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Abstract. We give a definition of singular integral operators on Morrey—
Banach spaces which include Orlicz—Morrey spaces and Morrey spaces with
variable exponents. The main result of this paper ensures that the singular
integral operator is well-defined on the Morrey—Banach spaces. Therefore,
it provides a solid foundation for the study of singular integral operators on
Morrey type spaces. As an application of our main result, we study commu-
tators of singular integral operators on Morrey—Banach spaces.

1. Introduction.

In this paper, we aim to give an answer to the fundamental question for the study
of singular integral operators on Morrey type spaces, that is, how to define the action of
singular integral operator on functions belonging to a Morrey type space.

The classical Morrey spaces were introduced by Morrey [27] to study the solutions
of some quasi-elliptic partial differential equations. Since the introduction of the classical
Morrey spaces, several important results from Lebesgue spaces had been extended to the
classical Morrey spaces such as the boundedness of the maximal operator [7], singular
integral operators [28] and sublinear operators [23].

Recently, the studies of Morrey spaces is extending to Morrey space built on some
non Lebesgue spaces such as Morrey—Lorentz spaces [3], [18], [31], Orlicz—Morrey spaces
[11], [29], [28], Morrey spaces with variable exponents [1], [13], [15], [19], [22], [24],
[25], [26], [33], [32]. On the other hand, for instance, in [15], [19], we are lack of a
precise definition of the action of singular integral operators on the above mentioned
Morrey type spaces. It is important to give a precise definition on the singular integral
operators studied in the above mentioned results as it gives a solid foundation for us to
study the boundedness of singular integral operators on Morrey spaces.

For the classical Morrey spaces, this fundamental question has been solved in [2]
whereas the results in [2] rely on the pre-dual of the classical Morrey spaces.

In this paper, we give an explicit expression for the definition of the singular integral
operators on Morrey type spaces. This definition is independent of the pre-dual of the
Morrey type space. That is, no matter whether we can identify the pre-dual of the above
mentioned Morrey type spaces or not, our approach applies. Hence, our method directly
applies to the Morrey—Lorentz spaces, the Orlicz-Morrey spaces and the Morrey spaces
with variable exponent. Therefore, the main results of this paper give an unified approach
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of the study of the singular integral operators on Morrey spaces built on Banach function
spaces.

We also see that the boundedness of singular integral operators come naturally from
our definition of the action of singular integral operators on Morrey type spaces.

Additionally, our result provides a solid foundation for further studies of singular
integral operators on Morrey spaces. As an application of our approach, we study the
commutators of some singular integral operators on Morrey type spaces.

This paper is organized as follows. We give the definition of Morrey—Banach spaces
in Section 2. This family includes the Morrey—Lorentz spaces, the Orlicz—Morrey spaces
and the Morrey spaces with variable exponents. The main result of this paper is given
in Section 3. An application of our main result on the commutators is presented in
Section 4.

2. Morrey—Banach space.

Let B(z,7) = {z € R" : |x — z| < r} denote the open ball with center z € R™ and
radius r > 0. Let B = {B(z,r) : z € R", r > 0}.

Let M(R™) and L}, .(R™) denote the space of Lebesgue measurable functions and
the space of locally integrable functions on R™, respectively. Let S(R™) and S’'(R™) be
the space of Schwartz functions and the space of tempered distributions, respectively.

We recall the definition of Banach function space from [4, Chapter 1, Definitions 1.1

and 1.3].

DEFINITION 2.1. A Banach space X C M(R") is said to be a Banach function
space (B.f.s.) on R™ if it satisfies

Iflx =0 & f=0a.e.,
lgl < [flae. = lgllx <|[Ifllx,

(1)
(2)
3) 0< fu® fae = [fullx TIfllx,
(4)
(5)

The Lorentz spaces, the Orlicz spaces and the Lebesgue spaces of variable exponents
are Banach function spaces, see [4], [12].
Furthermore, in view of Item (5) of Definition 2.1, for any B.f.s. X, we have X C
(R™).
We recall the definition of associate space from [4, Chapter 1, Definitions 2.1 and
2.3].

Ll

loc

DEFINITION 2.2. Let X be a B.f.s. The associate space of X, X', is the collection
of all Lebesgue measurable function f such that

1 llxr = sup{‘ / f(t)g(t)dt\ Lge X, llglx < 1} o
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According to [4, Chapter 1, Theorems 1.7 and 2.2], when X is a B.f.s., X’ is also a
B.fs.
We have the Holder inequality for X and X', see [4, Chapter 1, Theorem 2.4].

THEOREM 2.1. Let X be a B.f.s. Then, for any f € X and g € X', we have

[ @@z <1 71x gl

DEFINITION 2.3. For any B.f.is. X, we write X € M if the Hardy-Littlewood
maximal operator M is bounded on X. We write X € M’ if M is bounded on X".

As X, X' C L}, .(R™), the Hardy-Littlewood maximal operator is well defined on X
and X'.

The following result for X € MUM! is given in [14, Lemma 3.2]. For completeness,
we also present the proof of the following lemma.

LEMMA 2.2. Let X be a B.f.s. If X € MUM/, then there exists a constant C > 1
such that

1Bl < lIxsllxlxsllx < C|B|, forall BeB (2.1)
where xp s the characteristic function of B.

PROOF. According to the Lorentz—Luxemburg theorem [4, Chapter 1, Theo-
rem 2.7], we have X = X”. Hence, it suffices to establish (2.1) with the assumption
X e M.

Theorem 2.1 gives the first inequality in (2.1).

For any B € B, we consider the projection

(Poa)) = (137 [ lat@lide ) xas).

Since X C L} (R"), Pg is well defined on X.

loc

There exists a constant C' > 0 such that for any D € B, Pp(f) < CM(f). Conse-
quently, for any g € X with ||g||x <1,

1
(/ |9($)|d$> Ixsllx < IPsllx-x < sup [Ppllx—x < C[M|x-x-
|B| /B DeB
Definition 2.2 ensures that
ol sl =su{| [ g@iellxallx g€ X lalls <1} <cipl. O
B
Furthermore, for any x € R™ and r > 0, we have

||XB($,T)HX’ < ||XB(m,2r)||X’~

If X e MUM/, then, (2.1) asserts that for any z € R™ and r > 0, we have
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|B(z, 2r)| <C |B(z,r)|
||XB(1,2T)||X’ ||XB(m,r)HX/

IXB@2mllx <C < ClxB@nllx (2.2)

for some C > 0.
We now give the definition of Morrey-Banach spaces.

DEFINITION 2.4. Let X be a B.f.s. and u(y,r) : R"x(0,00) — (0, 00) be a Lebesgue
measurable function. The Morrey—Banach space M¥ consists of all f € M(R™) satisfying

||fHM;;(R") = y€§33>0 mHXB(y,r)fHX < 00. (2.3)
When X is the Orlicz space, M¥ is the Orlicz-Morrey space. Similarly, when X
is the Lebesgue space with variable exponent Lp(‘)(]R"), MY is the Morrey space with
variable exponent M.y ,,. The reader is referred to [10], [12] and [16] for the definitions
of Lebesgue spaces with variable exponents L”(')(R”) and Morrey spaces with variable
exponents M) -
Next, we characterize the weight function u(y,r) used in our main results.

DEFINITION 2.5. Let X be a B.f.s. We say that a Lebesgue measurable function,
u(z,r) : R™ x (0,00) — (0,00), belongs to u € Wy if there exists a constant C' > 0 such
that for any z € R™ and r > 0, » fulfills

C <u(z,r), YreR"™ and r>1, (2.4)
IXB@mllx < Cu(z,r), VxeR" and r <1,

Z ||XB(x r)||X (x72j+17,) < C’u(a:,r). (2.6)
||XB (z,20+1r ||X

PROPOSITION 2.3. Let X be a B.f.s. and u(y,r) : R™ x (0,00) — (0,00) be a
Lebesgue measurable function. If u satisfies (2.4) and (2.5), then for any B € B, xp €
M.

PROOF. Let B € B, z € R" and r > 0. When r > 1, Item (2) of Definition 2.1
and (2.4) give

1
<C 2.7
) IXBXB(mllx < u(x,r)”XBHX < Clixsllx (2.7)

for some C' > 0. When r < 1, Item (2) of Definition 2.1 and (2.5) yield

1
— < <C. 2.8
w(@,7) IXBXB@.mx < W@ IXB@mlx < (2.8)

Therefore, (2.7) and (2.8) assure that

1
IxBllae = sup  ———|IxBXB@nx < C+Clxslx-
B(z,r)eB U(Q?,T)
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Item (4) of Definition 2.1 guarantees that xp € M¥. O

The above proposition shows that when uv € Wy, M¥% is nontrivial.

We now give some characterizations of the class Wx when X is the Lebesgue space
with variable exponent LP()(R™). For simplicity, we refer the reader to [12, Chapters 3
and 4] for the definitions of LP()(R™) and the class of log-Hélder continuous functions
Plog(R™).

Let p(-) € P°8(R") with p; = sup,egn p(z) < 00 and p_ = infyegn p(z) > 1.
According to [15, Proposition 2.5 and Lemma 6.3], we find that for any p > p,, there is
a constant C' > 0 such that for any y € R®, » > 0 and j € N, we have

)l Lo @n B 1/p ol
||XB(y, )HLP()(R ) < C( ‘ (y,’l“)| |> -C HXB(y, )”L (29)

IXB(y.2im Loy @ny —  \|B(y, 277) U IxBein e

Let 0 < 0 < 1 and ug(z,r) = ||XB(x,r)||%p(«>(Rn)~ For any p > p4, (2.9) yields a
constant C' > 0 such that
1-0
HXB(z,r)”LP(')(R”)
||XB(I,21‘+1T)HLP<->(RTL)

(oo}
Cy 27 ini=0r <. (2.10)
7=0

NE

XB(z,2i+1r) ||LP('>(R") u(z,r) 7

I
<

io: ”XB(:D,T)HLD(-)(Rn) u(l-72j+17,) B

IA

Therefore, up satisfies (2.6). Furthermore, in view of [12, Corollary 4.5.9], we have

| B, )|V, |B(x,r)| < 2"

IXB () | Lre) @ny & {|B(x,r)1/p°c, Blz.r)| > 1, (2.11)

where po, = lim, o p(z) and the existence of this limit is assured by the definition of
log-Holder continuous function.
Hence, (2.11) guarantees that when r > 1, we have

up(,7) = ”XB(w,T)HGLp(-)(Rn) > C|B(z,r)|?P+ > C

for some C > 0.
Moreover, (2.11) also yields a constant K > 0 such that |[Xp ()|l Lre)@n) < K for
all r < 1. Consequently, there exists a C' > 0 such that

UQ(Q?,T) = HXB(m,r)H?;p(-)(Rn) > C”XB(:E,T)”LT’(')(]R”)v 0<r<l

Therefore, ug € WLP(,)(Rn).
Let p > py and u € Wrp. (2.9) shows that u also satisfies (2.6) for X = LP()(R™).
In addition, (2.11) ensures that for any r € (0, 1)

u(z,r) > C|B(a,r)|'/? > C|B(a,r)|""") = Clxp(e.n |l Lo @)
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because |B(z,r)| < K for some constant K > 0 and 1/p < 1/py < 1/p(z), Vx € R™.
Therefore, Wr» C W,0)gny provided that p > p..

Moreover, we find that the above inclusion is proper. Precisely, for any p > p,,
there is a 6 € (0,1) such that ug € Wr». Let 6 € (0,1) be selected so that 6p > p,.

For any NV € N, we have

EN: IxXBo.mllze (0,277 r) _ o al _in X8(0,20+17) | 100> ()
IXB,2i+1m e u(0,7) = IXB0m) 1700 @n)

Let r € (0,1) and N = (In(2/re¢,,)/In2) — 1 where ¢, is the Lebesgue measure of the
unit ball in R™. For any j < N, we have |B(0,2/71r)| < 2". Consequently, (2.11) asserts
that

6 .
i o—in/p X521 o0 ey >C i g-in/n B0, Cai i
j:0 ||XB(0,T‘)||%;7(‘)(]R7I) N j:() |B(0?T)|9/p(0)
N
= 2 O/rO)-1/p)
=0

for some C > 0.

Since 6/p(0) — 1/p > 0, Z 0 2/m0/P(O)=1/P) diverges as N — oo. Furthermore,
since N — oo as r — 0F. Therefore there does not exist a constant C' > 0 such that for
any 0 <r <1,

i H IXBo,mllLr  w(0,27F17) <0

XB(0,2i+1r ||LP u(0,7)

That is, ug ¢ Wr». Hence, for any p > py, we have Wr» & Wro0) (mn)-

3. Main result.

In this section, we present the main result of this paper, the definition of singular
integral operators on Morrey—Banach spaces.

Let T : S(R™) — S’'(R™) be a linear operator. We say that 7' is a singular integral
operator if its kernel K (x,y) satisfies

K(z,9)] < % z#y. (3.1)

lz —y

The action of T on f € L}, .(R™) is given by

loc

Tf(x) = lim K(z,y)f(y)dy (3.2)

e—0 |I7y‘>6

whenever the limit exists. It is easy to see that if K(z,-)f(+) is integrable, then by using
dominated convergence theorem, the limit exists and T'f(x) is well defined.
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The definition (3.2) is named as the truncated approach [35, Chapter I, Section 7] or
[34, Chapter 2, Section 4]. It is shown in [5] that whenever K satisfies some conditions
such as cancellation conditions, the limit (3.2) exists for f € LP(R"), 1 < p < oc.
This result had been generalized to Lebesgue spaces with variable exponents, see [12,
Corollary 6.3.13].

Notice that in view of the definition of Morrey-Banach spaces, to study the action
of singular integral operator 7" on f € M¥, we need to estimate T'f on a neighborhood
of z € R™. On the other hand, the definition of T in (3.2) is given in term of pointwise
limit. Therefore, we cannot directly use it to study the boundedness of 7" on M¥.

The following definition overcomes this difficulty by giving the definition of T'f for
f € M¥% in a neighborhood of z € R™.

We are now ready to extend the definition of T'(f) when f € MY and T is the
singular integral operator defined by (3.2).

DEFINITION 3.1. Let X be a B.f.s. with X ¢ MUM’ and u € Wx. Let T be a
singular integral operator defined by (3.2). Suppose that T is bounded on X. For any
f € M¥% and x € B(z,r) € B, we define

(TH@) = CxpeanfN@) + [ Ky fw)ds (33)
R7\ B(z,2r)
We need to show that 7 f is well defined. That is, the above definition is independent
of B(z,r).
The following is the main result of this paper. It shows that 7 is well defined on
M.

THEOREM 3.1.  Let T be a singular integral operator defined by (3.2). Let X be a
B.f.s. with X e MUM' and u € Wx. If T is a bounded linear operator on X, then T is
a well defined linear operator on M¥.

Moreover, for any f € X N M%, we have T(f) = T(f). Hence, T is an extension
of T.

PROOF. Let f € MY and B(z,7) € B. As T is bounded on X and xp(.2nf € X,
T(XB(z,2r)f) is well defined.
Next, we show that there is a constant C' > 0 such that for any = € B(z, ), we have

u(z, )

/ K (2, 9)1|£ (4)Idy < C||fllare (3.4)
R"\ B(z,2r)

IxBmllx

Write f; = Xp(z2i+1r)\B(z,27m) [, J € N\{0}. We have

Lo K017y < > /

|K (2, y)[1f5 (y)|dy
"\ B(z,2r)
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In view of (3.1), the Hélder inequality yields

1
Ej(z) < C/ _ 1 fi(y)ldy
B(2,29+1r)\B(z,2i ) lz -yl

< O27UHD T fillx X e 21

for some C > 0. Lemma 2.2 gives

u(z, 27 1r) 1
E;(z)<C : - XB(z2i+10) f |l x
J ) ||XB(z,2J'+1r)||Xu(z72j+1r)” (2,29 +1r) ||
u(z, 29 tr)
<C £l 2z -

IXB(z2+10)ll x

Since u € Wx, (2.6) assures that

oo

= u(z, 20ty
> Ej(x) <Clfllmy Y || ( )
=1 j=1 IXB

(z2+1) || x

u(z,r)
< Clfllre 2 e

Therefore, Xgn\B(z,2r) [ K (2,%)||f(y)| is integrable. That is, the second term on the
right hand side of (3.3) is well defined.

Finally, it remains to show that the definition is independent of B(z,r) € B. That
is, for any x € B(z,7) N B(w, R) with B(z,r), B(w,R) € B and B(z,r) N B(w, R) # 0,
we have

(T(xneean ) (@) + / K(z,9)f(y)dy

R7\ B(z,2r)

~ COmwan D@+ [ K@rw)d (35)
R\ B(w,2R)
Let B(s, M) € B be selected so that B(z,2r) U B(w,2R) C B(s, M). According to
(3.4), for any x € B(z,r) N B(w, R), both

XB(s,M)\B(z,2T)|K($7Z/)||f(2/)| and XB(s,M)\B(w,2R)|K($,y)||f(y)|

are integrable. Therefore, for any x € B(z,7) N B(w, R),

(TXB (s m)\B (= 2r) f) (@) = lim e K(z,y)f(y)dy
z—y|>e

-/ K, 9)f(y)dy,
B(s,M)\B(z,2r)

(IxBm\Bwer @) =lm [ - K(@y)fy)dy
o —yl>e

K(z,y)f(y)dy.

L(s,M)\B(wQR)

Since X B(z,2r) f5 XB(va)\XB(z,Zr)f € X, the linearity of T on X yields
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(T(xnean ) (@) + / K (2, 9) (v)dy

R7\ B(z,2r)

K(z,9)f (g)dy + / K(z,9)f(y)dy

R\ B(s,M)

= (T N@ +

B(s,M)\B(z,2r)

= T )@ + oo D@+ [ K@iy

= (T(xsean ) (@) + / K(2,9)f(y)dy. (3.6)

R\ B(s,M)

Similarly, we also have

(T(xwar))(@) + / K(x,9)/(y)dy

R\ B(w,2R)

= (T(xean /) (@) + / K(2,9)f (9)dy. (3.7)

R\ B(s,M)

Therefore, (3.6) and (3.7) yield (3.5). That is, T f is well defined when f € M¥.
Obviously, according to (3.3), 7 is a linear operator on M¥.
When f € X N My, (3.4) guarantees that K(z,-)xrm\B(z,2r)(-) f(-) is integrable,
therefore,

(T(xam so.am ) (@) = / K (2, 9) (v)dy.

R™\ B(z,2r)

Consequently, Xgn\B(z,2r)f € X and the linearity of 7" on X assure that

(TH)(@) = (T(XB(z,20) F))(@) + (T(XRr\B(2,20) ) () = (T'f) ().
That is, on X N M¥, T reduces to T'. Therefore, 7 is an extension of T O

With the precise definition of singular integral operators acting on M¥, it is now
reasonable to study the boundedness of the singular integral operators on M¥.

THEOREM 3.2. Let T be a singular integral operator. Let X be a B.f.s. andu € Wx.
If X e MUM and T is a bounded linear operator on X, then T is bounded on M?¥%.

PrROOF. 1In view of Theorem 3.1 and (3.4), for any z € B(z,r) € B, we have

IXB () (@)(T ) ()|

< Wten O an D@+ X0 @ [ (K0 f)ldy

. u(z,r)

S |XB(Z,T‘) (I')(T(XB(Z,27)-}C))(‘T)| + OXB(z,’r') ('I)”f”MXm

Applying the norm || - ||x on both sides, the boundedness of T on X guarantees that
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u(z,r)

IXBenT flix <IT(xB20 )l x + CliXBr ”XHfHMXm

< OHXB(z,Qr)fHX + CHf”M;(U(Z,T)

Next, we show that there is a constant C' > 0 such that for any z € R™ and r > 0,
we have

u(z,2r) < Cu(z,r). (3.8)
In view of (2.6), we obtain
HXB(Z,T)”X i ||XB(ZT ”X (Z,2j+1’l") < CU(Z,T).
||XB(Z,2T)||X =0 ||XB(z 2J+17")||X o

By using (2.2), we have

HXB(Z,T)”X (
||XB(z,2r)||X

u(z,2r) < C ,2r) < Cu(z,r)
for some C > 0. Therefore, we establish (3.8).
Consequently, (3.8) yields

1 1
WHXB(Z,T)TJCHX < CWHXB 2y fllx + Cll fllary < Ol fllary -

By taking supremum over B(z,r) € B, we obtain the boundedness of 7 on M¥. O

Our method is also used in [21] to study singular integral operators with rough
kernels.

Our approach does not only apply to singular integral operators, with some simple
modifications, it can be used to study the commutator of singular integral operators in
the subsequent section.

4. Commutators.

In this section, we use our definition for singular integral operator 7" on My to
study the commutator [T,b]. The reader is referred to [6], [8] for some details about
commutators of singular integral operators on Lebesgue spaces and its applications.

The study of commutators involves the function space of bounded mean oscillations
BMO. We say that a locally integrable function f belongs to BMO if

||f||BMO: sup HXB(f_fB)HLl < o0
BeB |B|
where fp = (1/|B]) fB )dy.
We recall some Characterlzations of BMO as these characterization are related to
the study of commutator.
The BMO can also be characterized by B.f.s., see [14, Theorem 2.3].
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THEOREM 4.1. Let X € M'. Then, the norm

Ixs(f = fB)llx

f BMOx = Sup
Ifllzarox = sup Z=rm

and || - [|Bmo are mutually equivalent.

Let b € BMO and T be defined by (3.2). Suppose that T is bounded on X, the
commutator [T, b] is defined as

[T0lf =T@f) —0(Tf), feX

We now ready to study the boundedness of the commutator [T,b] on M% via the
formula (3.3).

DEFINITION 4.1. Let X be a B.f.s. with X e MUM', u € Wx and b € BMO. Let
T be a singular integral operator defined by (3.2). Suppose that T and [T, b] are bounded
on X. For any f € M¥% and z € B(z,r) € B, we define

[T, bl f(x) = [T, b](XB(z,2r)f)($)+/R " )(b(y)—b(fl?))K(x,y)f(y)dy- (4.1)
n 2,27
THEOREM 4.2. Let T be a singular integral operator defined by (3.2) and b €
BMO. Let X be a B.f.s. with X € M and u € Wx. Suppose that there exists a constant
C > 0 such that for any © € R™ and r > 0, u fulfills

= . ||XB x,r ||X ;
Z(] + 1)mu(ﬂc, 20y < Cu(z, 7). (4.2)
=0 z, r

If T and [T,b] are bounded on X, then [T,b] is well defined on M.
In addition, for any f € X N MY, we have [T,b]f = [T,b]f.

PROOF. Similar to the proof of Theorem 3, we find that our result follows when,
for any x € B(z,r),

XR"\B(Z,ZT)(')(b(') —b(z)) K (x, ) f(")

is integrable.
We write f; = Xp(z,2i+1r)\B(z,27m)f> 7 € N\{0} and

1

B e P

B(z,2it1r)

As X € M| the Lorentz—Luxemburg theorem [4, Chapter 1, Theorem 2.7] guarantees
that (X’) = X € M. That is, X’ € M. According to Theorem 4.1, we find that

HXB(Z,T) (b() - bB(z,r))HX’ < CHb”B]\/[OHXB(Z,r)HX’a (43)

and
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IXB(z,20417) (0(-) = bp(z20+10) [ x7 < ClbllBrrollX B(z,2i+1m || x
for some C' > 0. Furthermore, we have
bB(z2i+1r) — Bz < CG + D fllBmos
see [35, p. 141]. Thus,
IXB(z2i417) (b() = b)) Ix < CUG + Dbl BrollxB(z2i+1ml x
Write

Ej(z) = b(y) — b(2)|| K (2, y)||f(y)|dy.

/B(z,QjJrlr)\B(z,er)
We have

ORI 1b() — b 1K (@ )1 ()l dy
B(z,29t1r)\B(z,27r)
of by — @K (@)l (0)ldy
B(z,27t1r)\B(z,27r)
= Ij + IIj.
Lemma 2.2 and (4.4) yield
n<f b) — b IK (2, 9)I1f () dy
B(z,27+t1r)\B(z,29r)
< C27Ur I g2 Fllx X B 20410 (0 = DBl x0

u(z, 29F1r) 1
(z,20+1r) IXB(z2i+1m) fll x

M||f||M“
u.

< C(j + )bl Bmo TE—

Next, Lemma 2.2 gives

11, < / | ey — b@)IK (2 9)] £ ()ldy
B(z,27t1r)\B(z,27r)

< CB(x) = bpen 27T X2t Flx X B 24 | x0

u(z, 27 1r)

B(z,2i+1m) || X

Therefore, for any « € B(z,r), (4.2) assures that

[ ) = b )W)y
R"\ B(z,2r)
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< ZEJ < Z(IJ +11;)
j=1 j=1
o . u(z,27%1r)
<CS G+ Dblsro—E2T0 e
;( bl s ”XB(Z’W]T)”XH [BY53
> u(z,27%1y)
+ O b(@) = bpa | —222 T
2 100e) = baen [ o T W e
< Clbllaaro —E") | Fllare + ble) — bom | —ET
< BMoT— ISl x) —bB(zr Mu
|| B(Z,T)H x (=7) HXB(Z,T‘)”X X
< o0 (4.5)

because b € BMO implies that b(-) — bg(. ) is integrable on B(z,r) and, hence, b(-) —
bp(z,r is finite almost everywhere on B(z, 7).

Similar to the proof of Theorem 3, for any =z € B(z,r) N B(w,R) with
B(z,7),B(w,R) € B and B(z,r) N B(w,R) # 0, select a B(s,M) € B so that
B(z,2r)J B(w,2R) C B(s, M).

We have
75Xt oo ) = / (b(y) — b)) K (2,4)f (w)dy,
B(s,M)\B(z,2r)
(6 (e aty Bz ) = / (b(y) — b(2) K (2,9) f(4)dy
B(s,M)\B(w,2R)

because X p(s,m)\B(z,2r) (1) (0(-) — b(2))K(z,)f(-) and Xp(s,m)\Bw,2r)()(0() — b(z))
K(x,-)f(-) are integrable.
Consequently,

=)@+ [ (6 b)) Sy

= L swan ) + [ (b(y) — b)) K (2, ) ().
R™\ B(w,2R)
Therefore, [T, ] is well defined.
Moreover, for any f € XNM% and z € B(z,7), Xgr\B(2,2r) (-) (0(-) = b(z)) K (z,-) f(*)
is integrable, the linearity of [T, b] guarantees that

T01@) = [ oean D@+ [ (00) b K f )y
= (102 /) @) + [T e pean @) = [T0F@). O

With some modifications on (4.2), the above method can also be used to show that
the higher order commutator
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T (@) = [0 mean @)+ [ (bly) = ba)) K (o) )y,
Rn\ B(z,2r)

k € N, is well defined on M¥, for brevity, we leave the details to the reader.
Since [T, b] is well defined on M¥, we are allowed to study the boundedness of [T, b]
on M%.

THEOREM 4.3. Let T be a singular integral operator defined by (3.2) and b €
BMO. Let X be a B.f.s. with X € MNM and u € Wx. If T are bounded on X,
u € Wx satisfies (4.2) and

IT,6)fllx < Cllbllsaollfllx
for some C' > 0, then [T,b] is bounded on M.
PROOF. Let f € M¥ and B(z,r) € B. Since [T, b] is bounded on X, we have
IXB(zn [T, 0l (XBmnlx < I 0(XBEAx < Clixpenflx,

for some C > 0.
To deal with the second term on (4.1), (4.5) guarantees that

XB(z,) (I)/ [b(y) = b(2)[[ K (=, 9)[f (y)]dy
R\ B(z,2r)

Z,T
< CXB(z7 ( )”f”M;”XB(())LX

u(z,7)
+ C b xr) — b zZ,r z,r f T
1b(%) = bB(zr) IXB(zr) (@) fllary Xoenx
Since X € M/, Theorem 4.1 yields
B (T
U(Z,T) XB(Z,T‘) Y X
1 ||XB(Z ’l")lb_ bB(z r)|HX
<C Xz fllx +Clfllae +C ’ : (halbY;
u( r) CEED £ X5l x

<C—/—— ( . [0l BarollxBez,m fllx + Clbllaroll fllare + Cllbllsaroll fllar

< C||b||BMO||fHM;

for some C' > 0. By taking supremum over B € B, we establish the boundedness of [T, b]
on M%. O

In view of [9, Corollary 2.10], we have the boundedness of [T,b] on the Lebesgue
spaces with variable exponents LP(") (R™). The above result gives an extension of the this
boundedness result to Morrey spaces with variable exponents M,
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COROLLARY 4.4. Let T be a singular integral operator and b € BMO. Suppose
that p(-) : R® — (1,00) satisfies LPC)(R") € M NM/, T is bounded on LPC)(R™) and
u € Wy gy satisfies (4.2). Then, [T,b] is bounded on M.y -

Let p(-) be a log-Hélder continuous function with 1 < p_ < py < 00,0 <60 < 1
and ug(z,7) = ||XB(17T)H%I,(,)(W). As an application of the above result, we find that if

T and LPO)(R™) satisfy the conditions in Corollary 4.4, then there is a constant C' > 0
such that for any f € My 4,

T 0 Mg < CHFIM g -
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