of classes of order 4. We choose a base point §y = (? 01>
and set K := Q(&), which is isomorphic to Q(v/—1). Every element ¢ € SLy(Q) of
order 4 is conjugate to & by an element ¢g; in GLy(Q), i.e. £ = glfogl_l. Two elements
g1 and g2 in GL2(Q) give rise to the same element ¢ if and only if go = g1z for some
element z € K*. Moreover, suppose &; and & are two elements in SLy(Q) of order 4
presented by g1 and go, respectively. Then &; and & are conjugate in SLo(Q) if and only
if go = hg1z for some elements h € SLo(Q) and z € K*. Therefore, we have proved a
bijection

Clo(4,5L2(Q)) ~ SL2(Q)\ GL2(Q)/K ™. (2.2)

Taking the determinant, we have Clg(4,SL2(Q)) ~ Q*/Ng/o(K*). Note that
Nk /g(K*) consists of all non-zero elements of the form a? + b* with a,b € Q. By basic
number theory, we obtain the following result.

PROPOSITION 2.5.  The set Clg(4,SL2(Q)) is in bijection with the Fo-vector space
generated by —1 and prime elements p with p = 3 (mod 4). In particular, the set

Clo(4,SL2(Q)) is infinite.

REMARK 2.6. Another way to interpret the previous example is through the point
of view of stable conjugacy classes. Let G be a connected reductive group over F' as before.
Two elements &1, & € G(F) are said to be stably conjugate if there exists g € G(F) such
that & = g&ag~'. Let G¢ be the centralizer of £ € G(F). Langlands [12] establishes a
bijection between the set of conjugacy classes within the stable conjugacy class of £ and
ker(H'(F,G¢) — H'(F,G)). In the example where G = SLy and F' = Q, every element

of order 4 in SL(Q) is stably conjugate to &. Since H'(Q,SLz) = {1} and G¢, coincides

N
with the norm 1 torus T := ker (Resx q(Gm, k) A, Gn,q), We recover the result

Clo(4,SL2(Q)) ~ H'(Q, T) = Q* / Ngq(K™).

We mention Springer and Steinberg [20] and Humphreys [10] as important references
for conjugacy classes of linear algebraic groups.

3. The cardinality of Clg(GL2(0O)).

Let D be a finite-dimensional central division Q-algebra, and O a maximal order
in D. Fix an integer d > 1. We explain the strategy for calculating the cardinality of
Clp(GL4(0)), based on the lattice description of conjugacy classes in [27, Section 6.4].
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As remarked right after Proposition 1.1, |Clo(GL4(O))| depends only on d and D, not on
the choice of the maximal order O. So it makes sense to set H(d, D) := |Cly(GL4(O))].
The strategy is carried out in detail for the case d = 2 and D = D,, . in subsequent
sections under a mild condition on p (see Remark 3.7), and the resulting formula for
H(2,D, ) is stated in Theorem 3.4. As a convention, N denotes the set of strictly
positive integers, and Z>( the set of nonnegative ones.

3.1. The general strategy.
Given an element © € GL4(O) of finite order, its minimal polynomial over Q is of
the form

Po(T) = &, (T) -+ (T), 1<my<-<ny (3.1)

for some r-tuple n = (n1,...,n,) € N, where ®,,(T) € Z[T] denotes the n-th cyclotomic
polynomial. For simplicity, we denote the set of strictly increasing r-tuples of positive
integers by N”. Let C(n) C Clo(GLg(O)) be the subset of conjugacy classes with minimal
polynomial P, (T"). The subring Z[z] C Matq(O) (resp. subalgebra Q[z] C Matq(D))
generated by x is isomorphic to A,, (resp. K,,) defined as follows,

) - .y
e R - (T))—EQ[T]/(%<T>).

=1 TNy =1 TN

(3.2)

If r = 1, we omit the underline in n and write A,, and K, instead. Hence K,, = H;zl K,,,
but this decomposition does not hold for A, in general. Let O°P (resp. D°PP) be the
opposite ring of O (resp. D).

Let V = D? be the right D-space of column vectors. The left multiplication of
Matg(D) on V induces the identification Maty(D) = Endp (V). The right scalar action
by D on V gives an embedding D°PP < Endg(V') of D°PP which commutes with Maty(D),
and we have Endg(V) = Maty(D)®DPP. Let My = O C V be the standard O-lattice in
V. Then Endp(Mp) = Maty(O) C Matq(D). The conjugacy class [z] € C(n) equips My
with an (A4, O)-bimodule structure which is faithful as an A,,-module, or equivalently,
a faithful left A,, ®z O°PP-module structure. Similarly, V' is equipped with a faithful left
K, ®gp D°PP-module structure.

For simplicity, we define

Ay = A, ®z O°PP, and J, = K, ®g D" = H K, ®qg D°PP. (3.3)
i=1
Clearly, <, is an order in the semisimple Q-algebra ¢, = [[_, J,,. Each %, is a
central simple K,,-algebra, whose left simple module is denoted by W,,. Let
e(n) :=dimp W,

as a left D°PP-gpace (or equivalently, a right D-space). Note that e(n) is also the smallest
e € N such that there exists an embedding K,, < Mat. (D).
The decomposition of %, in (3.3) induces a decomposition
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V=V.,, (3.4)

where each V,,, is a nonzero J#,,-module. Hence V,,, ~ (W,,)™ for some m; € N.

i

Comparing the D-dimensions, we get a condition for (n,m):
d=mye(ny) + -+ mpee(n,). (3.5)

We refer to [30, Theorem 1.3] for discussions of the general case where the ground field
Q is replaced by an arbitrary field. The r-tuple m = (mq,...,m,) € N” will be called
the type of the left J,-module V, and the pair (n,m) the type of the conjugacy class
[x] € C(n) C Cly(GL4(O)).

A pair of r-tuples (n,m) € N" x N is said to be d-admissible if it satisfies equation
(3.5). Let C(n,m) C Cly(GLg(O)) be the subset of conjugacy classes of type (n,m).
Then we have

Cly(GLa(0)) = [[C¢(n) = ] C(n,m), (3.6)
n (

n,m)

where (n,m) runs over all d-admissible pairs. Let .Z(n,m) be the set of isomorphism
classes of @,-lattices in the left JZ,-module V' of type m. According to the Jordan—
Zassenhaus theorem [6, Theorem 24.1, p.534], £(n, m) is a finite set.

LEMMA 3.1.  There is a bijection between C(n,m) and £ (n,m).

PROOF. As explained above, each conjugacy class [x] € C(n,m) equips My = O¢
with an 7,-module structure, thus defines a map from C(n,m) to £ (n, m). Conversely,
for any member [M] € Z(n,m), we regard M as an (A,, O)-bimodule. Since the class
number of Maty(D) is one (as d > 1), we have M ~ M as right O-modules. The faithful
left A,-action on M provides an embedding A,, — Ende (M) ~ Endp(My) = Matq(O),
which makes M and M, as isomorphic (4,,, O)-bimodules. This shows the surjectivity.
Let z,y be two elements of GL4(O) such that their conjugacy classes lie in C(n, m). Let
M, (resp. My) be the (A,,O)-bimodule structure on M, obtained by the embedding
gz + A, — Matgy(O) determined by ¢ (T) = x (resp. by ¢, (T) = y). Then M, ~ M, if
and only if there is an O-isomorphism « : My — My such that a(p,(a)m) = ¢, (a)a(m)
for every a € A,, and m € My. Let g € GL4(O) represent o. Then we have gz = yg.
This proves the injectivity and hence the lemma. O

Let us denote
o(n) :==|C(n)| and o(n,m):=|C(n,m)| = |Z(n,m)l (3.7)

It follows from (3.6) that

H(d, D) = |Clo(GL4(0))| = Y o(n) = Y o(n,m). (38)

n (n,m)
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Now fix a d-admissible pair (n, m) € N” xN" and a left Jy-module V of type m. The
isomorphism class of an «7,-lattice A C V is denoted by [A]. Two ,-lattices A1,A2 C V
are isomorphic if and only if there exists g € End y, (V)* C GL4(D) such that A; = gAs.
Clearly,

I
End, (V) = H Endy, (Vy,), and Endy, (Vi) ~ K,, ®g D, (3.9)
=1

where ~ denotes the Brauer equivalence of central simple algebras. On the other hand,
the algebra End., (V,,) is the centralizer of K, in Endp(V;,). So by the centralizer
theorem [8, Theorem 3.15],

[Kp, : QP [Endy, (Va,) : Kn,] = [Endp(Vy,,) : Q] = [D : Q](mie(n;))*. (3.10)

The structure of End (V') is completely determined by (3.9) and (3.10).

For each prime /¢ € N, let Ay be the f-adic completion of A, and %;(n,m) the set
of isomorphism classes of 47, ¢-lattices in V. The profinite completion A — A= II,Ae
induces a surjective map

U ZL(n,m) — [[ Z(n,m). (3.11)
0

For almost all primes ¢, the order 7, , is maximal in J¢, », in which case .Z;(n,m)
is a singleton by [6, Theorem 26.24]. So the right hand side of (3.11) is essentially a
finite product. Two lattices A; and Ay are said to be in the same genus if U([A1]) =
U([A2]), that is, if they are locally isomorphic at every prime £. The fibers of ¥ partition
Z(n,m) into a disjoint union of genera. More explicitly, for each element L = (ILy), €

Hé D%(ﬂv m)v let
ZL(n,m,L) =¥ H(L) = {[A] € L(n,m) | [A] = L, ¢} (3.12)

Then £ (n,m) = [[, £ (n,m,L), where L runs over elements of [, Zi(n, m).
Lastly, we pick an @7,-lattice A C V with [A] € Z(n,m,L) and write O, for its
endomorphism ring End, (A) C Endy, (V). It follows from [21, Proposition 1.4] that

Z(n,m,L) is bijective to the set Cl(Oy) of locally principal right ideal classes of Oy. In
particular,

|2 (1, m, L)| = h(O4) := [CL(O4)]- (3.13)

Another choice A’ with [A'] € Z(n,m,L) produces an endomorphism ring Oy lo-
cally conjugate to O at every prime ¢, and hence gives rise to the same class num-
ber h(Op/) = h(Op). If o, is maximal at ¢, then (Op)¢ is a maximal order in
End{;gfﬂ(V)g = End()gﬂyk (Vz)

In summary, the calculation of H(d, D) is separated into 3 steps:

(1) For each 1 < r < d, list the set T(d,r) of all d-admissible pairs (n,m) € N x N
We set T(r) = T(d,r) if d is clear from the context.
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(2) For each (n,m), classify the genera of o7,-lattices in the left J#;,-module V' of type
m. This amounts to classifying the isomorphism classes of .7, ¢-lattices in V. Only
the primes ¢ with 47,  non-maximal come in to play.

(3) For each genus, write down (at least locally) the endomorphism ring of a lattice

member and calculate its class number. The sum of all these class numbers is
H(d, D).

REMARK 3.2.  We make a couple of simplifications for the calculations.
(i) The center Z(GL4(0O)) = {£1} acts on Clg(GL4(O)) by multiplication, and induces a
bijection between C(n) and C(n'), where n' is obtained by first defining an intermediate
r-tuple nt := (n%, ...,n}) with

nf=<Sn, i 4]n, (3.14)

n;/2 otherwise,

for each 1 < i < r, and then rearranging its entries in ascending order. For example,
if n = (3,4), then n' = (4,6). Thus o(n) = o(n') and only one of them needs to be
calculated.

(ii) Let u be the reduced degree of D over Q, and A an <,-lattice in the J#,-module V
of type m. For almost all primes ¢, we have O°PP @ Z, ~ Mat, (Z;), and hence 7, o ~
Mat,, (Ay.¢). Fix such an £. It then follows from Morita equivalence that A, ~ (A})" and
Vi =~ (V))*, where A} is an A, ,-lattice in the K, ;-module V;/ = [];_; V,, ,. Each V, ,
is a free K,,, ;-module of rank /

dimg(D™ M) /(u[K,,, : Q]) = um,e(n;)/o(n;). (3.15)

The association A, — A’e establishes a one-to-one correspondence between .%(n,m)
and the set of isomorphism classes of A, ¢-lattice in V. Moreover, End., ,(A;) =
Endy, ,(Ay). This reduces the classification of lattices over the non-commutative or-
der % ¢ to that over the commutative order A, ;, which is much easier. We make use of
this simplification in Section 5; see Table 2.

REMARK 3.3. When D = D, , many numerical invariants discussed in this sub-
section admit natural geometric meanings. Assume that F, has even degree a := [F, : )]
over its prime field as in Proposition 1.1. Recall that an algebraic integer m € @ is said
to be a Weil g-number if |1(m)| = ¢'/? for every embedding ¢ : Q(7) < C. One class
of examples is given by 7, := (—p)*/2(, for n € N, where ¢, denotes a primitive n-th
root of unity. By the Honda—Tate theorem, there is a unique simple abelian variety
X, over F, up to isogeny corresponding to the Gal(Q/Q)-conjugacy class of m,. It
is known [27, Subsection 6.2] that X,, is a supersingular abelian variety of dimension
e(n). Fix an integer d > 1 and let (n,m) € N* x N be a d-admissible pair. By [27,
Proposition 6.11], o(n, m) counts the number of F,-isomorphism classes of d-dimensional
superspecial abelian varieties over Fy in the isogeny class of X,, 5, := [[;_;(Xp,)™. In
particular, » measures the number of F,-isotypic parts of X,, ,,. By [27, Lemma 6.3], we
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have End’(X,,m) ~ End x, (V), where V is a left .%,-module of type m.

3.2. Explicit formulas for H(2, Dy oo)-
First, we list all 2-admissible pairs (n,m) € N” x N" for r = 1,2. Note that e(n) < 2
only if p(n) = [K,, : Q] <4,ie.n€{1,2,3,4,5,6,8,10,12}. More explicitly,

e if n € {1,2}, then K,, = Q and e(n) = 1;

o if n € {3,4,6}, then [K, : Q] = 2. We have e(n) = 2 if p splits in K,,, and e(n) =1
otherwise.

o if n € {5,8,10,12}, then [K, : Q] =4 and e(n) > 2. We have e(n) = 2 if and only
if p does not split completely in K.

Thus we have

T(1)={(n,m) e NxN|ne{l,23,4,5,6,8,10,12}, me(n) = 2},
T(2) = {((n1,n2), (m1,ms)) € N? x N2 | n1 < me2,n; €{1,2,3,4,6}, me(n;) = 1}.

Note that for each n € N" with r = 1,2, there is at most one m € N” such that (n,m)
is 2-admissible. For brevity, we omit m from the notation -Z(n,m) and write £ (n)
instead. Similarly, we discuss only the value of o(n) rather than that of o(n,m). Thus
there should be no ambiguity of the notation o(1,2) for n = (1,2). Using this notation,
we have 19 2-admissible elements:

T(1) ={1,2,3,4,5,6,8,10, 12},
T(2) = {(1’ 2)7 (17 3)’ (174)7 (176)7 (27 3)7 (274)7 (276>’ (374)7 (3’ 6)’ (476)}

By Remark 3.2(i), we have

o(1) =0(2) =1, o(3) = 0(6), o(5) = 0(10); (3.16)
0(1,3) = 0(2,6), o(1,4) = 0(2,4), o(1,6) = 0(2,3), 0(3,4) = 0(4,6). (3.17)

Let ¢ = p® be an even power of p. By Remark 3.3, each o(n) above counts the number
of isomorphism classes of superspecial abelian surfaces over F, in a supersingular isogeny
class over [F, determined by n € N'. If r = 1 so that n = n € N, then the isogeny class
is isotypic; it is even simple if e(n) = 2. If » = 2, then the isogeny class is non-isotypic:
every member is F,-isogenous to a product of two mutually non-isogenous supersingular
elliptic curves over F,.

THEOREM 3.4. Let D = D, o be the quaternion Q-algebra ramified exactly at p
and oo, and O a mazimal order in D. We have

H(2,D,p ) = |Clo(GL2(0))| = 2+ 20(3) + 0o(4) + 20(5) + 0(8) + 0(12)

+0(1,2) 4 20(2,3) + 20(2,4) + 20(2,6) + 20(3,4) + 0(3,6), (3.18)

where the value of each o(n) is as follows:
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L if p=75;

0 i p=1 (mod5);
2 if p=2,3 (mod 5);
4 if p=4 (modb);

L if p=2;
e 0(8) =<0 if p=1 (mod 8);
4 if p=3,5,7 (mod 8);

3 if p=2,3;
e 0(12) =<0 if p=1 (mod 12);
4 if p=5,7,11 (mod 12);

3 if p=3;
p-1)2% p+15
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COROLLARY 3.5. Keeping the notation of Theorem 3.4, we have

H(2,D, o
lim (7 p,)

=1. 3.19
p—ro0 p2/9 ( )

PrROOF. By Theorem 3.4, the dominant term of H(2,D, ) is o(1,2), which is
asymptotic to (p — 1)2/9 as p tends to infinity. d

REMARK 3.6. Karemaker and Pries [11, Proposition 7.2] give a full classification of
the types of principally polarized simple supersingular abelian surfaces (A, A) over a finite
field F, with Autﬁq (A, \) = Z/27Z. They also prove [11, Proposition 7.6] that if p > 3,
then the proportion of Fy:-rational points of the supersingular locus As ¢s which represent
(A, A) with Autg (A, A) # Z/2Z tends to zero as t — oo. They ask whether or not the
majority of principally polarized supersingular abelian surfaces over F,: are those with
normalized Weil numbers (1,1, -1, —1). From Theorem 3.4 and [27, Theorems 1.1 and
1.2] we see that the proportion of superspecial abelian surfaces over F,: with normalized
Weil numbers (1,1, —1, —1) (with ¢ fixed) tends to one as p — co. However, to deduce
a similar result for supersingular abelian surfaces, one could use the argument of [28]

where we compute the size of the isogeny class corresponding to the Weil number /pt
with odd t.

In the calculations for Theorem 3.4, we make frequent use of FEichler orders, so
let us briefly recall the definition and basic properties. Let R be a Dedekind domain
with fractional field F, and D be a quaternion F-algebra (not necessarily division). An
R-order O in D is called an FEichler order if it can be written as the intersection of
two maximal orders; see [5, Corollary 2.2] for an equivalent characterization of Eichler
orders. The R-ideal index [19, Chapter III, Section 1] of an Eichler order O relative
to any maximal R-order is called the level of O. Assume further that R is a complete
discrete valuation ring, and let m be a local parameter of R. If D is division, then there
is a unique maximal order in D, hence a unique Eichler order O. Any O-lattice in a left
D-vector space of dimension m is isomorphic to O™. Next, suppose that D = Maty(F).
Then any maximal order of D is conjugate to Ms(R). An order O is Eichler if and only

R R
™R R] '
Up to isomorphism, any O,-lattice in the left Matq(F')-module Mats ,,, (F') has the form

if there exists a nonnegative integer n > 0 such that O is conjugate to O,, := [

GBLTER] ,  where Zsi:m and n >t > >t, >0. (3.20)
i=1 i=1

This gives rise to a bijection between the isomorphism classes of O,,-lattices in Matg ,, (F')
and the pairs of tuples (s,t) € N¥ x Z¥, (for some w between 1 and m) with s =
(51,...,80) and t = (t1,...,t,) satisfying (3.20). We refer to [22, Chapter II, Section 2]
and [2, Chapter 1, Subsection 1.2] for more details on Eichler orders.

REMARK 3.7. We explain what we mean by “a mild condition on p” at the be-
ginning of Section 3. For ease of exposition of the present paper, we will work out the
calculation of each o(n) in Theorem 3.4 under the assumption that A, , = A, ®z Zy, is
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an étale Zy,-algebra. If » = 1, this simply requires p to be unramified in K,,. For r = 2,
an equivalent but more concrete assumption on p is made at the beginning of Section 5.
The purpose for this assumption is so that <7, , = A, , ®z, O, is a product of Eichler
orders (cf. [14, Lemma 2.11]), and the proofs of Propositions 4.1, 4.2, and 5.1 rely on this
result (also compare with [14, Lemma 2.12] for the case where p is ramified in K,). Note
that the assumption holds automatically when p > 7 so it rules out at most p = 2,3, 5.

The remaining part of the paper is organized as follows. Section 4 treats the isotypic
case where r = 1. The non-isotypic case where r = 2 is treated in Section 5. The calcu-
lation of class numbers of certain complicated orders arising in Section 5 is postponed to
Section 6. The handful of cases where the assumption fails will be treated in an upcoming
paper [29], where the ramification requires much greater care.

4. Computations of the isotypic cases.

We keep the notation of Section 3 and put D = D, o, the quaternion Q-algebra
ramified exactly at the prime p and co. The goal of this section is to calculate the terms
o(n) with n € {3,4,5,8,12} in Theorem 3.4, under the assumption that p is unramified
in K, (ie. ptn). According to (3.16), this covers the isotypic case for such p. Note
that p splits completely in K, if and only if p = 1 (mod n). By the discussion at the
beginning of Section 3.2, if n € {5,8,12} then we further assume that p Z 1 (mod n),
for otherwise o(n) = 0.

The cyclotomic field K,, with n € {3,4,5,8,12} has class number 1 by [23, Theo-
rem 11.1]. For n € {3,4} and p =1 (mod n), let Z,, denote the quaternion K,-algebra
ramified exactly at the two places of K,, above p. Since D°PP is canonically isomorphic
to D, we have

D, if ne{3,4} and p=1 (mod n),

(4.1)
Mato(K,) otherwise.

%EK,Z@QQDZ{

The order 7, C %, is maximal at every prime £ # p. It is also maximal at p when
n € {3,4} and p = 1 (mod n). Let V ~ D? be the unique faithful left J#;,-module of
D-dimension 2 (as a right D-vector space). Then V is a free J4,-module of rank 1 if
n € {3,4}, and a simple J#,-module if n € {5,8,12}. By (3.9) and (3.10), we have

&, :=Endy, (V) ~

{Kn ®o D if ne{3,4}, (42)

K, if ne{58,12}.

If n € {3,4}, then &, is a quaternion algebra over the imaginary quadratic field K.
Hence &, verifies the Eichler condition [18, Definition 34.3], and Nr(&) = K, by [22,
Theorem I11.4.1].

Let A be an @7,-lattice in V, and Oy := End, (A). The order Op C &, is maximal
at every prime ¢ # p by the maximality of <, o. If n € {5,8,12}, then A,, C Op C K,
and hence Op = A,,, which has class number 1. If n € {3,4}, then O, is an A,-order in
&n. We claim that h(Ox) = 1 in this case as well. If p is inert in K,,, then it will be shown
that Oy is an Eichler order in Proposition 4.1, otherwise O, is maximal in &,. Thus
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h(Op) = h(Ay) = 1 by [22, Corollaire IIL5.7]. It follows that for all n € {3,4,5,8,12}
and p1{n,

o(n) = = %) (4.3)

|| EZQ)
4

For each f € N, let Q,s be the unique unramified extension of degree f over Q,,
and Z,s be its ring of integers.

PROPOSITION 4.1.  Suppose that n € {3,4} and pfn. Then

o(3) =2 — (‘j’) and  o(4) =2 — (‘j) .

PrOOF. If p splits in K, then 7, is a maximal order in J#,, so there is a unique
genus of o7,-lattices in V. We have o(n) =1 by (4.3).

Suppose that p is inert in K,,. Then e(n) = 1, and V is a free J#,-module of rank
1. We have A,,, = A, ® Z, = Z,2, so by [22, Corollaire I1.1.7],

B Ly Lo

It follows from (3.20) that any <, ,-lattice A, C V), is isomorphic to one of the following

L2 L2 L2 Ly L2 Ly
pr2 prz ’ prz sz ’ sz sz '
Correspondingly, (On), is isomorphic to the opposite ring of

Mat2 (sz), ( ZpZ Zp2

pr2 sz) ; Matg (Zp2),

which verifies the claim above (4.3) that O, is an Eichler order when p is inert in K,.
We conclude that o(n) = 3 by (4.3). O

PROPOSITION 4.2.  Suppose that n € {5,8,12} and p 1 n. Then the formulas for
o(n) in Theorem 3.4 hold. More explicitly,

(1) o(n) =0 if p=1 (mod n);
(2) o(5) =2 if p=2,3 (mod 5);
)

(3) o(n) =4 in the remaining cases.

PROOF. Onuly part (2) and (3) need to be proved. Suppose that p # 0,1 (mod n).
Then e(n) =2, and V is a simple J#,-module.
If n=>5and p=2,3 (mod 5), then

- ~ Zp4 Zp4
A5’p ~ Zp4, and %,p = A5’p ®Zp Op =~ (pr4 Zp4) .
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Z Z
Any o ,-lattice A, C V,, is isomorphic to | ‘** ) or (-7"). Hence o(5) = 2 in this
’ j Lps

case.
For the remaining cases, we have

B N o Zp2 Ly L2 Loy
Gnp = Anp @z, Op = (L2 X Lp2) @7, Op ~ <pr2 sz> ” (pr2 Zy2) "

Every o7, p-lattice A, C V,, decomposes into Az(jl) GBAZ(,Q), where each Ag) is a ( Ly Z”2>_

prz Zp2
lattice in the simple Maty(Q,2)-module Vp(i) ~ (Qp2)?. There are 2 isomorphism classes
of AI(,Z) for each i = 1,2. Therefore, o(n) = 22 = 4. O

5. Computations of the non-isotypic cases.

In this section, we calculate the values of o(n) with
n= (nlv nQ) € {(13 2)7 (2a 3)5 (27 4)a (21 6)7 (3a 4)7 (37 6)} (51)

According to (3.17), this treats all the non-isotypic cases. As mentioned in Remark 3.7,
we assume that A, , = A, ® Z, is étale over Z,. Equivalently, p is assumed to satisfy
the following two conditions:

(I) p is unramified in K,,, = Q[T]/(®,,(T)) for both i = 1,2;
(II) App =Zy[T)/(Pn, (T)Pp,(T)) is a maximal Zy-order in K, p.

This rules out at most p = 2,3 according to Table 1 below. There exists a faithful left
Hp-module V' ~ D? if and only if e(n;) = 1 for both i = 1,2. Thus o(n) = 0 unless
p is inert in K,,, when [K,,, : Q] = 2. So we make further restrictions on p as listed in
Table 1.

5.1. General structures.

We explore the general structures of objects of interest such as A,,, Z,(n) and so
on for all n in (5.1). This sets up the stage for a case-by-case calculation of o(n) in the
next subsection.

By (34),V =V, ®V,,, where each V,,, is a simple J,,-module with dimp V,,, = 1.
Therefore, &, := End z, (V) = Endx, (Vi) X Endx,, (Vy,), and

D if K, =Q;

. (5.2)
K,, if [K,, :Q]=2.

Vi=1,2,  Endy, (V) = {

Let Ok, = Z[T]/(®n,(T)) x Z[T]/(®n,(T)) be the maximal order of K,. There is
an exact sequence of A,-modules

0— A, — O, 5 Z[T)/(®0, (T), ®,,(T)) =0, (5.3)

where ¢ : (z,y) — T — 3. The indices [Ok

n

: A, are listed in Table 1.
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Table 1.

n K, =K, x Kp, Ok, : Anl én Conditions on p
(1,2) QxQ 2 D xD pF£2
(2,3) Q x Q(-3) 1 D xQ(V-3) p=2(3)
(2,4) QxQ(/-1) 2 D xQ(v/~1) p=3(4)
(2,6) Qx Q(/-3) 3 D x Q(v/~-3) p=2(3)
(3,4) | QW/=3) x Q(v—1) 1 QW=-3)xQW-1)| p=11(12)
(3,6) | Q(v—3) x Q(v/-3) 4 QW-3)xQ(W-3) |p=2(3), p#2

Observe that A, 3) and A3 4) are maximal orders. Let py (resp. q2) be the unique
dyadic prime of A4 (resp. As), and ps be the unique prime ideal of Ag above 3. Then
Ay/pa >~ Fy and Ag/ps ~ F3. We write down the non-maximal orders A,, explicitly using
(5.3):

Aoy ={(a,b) €ZxZ|a=0b (mod2)}; (5.4)
Ay ={(a,b) €Zx Ay|la=0b (mod ps)}; (5.5)
Ape =1{(a,b) €Z x A |a=0b (mod p3)}; (5.6)
A ~{(a,b) € A3 x A3 [a=b (mod q2)}, (5.7)

where Ag = Z[T]/(T? — T + 1) is identified with A3 = Z[T]/(T? + T + 1) via a change of
variable T+ —T. Applying [27, Lemma 7.2] if necessary, we have

h(A@,0) = MAEe) = 1. (5.8)

Recall that the class number of O is given by

o ()G e

By our assumptions, the order 7, is non-maximal at a prime ¢ € N if and only if
one of the following mutually exclusive conditions holds:

(i) £=pand n # (1,2);
(ii) €| [Oxk, : Aul.

PROPOSITION 5.1.  Let n = (n1,n2) be a pairin (5.1), and p € N a prime satisfying
the corresponding condition in Table 1. Then

|-Zp(n)| = [Kn, : Q][Kn, : Q]
For every <, -lattice A C V, the endomorphism ring O = Endy, (A) is mazimal at p.

PrOOF. By assumption (II), A, , = Ap, p X Ap, p. Consequently, A, decomposes
as Ap, p ® Ap, p, where each Ay, , is an 47,, ,-lattice in the simple 77, ,-module V;,, ,
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It is enough to show that the number of isomorphism classes of .7,, ,-lattices in V,,, ;, is
[y, : Ql, and Endy, ,(Ay, p) is maximal for each i = 1, 2.

If K, = Q, then o, , = O,. We have Ay, , =~ O, and Endy,  (Ay, p) = Op.

If [K,, : Q] =2, then A, , ~ Z,2 since p is inert in K,, by our assumption. It

B (T T . o Z,2
follows that o7, , = Z,2 ®z, O, ~ (pr2 sz) , and Ay, , is isomorphic to either <pr2
Z
or (Zzz)' In both cases, Endy,  (An,; p) = Zpe2. O

Next, we consider the other class of primes at which 7, is non-maximal, namely
the prime divisors of [Of, : Ay,]. According to Table 1, there exists a prime ¢ dividing
Ok, : Ay] only if

n € {(1,2),(2,4),(2,6),(3,6)}, (5.10)

and each n above determines uniquely such a prime £. Since £ # p by our assumption, we
have Oy ~ Maty(Z,). By Remark 3.2(ii), the classification of isomorphism classes of 47, ;-
lattices in V; reduces to that of A, ¢-lattices in the K, ;-module V/, where V, = (V/)2.
The value of ¢ and the structure of V; for each n is given by the following table.

Table 2.
n |4 v/
(1,2) | 2| (Kne)?=(Q2xQ)?
(2,4) | 2 | (K24)? x Kyp=Q3 x Ky
(2,6) | 3| (K24)* x Koo =Q3 x Ko
(3,6) | 2 Kpe=Q4x Q4

To classify the isomorphism classes of A, -lattices in V;/ in each of the above cases,
we apply the theory of Bass orders. Recall that a Bass order is a Gorenstein order
for which every order containing it in the ambient algebra is Gorenstein as well [6,
Section 37]. We provide a couple of equivalent characterizations in the commutative
case. Let R be a Dedekind domain with fractional field F', and B be an R-order in a
finite dimensional separable semisimple F-algebra E. Denote the maximal R-order in F
by Opg. The following are equivalent:

(i) B is a Bass order, i.e. every R-order B’ with B C B’ C Op is Gorenstein;
(ii) every ideal I of B can be generated by two elements;
(iii) the quotient Og/B is a cyclic B-module.

Characterization (ii) above is due to Bass [3, Section 7], and (iii) is due to Borevich and
Faddeev (see [6, Section 37, p.789]). Thanks to (iii) and (5.3), A,, is a Bass order for any
arbitrary? n € N2, The Bass property is local in the sense that B is Bass if and only if

2However, the same does not hold for n € N” with r > 3, because A(1,2,4) = Z[T]/(T* — 1) already
provides a counterexample.
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B, is Bass for every nonzero prime p C R. In particular, A, ¢ is Bass for all n in (5.10)
and the corresponding prime ¢ determined by n.

Note that V/ is a free K,, ;-module when n = (1,2) or (3,6). Let B be a commutative
Bass order and M be a B-lattice in a free F-module of rank m. It follows from the result
of Borevich and Faddeev [6] that there exists an ascending chain of R-orders

BCBC---CB, (5.11)
and an invertible B,,-ideal J such that
M~B & ®Bp_1®J.

The chain of orders (5.11) and the isomorphism class of J in the Picard group Pic(B,,)
determine uniquely the B-isomorphism class of M, and vice versa. If R is local, then
Pic(B,,) is trivial, and we have

M~B @ & Bp. (5.12)

In this case, the chain (5.11) alone forms the isomorphic invariant of M. We will apply
this result in the proofs of Propositions 5.3 and 5.4.

For n = (2,2¢) with ¢ € {2,3}, the K, ;-module V} is no longer free. Nevertheless,
we can use the Krull-Schmidt—Azumaya theorem [6, Theorem 6.12] to write any A, ,-
lattice Aj, C V// into a direct sum of indecomposable sublattices. Every indecomposable
lattice over a commutative Bass order is isomorphic to an ideal by [3, Section 7] (see [6,
Theorem 37.16] for the general case). This allows us to classify up to isomorphism all
the indecomposable A,, ¢-lattices, and hence all A, ,-lattices in V. We work out this in
detail in the proof of Proposition 5.5.

5.2. Case-by-case calculations of o(n).

We arrange the calculations of o(n) in the order essentially according to the complex-
ity of V/ as a K, ;-module in Table 2. We first treat the cases n = (2,3) and n = (3,4) in
Proposition 5.2. The orders A,, are already maximal orders in kK, for these two n, so no
classification of local lattices is needed at any prime distinct from p. Next, we treat the
case n = (3,6) in Proposition 5.3, where V/ is a free K, -module of rank 1. After that,
we treat the case n = (1,2) in Proposition 5.4, where V} is a free K, ;-module of rank
2. In both previous cases, we apply the result of Borevich and Faddeev on Bass orders.
Lastly, we treat the cases n = (2, 2¢) with ¢ € {2, 3} in Proposition 5.5. The K, ;-module
V/ is not free for these two n, so we take the Krull-Schmidt-Azumaya approach instead.
The calculation of class numbers of certain complicated orders (to be defined in (5.14)
and (5.17)) is postponed to Section 6.

PROPOSITION 5.2. (1)
(5.9) for the formula of h(O).
(2) We have 0(3,4) = (1 — (=3/p))(1 — (—4/p)) for all p # 2,3.

PROOF. Suppose that n € {(2,3),(3,4)}, and p satisfies the corresponding con-
dition in Table 1. We have A,, = Ok, ,

We have 0(2,3) = (1 — (=3/p)) h(O) for all p # 3. See

so 4, is maximal at every prime ¢ # p. The
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endomorphism rings of 7,-lattices in V' are maximal orders in End, (V'), which share
the same class number. It follows that o(n) = |-Z,(n)|h(Oa) for any y-lattice A C V.
If n = (2,3), then Endy, (V) = D x K3, and h(Oy) = h(O)h(As) = h(O). By Propo-
sition 5.1, we get 0(2,3) = 2h(0). If n = (3,4), then Endy, (V) = K3 x Ky, and
Op = Az x Ay = A(z4), which has class number 1 as remarked in (5.8). By Proposi-
tion 5.1, we get 0o(3,4) = 4.

For the remaining primes p considered in the proposition, both sides of the formulas
are zero. The proposition is proved. g

PROPOSITION 5.3.  We have 0(3,6) = 2(1 — (=3/p))? for all p # 2, 3.

PrROOF.  Assume that p # 2,3. Ounly the case p =2 (mod 3) requires a proof. For
n = (3,6), Ok, , is the only order in K, > properly containing A, » by (5.7). So any
Ay o-lattice A in Vy ~ K, 5 is isomorphic to A, 2 or O, , by (5.12). Correspondingly,

Apo i AL~ A,
OKQ,2 if A/2 ~ OKn,Z’

Endya, ,(A}) = { (5.13)

and the same holds for Endy, ,(A2) by Remark 3.2(ii). It follows from Proposition 5.1
that

A i Ay~ (Ano)?,
End%(A):{ no Az = (dno)

OKl lf A2 ~ (01(2’2)27

for any .<,-lattice A C V. Recall that h(A,) = h(Ok,) = 1 by (5.8). Therefore, when
n=1(3,6), p=2 (mod 3) and p # 2, we have

2
-3

o) = 1% 4wl =212 (1- (1)) . 0

Now suppose that n = (1,2). Then K, = Q x Q, and A,, is the unique suborder

of index 2 in Ok, = Z x Z. To write down the formula for o(1,2), we define a few

auxiliary orders. Let O1(1,2) := O x O, a maximal order in End, (V) = D x D. Fix
an isomorphism Oy ~ Mats(Zs), and thereupon an isomorphism

@1(1,2)2 = (O X O) ® ZQ ~ MatQ(ZQ X Zg) = Matg(OKﬂg).

Let Qg(1,2) and O14(1,2) be the suborders of Q;(1,2) of index 8 and 16 respectively
such that

Ap2 20k, ,

05(1,2)2 = (OK Ox ) , 016(1,2)2 = Mata(Ap 2);

0;(1,2)p =041(1,2)p V prime ¢ # 2 and i = 8, 16.

(5.14)

PROPOSITION 5.4. If p =3, then o(1,2) = 3. For p # 2,3, we have
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0(1,2) = h(01(1,2)) + h(0s(1,2)) + h(O16(1,2))
S (- () 0-(G) e
Se-G)EG))

PRrROOF. Throughout this proof, we assume that p # 2. By Table 2, VJ is a free
K, o-module of rank 2. According to (5.12), any A,, o-lattice A5 C V4 is isomorphic to
AJ 29Ok, ,)>77 with j = 0,1, 2. Correspondingly, the endomorphism ring Endy, ,(A3)
is 1somorphlc to

@1(1,2)2, @8(1,2)2, @16(1,2)2.

Since |.%,(n)| = 1 by Proposition 5.1, there are three genera of 27,-lattices in V. Each is
represented by a lattice with endomorphism ring Q;(1,2) for i € {1, 8, 16}, respectively.
It follows that

0(1,2) = h(01(1,2)) + h(0g(1,2)) + h(O16(1,2)). (5.16)

The class number h(Qsg(1,2)) is given by Proposition 6.5, and h(Q16(1,2)) is given by
Proposition 6.7. Lastly, we have h(Q1(1,2)) = h(0)? (see (5.9)). The explicit formula
for o(1,2) follows from (5.16). O

Finally, we study the terms o(2,2¢) for ¢ € {2,3}. We have [Og, : A,] = ¢, and
End (V) = D x Koy, the product (not the tensor product) of D and Koy, by (5.2).
Let ©1(2,2¢) be the maximal order O x Ay C End .y, (V). Recall that p # £ by our
assumption, so we fix an isomorphism Oy ~ Mats(Z,). By an abuse of notation, we still
write p, for the unique prime ideal of Ay above £. Let Op2(2,2¢) be the suborder of

index ¢ in Q4(2,2¢) such that

02 (2,20) = {({a” ‘“2} ,b) € 01(2,20),

a21 (22

az1 =0 (mod )
azs =0 (mod py) (5.17)
@52 (2, 26)@/ = @1(2, 26)@/ v prime 0 7é L.
PROPOSITION 5.5.  For{ € {2,3}, we have 0(2,20) = 2h(01(2,20))+2h(0p=(2, 20)).
More explicitly,

_(p+3 _1(3 (=
0(2’4)< 3 3<p>)<1 <p>> srr
C(Bp+18 1 (-3\ 1 (-4 ,
o= (M55 (5) 1 G) - (5)) ves
PROOF.  As discussed before Section 5.1, 0(2,4) = 0if p =1 (mod 4) and 0(2,6) =

0ifp=1 (mod 3). Thus, we shall assume p =3 (mod 4) and p =2 (mod 3) for £ = 2,3,
respectively.

(5.18)
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Let V) = @? X Kago = QP Ky ¢ be the module over K, y = Q¢ x Ko 0 in Table 2. We
claim that any A, ¢-lattice Aj C V; is isomorphic to ¥¢ := Z; ® Ok, , or X := Zy @ Ape.
By the Krull-Schmidt—Azumaya theorem [6, Theorem 6.12], every A;ﬁ ¢-lattice is uniquely
expressible as a finite direct sum of indecomposable sublattices, up to isomorphism and
order of occurrence of the summands. Recall that any indecomposable lattice over a
Bass order is isomorphic to an ideal [3, Section 7]. Let I, be an A, s-ideal. Then
Iy ®z, Qg is isomorphic to Qp, Kapp or Ky ¢ If Iy ®7, Q¢ ~ K, ¢, then the result of
Borevich and Faddeev [6, Section 37, p.789] implies that I, is isomorphic to either A,, ;
or Ok, , = Zy®DAzgy. Clearly, O, , is decomposable. Therefore, if I, is indecomposable,
then we have -

Zyg if Iy ®z, Qr =~ Qy;
Iy~ Ay if I ®z, Qp ~ Kogg; (5.19)
Aﬂﬁz if Ip Rz, Qp ~ Kﬂyg.

Write A} = Zzl @Ag‘N@AEZ. Since A, ®z, Q; ~ Q2 x Koy, we have (t1,t2,t3) = (2,1,0)
or (1,0,1). The claim is verified.
Direct calculation shows that

01(2,20), if A, ~%q;

Endg, ,(A}) =
A (A7) {@42(2»25)[ if Aj~X.

The classification at ¢ partitions the set of isomorphism classes of .o7,-lattices A C V into
two subsets, according to the local isomorphism classes of A;. Each subset consists of
two genera by Proposition 5.1. Taking into account of the maximality of Endg, ,(A;)
for every A, we have

0(2,20) = 2h(04(2,20)) + 2h(0y2 (2, 20)). (5.20)

As 04(2,2¢) is a maximal order, one has h(0Q1(2,2¢)) = h(O)h(Asz) = h(O), whose
formula is given in (5.9). The class numbers of 04(2,4) and Qg(2,6) are calculated in
Proposition 6.4. By the formulas for h(O), h(Q4(2,4)) and h(OQy(2,6)), we obtain for

p# 2,

2(M1<3)) it p=3 (mod 4);
0(2,4) = 3 3\ 7p (5.21)

0 if p=1 (mod 4),

and for p # 3,
Sp+14 1 [/—4\\ .

2 — = — f p=2 d 3);
0(2,6) = ( 12 4 ( p )) n (mod 3) (5.22)

0 if p=1 (mod 3).
We rewrite (5.21) and (5.22) into (5.18), which will also hold for p = 2,3 [29]. O

REMARK 5.6.  When n = (2,6), A, ~ A3 = Z[T]/(T? — 1) coincides with the
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group ring Z[Cs] for the cyclic group C3 of order 3. The classification of A, s-lattices is
equivalent to that of Zs-representations of Cs. Similarly, A, 4) is a quotient of Z[Cly].
Therefore, one may also apply the result of Heller and Reiner [9] on indecomposable
integral representations over cyclic groups of order p? (p € N a prime) to obtain the
claim in Proposition 5.5.

6. Class numbers of certain orders.

In this section, we compute the class numbers of the orders Qg(1,2), O14(1,2),
04(2,4), and Qg(2,6), defined in (5.14) and (5.17). Throughout this section, the prime
p is assumed to satisfy the corresponding condition in Table 1 for n = (1,2), (2,4), (2,6)
respectively. We first work out h(04(2,4)) and h(Qg(2,6)) in Proposition 6.4, and then
h(Qs(1,2)) in Proposition 6.5, and lastly h(Q16(1,2)) in Proposition 6.7.

We recall some properties of ideal classes in more general settings. Let R C S be two
Z-orders in a finite dimensional semisimple Q-algebra 3. There is a natural surjective
map between the sets of locally principal right ideal classes

m: CI(R) — CI(S), [I] — [IS].
The surjectivity is best seen using the adelic language, where 7 is given by
T BX\B*/R* — B*\B* /8%, B*xR* s B*28*, Vx € B*. (6.1)

Let J C B be a locally principal right S-ideal. We study the fiber 7=1([.J]). Write
J = a8 for some x € B, and set Sy := O;(J) = BNaSxz~1, the associated left order of
J. By (6.1), we have

Y [J]) = 7~ Y(B*28%) = BX\(B*28%)/R*. (6.2)
Multiplying B X 28> from the left by ! induces a bijection
BX\(B*28*)/R* ~ (x7 B x)\ (2 ' B*28%)/R*,

and the latter is in turn isomorphic to (z~!B%z N &*)\&* /R*. Therefore, we obtain a
double coset description of the fiber

7Y ([J) =~ (27185 2)\S* /R*. (6.3)

LEMMA 6.1.  Suppose that Sx C ./\/(7%), the mormalizer of R in BX. Then the

suborder Ry := aRz~1NB of Sy is independent of the choice of x € B* for J, and
_ SX 1 R*

= R
87 :R7]

PROOF. Suppose that J = 2'S for 2/ € BX as well. Then there exists u € S* such
that 2’ = zu. Since §* C N(R), we have
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PRe’IPNB=suRu 'z ' NnB=2sRz'NB=R;CSy,

which proves the independence of R ; of the choice of z. If I is a locally principal right
R-ideal such that IS = J, then R; = O;(I), the associated left order of I. Conjugating
by & € B* on the right hand side of (6.3), we obtain

T () = SF\(@S 2 (@R*at) = SY\SF /R (6.4)

The assumption S* C N (ﬁ) also implies that R* <48 % and hence 7%5 < 3’;
and R} < fjf./\The left action of S} on the quotient group S7 /7}5 factors through
S7/R; €87 /R, and its orbits are the right cosets of S7 /R in S /R. Thus

T (D] =S5 RE/ISS Ry =18 R¥]/[S] « R]. O

REMARK 6.2. The condition S* - N(ﬁ) implies that RX < Sx. However, the

converse does not hold in general. It is enough to provide a counterexample locally at
Zo 27,

a prime /¢, say, { = 2. Let S = Mats(Z2), and Ry = (2£ 7 2>, an Eichler order of
2 Lig

level 4 in Sy. Then

R; = {:v S MatQ(ZQ)

v = ((1) ?) (mod 232)} 48F = GLa(Zs).

On the other hand, let © = ((1) 1) €8S, andy = (é 8) € Ry. Then

=0 )6 o) 6 1) o) e

COROLLARY 6.3.  Keep the notation and assumption of Lemma 6.1. If the natural
homomorphism S} — S} /R’ is surjective for each ideal class [J] € CI(S), then  is
bijective.

PROOF. It is enough to show that 7 is injective. The surjectivity of S} — §; /ﬁ;
implies that the monomorphism S} /R; < S7/R} is an isomorphism, and hence
[T (DI =[S7 /Ry - SF/R]=1. O

Let D = D, » be the unique quaternion algebra over QQ ramified exactly at p and
00, and O C D a maximal order in D. Let £ € {2,3}, and assume that p # ¢. Fix an
isomorphism O ®y Z, ~ Maty(Z;). We write O for the Eichler order of level £ in O
such that O @ Zy = O ® Zy for every prime ¢/ # ¢, and
Zy Ze}

The formula for A(O®) is given in [15, Theorem 16]:
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o B () ()
+i(1_ (;‘)) (1+ (_;)) for £ {2,3) and p # L.

PROPOSITION 6.4.  Suppose that ¢ € {2,3} and p # £. Let Qp2(2,2¢) be the order
defined in (5.17). Then

(6.5)

@ wou) = (- () i p22

o) n@a2.0) =5 (0= () i 23

Proor. For simplicity, we set Qp2 = 02(2,2¢), and define Qp := O x Ay,
which contains @z and is a suborder of index ¢ in Q7(2,2¢) = O x Agy. Recall that py
denotes the unique ramified prime in Agy. We have Ay /p; = Fy, and the canonical map
AS, = (Age/pe)* =TF/ is surjective.

It is straightforward to check that @ZX C N(Op), and @Z /@Z2 =F). Let Z(0Qy) be
the center of Qp. Then Z(0y) = Z x Ay, and its unit group Z(0p)* = {£1} x A, maps
surjectively onto @Z / @EXQ Since Z(0¢) = Z(0,(J)) for every locally principal right ideal
J of Qy, the assumptions of Corollary 6.3 are satisfied. Therefore,

h(Qy2) = h(0p) = R(OV)h(Ag) = H(OWV),  for £=2,3.

Applying formula (6.5), we obtain

M(O4(2,4)) = HOP) = | (p - (‘4)) it p 2

h(0s(2,6)) = h(OB)) = % (p— (‘})) it p+£3. 0

Next, we assume that p # 2 and calculate the class numbers of the orders Og(1,2)
and O16(1,2) defined in (5.14). For simplicity, let Q; = 0;(1,2) for ¢ € {1,8,16}.

PROPOSITION 6.5.  Suppose that p # 2. Then

oo ())"

PROOF. By an abuse of notation, we still write O for the Eichler order of O of

level 2 such that O® @ Z, = [52 QZZQ} and O®) @ Zy = O ® Zy for all primes ¢ # 2.
2 L

Put @ = (’)(Z)Ax 03, \Ehich is a suborder of O, of index 4 containing Qg. One checks

that 0, C N (Qg), and QF = 0, so the assumptions of Corollary 6.3 are automatically

satisfied. We have
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2
h(Qs(1,2)) = h(0® x 0P = H(OP)? = %6 <p - (‘;)) . (6.6)

O

To calculate the class number of Q4¢, we first note that 20, C Oyg, and the quotient
ring 016/201 = Maty(F2) embeds diagonally into 01/20; = Mats(F2)?. In this case,
@16 is not normal in @1 , S0 (O) Z N(Qy). This prevents us from applying Lemma 6.1
or Corollary 6.3 to the current situation.

We consider the natural surjective map 7 : Cl(Q16) — C1(07) and work out explicitly
the cardinality of each fiber. If [J] € C1(Qy) is a right ideal class of Q1 with J = 20, for
an element z € (D*)2, then by (6.3) one has a bijection

7 ([ J]) =~ xil@jx\@f JOY,, where Oy = O;(J) = D*Na0yz " (6.7)

If p # 2,3, then Q) ~ Cy;, x Cyj, for some 1 < ji,jo < 3. Here C,, denotes a cyclic
group of order n. Given an arbitrary set X, we write A(X) for the diagonal of X?2.

LEMMA 6.6. (1) Let [J] € CI(O1) be a right ideal class of Q1. If O =~ Cqj, x Cyj,,
where 1 < ji, jo < 3, then there is a bijection 7=*([J]) ~ C};,\S3/C},, where S, denotes
the symmetric group on n letters.

(2) Let ¢j, 5, :==1C};,\S3/Cj,| for 1 < ji, jo < 3. Then the values of cj, ;, are listed
in the following table:

Cj1,52 1123
1 6|32
2 3121
3 21112

PROOF. (1) We may regard Cyj, x Caj, = 2710%z as a subgroup of OF. As 1+
20, C @fG, modulo this subgroup, one has @f /@16 ~ (GLy(F2) x GL2(F2))/A(GLa(Fy)).
For any unit ¢ € O%, we have either ¢(* = 1 or (% = 1, and Z[(] coincides with the ring
of integers of Q(¢). By a lemma of Serre, if ¢ is a root of unity which is congruent to 1
modulo 2, then ¢ = +1. Thus, for 1 < j < 3, the map Cy; — GLa(F2) factors through an
embedding C; ~ (C5;/C2) — GLa(F2). Note that GLa(F2) >~ S3. Since cyclic subgroups
of order j of S3 are conjugate, the double coset space (C;, xCj,)\(S5x.53)/A(S3) does not
depend on how C; embeds into Ss. Every element of (S3 x S3)/A(S3) is represented by
a unique (a,1) with a € Ss. For (¢1,¢2) € Cj, x Cj,, one has (c1,¢2) - (a,1) = (c15,¢2) ~
(cracy',1). The map (a,1) — a yields a bijection (Cj, x C},)\(S3 x S3)/A(S3) =~
C;,\S3/Cj,. Therefore, there is a bijection

71 ([J]) = (Cj, x Cj,)\ GLa(F2)?/A(GLy(F2)) =~ Cj,\S3/Cj,.

(2) This is clear if one of the j; is 1 or 3 as C5 is a normal subgroup of S3. To see
2,2 = 2, one may view Cs as a Borel subgroup of S5 = GL2(F2); then the result follows
from the Bruhat decomposition. O
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PROPOSITION 6.7. We have

ot = O30 (1 (Z)) 42 (12 (2)) sz

Moreover, if p =3, then h(014(1,2)) = 1.

Proor. First suppose that p = 3. By [22, Proposition V.3.1], we have h(O) =1,
and O*/{£1} ~ S3. It follows that h(0Q;) = h(O)* = 1, and hence Cl(Q15) =
7 H([04]) ~ O\O /O by (6.3). The same line of argument as that of part (1) of
Lemma 6.6 shows that h(Q16) = [(53)%\(53)%/A(S3)| = 1.

Next, suppose that p # 2,3. For n = 1,2, 3, put

Cl,(0) :={[I] € CLO) | O;(I)* ~ C2,}, and h, = h,(0) :=]|Cl,(O)|. (6.8)
By [22, Proposition V.3.2], if p # 2,3, then
1 —4 1
w0-1(-(3). wo-!

CG) e
hi(O) = h(O) — hy(O) — hs(O)

_p-1l 1, (4 1, (-3 (6.10)
12 4 P 6 P '
Since there are hj, hj, classes [J] € C1(01) with O} ~ Cyj, x Cyj,, it follows from
Lemma 6.6 that

hOw6) = Y hjhjcj, g (6.11)

1<51,52<3

Observe that

6 e o
< if (.]17J2) 7é (272) or (]h]?) 7é (373)7
J172
6 1
Cj o = —— + = for (j1,72) =(2,2);
i =77, T2 (J1,72) = (2,2)
6 4
—+ - for i1,72) = (3,3).
Jjz 3 (n,42) = (3.3)
We can express (6.11) as
6 1 4
h(@lﬁ(lv 2)) = Z hjlhj2f + 7h§ + 7h§
L= Jij2 2 3
<j1,j2<

+

o) 30 3 0-()
EACENACR) s
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