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Abstract. The structure of the ring of Hodge cycles on a certain family of
abelian varieties of CM-type is investigated. This leads to an interesting combinato-
rial problem related to posets based on complete p-ary trees. A complete solution to
the problem is given for the case p = 2.

1. Introduction.

In [3] we investigated the structure of the Hodge rings of abelian varieties of CM-
type where the corresponding CM-fields are cyclic extensions of @ of degree 2pq with
p, q distinct odd primes. Through our efforts to generalize the results obtained there to
the cases of arbitrary abelian CM-fields of non-squarefree degree, we come across the
fact that there is an essential combinatorial difficulty already for the cases of prime-
power degree. More precisely, we come to realize that we should understand as fully
as possible the cases of CM-fields of degree 2p™, n > 2, with p an arbitrary prime,
such that their Galois group are isomorphic to Z/2Z x Z/p™Z. (The corresponding
abelian varieties will be called of p-power type for simplicity.) We, however, have found
that unexpectedly our theory on the kernels of lowering operators for ranked posets
developed in [2] helps us greatly to understand the structure of Hodge rings of those
abelian varieties. The main purpose of the present paper is to describe how the theory
gives us a proper perspective for the study, and to apply it to a complete classification
of degenerate CM-types for the cases of abelian varieties of 2-power type. (The more
general p-power cases will be treated separately in the forthcoming paper.) Our result
enables one to understand a true mechanism which lies behind mysterious phenomena
observed in some examples in [4, (3.12)] of degenerate abelian varieties of 2-power type
(see Example in the last section). Furthermore as an application of our classification,
we show that for any n > 3, the minimum of ranks of Hodge groups among those for
simple 2"-dimensional abelian varieties of 2-power type is equal to 2"~ + 2. As is the
case in [2], [3], our problem can be formulated in purely combinatorial terms, and the
first four sections are devoted to the study of the raised kernels of lowering operators for
a certain family of posets. More precisely, let p be an arbitrary prime number and let
P(p) = [Ho<icoo P(p)® denote the ranked poset based on the complete p-ary tree. Let
Ve = {ZaeP(p)(i) nelal;n, € Z} be the free Z-module generated by P(p)®, and for
any ¢ > j,let Ly ; : V@ — v (resp. Rj;: V) — V(@) be the lowering (resp. raising)

2000 Mathematics Subject Classification. 14C30, 11G10, 06A11.
Key Words and Phrases. Hodge cycle, abelian variety, binary tree.



56 F. HAZAMA

operator defined by L; ;([a]) = > e ppyi p<alb] (resp. Rji([c]) = X ope ppyir pzclb]). For
any subset I C [0,n], let K}n) = er Rin(Ker(Li;—1)) € V™ and call it the raised
kernel. The problems we have in mind are the following:

(a) What kinds of sign-vectors are there in K;n)?
(b) What kinds of (0,1)-vectors are there in K}n)?

(Here an element Y n,[a] is said to be sign-vector (resp. (0,1)-vector) if n, € {£1} (resp.
ng € {0,1}) for any a). We give a complete solution to these problems when p = 2 by
providing

(A) an algorithm to construct all sign-vectors (resp. (0,1)-vectors) in K}n),

(B) an algorithm which computes a generating function for the numbers of sign-vectors

(resp. (0,1)-vectors) in K;n).

These results translate into the ones for Hodge cycles as

(A’) an algorithm to construct all degenerate CM-types for the CM-fields K with
Gal(K/Q) =2 Z/2Z x Z/2"Z,
(B’) an algorithm to enumerate all Hodge cycles on the corresponding abelian varieties.

These number-theoretical results are explained in the last section.

The plan of this paper is as follows. Section two reviews and extends a part of
the theory of lowering operators for ranked posets developed in [2]. In Section three
we introduce a ranked poset P(p) for any prime number p and investigate the structure
of the kernels of the lowering operators. In Section four we focus our attention to the
poset P(2), and investigate various subsets related to the raised kernels of lowering
operators. Here we come across an interesting family of Laurent polynomials which
emerge as counting functions of certain combinatorial objects. (See Examples 4.11, 4.12
for concrete examples.) In Section five, we translate the combinatorial results into those
for Hodge cycles on abelian varieties of 2-power type.

The author would like to thank the referee for his/her useful comments.

2. Ranked poset and related operators.

In this section we review and extend a part of the theory developed in [2], and fix
some notation.

Let P = [pcicoo P® be an arbitrary ranked poset (=partially ordered set) with
P the set of elements of rank i. When convenient, we add the minimum element 0 to
P, and endow it with level —1 : P(-1) = {0}. We assume that each P\ is a finite set.
For any ¢ > 0, let

VO = B 2z

acP®)

be the free Z-module with basis [a],a € P For any pair i, of nonnegative integers
with ¢ > j, let
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Lij: | AQIER V4€))
be the Z-linear map defined by

Lij(ja)) = > [p]e VY,

bep@
b<a

and let Ly _1 =0: v {0}. We call L; ;1 the lowering operator at level i. Similarly
we define

R;;: VW vO  0<j<i
by

Rji(la]) = Y [b]e VD,

bep
a<b

and call R; ;11 the raising operator at level i. A ranked poset P = [[;<; ., P is said to
be regular if for any a € P, both numbers #{b € P~D:b < a} and #{c € P+ ¢ >
a} depend only on 4. For a regular ranked poset, we set

i =4;(P) = #{be P"Y;b<a},

r; =ri(P) = #{ce PUtV.c > al.
For any i > 0 we introduce a natural nondegenerate inner product (,) on V(@ by
(X aep alal, Y wepo Malal) =, cpw Nama € Z. For any Z-submodule M of V@),

we denote the orthogonal compliment of M by M+. The following proposition can be
easily checked.

PRrOPOSITION 2.1.  For a reqular ranked poset, we have

(Lit1,iRiit(a],[a]) = ri, for any a € PO >0,

(Ri—1:L;ii—1la),[a]) = £;, for anya€ P, i>1.

The lowering and raising operators are dual to each other in the following sense.

PROPOSITION 2.2. Foranyi>1,ve VW, we V=D we have
(Liji—1v,w) = (v, Ri_1 w).

PROOF OF PROPOSITION 2.2. By linearity, it suffices to show this when v = [a] €
VO, w=[b] € Vi~ with a € P, b€ PP~V The left hand side is equal to
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1, ifb<a,
(Lii—1lal, [b]) = < Z ], [b]> = {

epli-D 0, otherwise.
C

c<a

On the other hand the right hand side is equal to

1, ifb<a,
a ,Ri, i b)) = al, d =
<[ ] Ll ]> <[ ] Z | ]> {0, otherwise.
depP™
b<d
Hence they are the same and the proposition is proved. O

We introduce several objects of our main concern. For any i > 0, let

Sign¥ = { Z nala] € VW;n, € {#1} for any a} cve,
acP(i)

The elements of Sign(i) are called sign-vectors at level 1. Similarly let

Bit) = { > nalal € VWin, € {0, 1}}.

acP)
The elements of Bit™ are called (0,1)-vectors at level i. Let

K = Ker(Li; 1) c V@,

S® = (KD)L 0 Sign®.
Furthermore for any subset I C [0,n], let

K" = @ Rin(KD) c V),
el

SS") — Sign(") N (Kgn))l C V'(")7

Egn) ={ve Bit() N (Kﬁ”))L;v is indecomposable }-{0}.

(Here an element v € Bit( N (Kg"))J- is said to be indecomposable if it cannot be written
as v = vy +vg,v1, Uz € Bit(i)ﬂ(Kgn))l—{O}.) By the definition, we have S(In) =Nier S({?}?,

(n) _ (n)
E;” = Nier E{i}'
subsets K(In)7 Sgn),E(In) c V(™ as explicitly as possible, when the poset P is based on
the complete p-ary tree with p an arbitrary prime number.

Our main objective is to determine the structures of these three
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3. Ranked poset P(p) and the kernel of lowering operators.

In this section we introduce a ranked poset P(p), and investigate the kernels of
lowering operators.

3.A. Definition of P(p).
For any prime number p, let P(p)®) = Z/p'Z,i > 0, and P(p) = H0§i<oo P(p)®.
A partial order on it is defined by the rule that

a > b if and only if
a€P(p)?, be P(p)¥, with i > j and a(mod p’) = b.

Thus the poset P(p) is based on the complete p-ary tree with root P(p)(®) = {0}. This
poset is regular since

6;=0;(P(p) =#{be P Yib<a}=1, i>1,
ri=1i(P(p)) = #{ce P"™c>a} =p, i>0.

In particular, we have an important formula
Lit1,iRi 41 = p.idy ) holds for any ¢ > 0.

From now on we use the symbols V(& K® . introduced in the previous section, as
those for the poset P(p).

3.B. Structure of the kernel K®,

For any Z-algebra R, we identify a R-valued function f : Z/p'Z — R with the
element 3 p., o fla)la] € (V@)gr = V) @z R, and denote the latter by f too. In
this sense a character x € Hom(Z/p'Z,C*) is regarded as an element of (V("))g. The
following proposition says a little more.

PROPOSITION 3.1.  For any i > 0, every character x € Hom(Z /p*Z,C*) of con-
ductor p* belongs to (KD)o. Moreover they constitute a C-basis of (K¥)c.

PROOF OF PROPOSITION 3.1. Since both assertions are obvious when i = 0 (recall
that the lowering operator Lo _; is defined to be the zero map), we assume ¢ > 0.
For the first assertion, it suffices to show, by the nondegeneracy of the inner product,
that (L;;_1x,[b]) = 0 holds for any b € PU~Y. By Proposition 2.2 we know that
(L;i—1X, [b]) = (x, Ri—1,[b]), and this is, by definition, equal to

(X Ric1a[b]) = Z x(a) = Z x(a)
a€P(p)™ aeP(p)™®
a>b a(mod p*~1)=b
= (const.) - Z Cg (since the conductor of y is assumed to be p*)
0<j<p—-1

=0.
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For the second assertion, note that L; ;1 : V) — V=1 j > 1 are surjective. Hence
the dimension of the C-vector space (K(®))¢g is equal to #(P;) — #(Pi_1) = p' — p'~,
which is equal to the number the characters of conductor p’. Hence they constitute a
basis of (K)c. This completes the proof of Proposition 3.1. O

As a corollary, we have the following.
COROLLARY 3.1.1. V@ = =@o<j<i Rji (K), where the summands are mutually

orthogonal. In particular, for any subset I C [0,1i], we have

(557) " = Ky

If we extend the scalar to C, then each summand R;;(KY)c) has a C-basis
{x € Hom(Z /p'Z,C*); x is of conductor p’}.

Next we construct a Z-basis of K&,

PROPOSITION 3.2.  For each pair (s,t) of integers with 0 < s <p'~t —1,1<t <
p—1, let

vy =[s] - [s+tp e v

Then{v O<s<pl 11, 1<t<p-—1} constitute a Z-basis of K.
PRrROOF OF PROPOSITION 3 2. It follows from the very definition of the lowering
operator L;;_1 that every 'v( 1 belongs to the kernel K. Moreover since each of

elements [a] with p*~! < a < p* — 1 appears as a summand of 'v( t),O <s<pl-1,
1 <t <p-—1 once and only once. Hence the latter elements are linearly independent.
This completes the proof of Proposition 3.2. g

Combining this proposition with Corollary 3.1.1 we obtain the following.
PRrROPOSITION 3.3.
= P (Ri(w),)i0<s<p ™t —1,1<t<p—1), & Z.Ro,([0])
1<;<4

(orthogonal direct sum).

3.C. Structures of (K®)+ and S,
The following proposition shows that there is a simple Z-basis of (K@),

PROPOSITION 3.4.  Let w, = R;_1,([u]) for each uw € POV, Then {w,;u €
PU=DY constitute a Z-basis of (KW)L. In particular, w = 3, pw) nala] € (KO)L if
and only if the coefficients ng for a > b e PU=Y depend only on b.
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PROOF OF PROPOSITION 3.4. Let v € K. Then by duality we have
(v, wy) = (v, Ri—1,i([u])) = (Lii—1v, [u]) = 0.

Moreover the elements w,,, u € P4~ are obviously linearly independent, and the num-
ber of these is equal to #(P¢~1)) = p~!  which is the right rank of the complement
(K@)L. This completes the proof of Proposition 3.4. (]

Now we can investigate the sets S0 = (K®))+ n Sign”, i > 0. The following
proposition is a direct consequence of Proposition 3.4.

PROPOSITION 3.5.  For any b€ PO~V let e, = R;_1([b]) € V). Then

S“):{ > sbeb;sbe{il}}.

beP(i—1)

Every element of S is invariant under the natural action of pi_1Z/p_"Z ~ Z/pZ on
PW = Z/p'Z. In particular, the number of its elements is #(S?)) = o'

4. Orthogonal complements: The case of P(2).

In this section, we focus our attention solely to the poset P(2), and investigate the
structure of S(In) and Eg") for this poset.

4.A. Structure of S{™.

It follows from Proposition 3.2 for p = 2 that the kernel KF{?} = K@ is spanned
by v§21) =[s] = [s+21], 0 < s < 201 — 1. We write v{” = vEQl) for simplicity. We
introduce two operators Eeyen, and E,qq which will play a fundamental role. Let E¢yep, :
P(2) — P(2) denote the map defined by a(mod 2°) — 2a(mod 2+1) for any a € P(2)®).
Similarly let Eyqq : P(2) — P(2) be the map defined by a(mod 2%) + 2a + 1(mod 2¢1).
Note that both maps are injective and order-preserving. They raise the level of every
element by one. Furthermore we have a disjoint sum decomposition

P(2) = P2) O[] Ecven(P(2) [ [ Eoaa(P(2))
and accordingly

VO = Beper (V) @ Bpga(VETY), i > 1 (4.1)
Note here that Supp(Eepen (VD)) N Supp(Eeqa(VEY)) = &, where we define
Supp( X ,c p(a2)o Mala]) = {a € P(2)®;n, # 0} C P(2)®. Hence the right hand side

of (4.1) is actually an orthogonal direct sum with respect to (,). The inner products on
both sides are related by the formula

<Eeven(w1) + Eodd(wll)a Eeven(w2) + Eodd(wlz)>v(7:) = <wlaw2>v(i—1) + <w/17w,2>V(77—1)
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for any wy,ws, w), wy € V=Y. Furthermore one can check that the natural commuta-
tivity relations

Eeve'n © Ri—l,n—l = Ri,n © Eevena Eodd o Ri—l,n—l = Ri,n o Eodd (42)
Eeven © Ln—l,i—l = Ln,i © Eeuena Eodd o Ln—l,i—l = Ln,i © Eodd (43)

hold. By using these formulas, one can check easily the validity of the following simple

criterion for an element of V(™ to belong to (Kgb}) )L.

PROPOSITION 4.1. Leti € [2,n]. Then an element v € V™ belongs to (KS{TZ}))L if
and only if v is expressed as:

n—1)y L
v = Eepen (W) + Eoqq(w'), w, w' e (ng_ll})) ) (4.4)

Since Sf,n) =Nicr Sf{?}?, Proposition 4.1 implies the following.
PROPOSITION 4.2.  Suppose that I C [2,n]. Then
n n—1 n—1
87" = Eeven (S77") + Eoaa (877",

where | —1={i—1;0 eI} C[l,n—1].

When I N{0,1} # &, we need a little more care. First we deal with the case
IN{0,1} = {1}. For any v = Y, pe) vala] € V), let

w(v) = Z Vg € Z,
)

acP(

and call it the weight of v. Note that if s € Sign(™, then —2" < w(s) < 2" and w(s) is
always even. For any subset 7'C V(™ and an integer w, we let

T(w)={s € T;w(s) = w}.

PROPOSITION 4.3.  Suppose that I N {0,1} = {1}. Then

SP =TT (Beaen (ST 0 0)) + Boa(S7 1 () ).

_2n—1§wg2n—l

In particular, when I = {1} and n > 2, we have

= I (Bl 0) + Ers(Sion® ()

7271,71 Sng"*l
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When I = {1} andn =1,
S{) = {01+ [1], —[o] — 1]}

PROOF OF PROPOSITION 4.3. For any v € V(") it follows from the definition of

KY,, that v € (K?l})L if and only if v = Eepen (u) + Foqq(u') with w(u) = w(u'). Hence
O

the assertion follows from Proposition 4.2.

The case I N{0,1} = {0} is treated similarly, since Kf{g)} is generated by the all-one

vector 1(") = > aep(2)nla]-

PROPOSITION 4.4.  Suppose that I N {0,1} = {0}. Then

S =TT (Bewen (S0} 1 () + Boua (S5}, (~w)) ).
72n71Sw§27171

REMARK 4.5, Let o™, : V(" — V(" be the automorphism defined by

LY,Q1 (Eeven(u) + Eodd(ul)) - Eeven(u) - Eodd(u,)~

The two preceding propositions show that Lgrle induces a bijection between Sg"l?il ioin)

and Sf[g?il_h iy for any subset {i1,42,... ik} C [2,n].

The next proposition deals with the case I D {0,1}.

PROPOSITION 4.6.  Suppose I D {0,1}. Then

17 = B (8{2101110) + Buaa (8120, 0).

FEquivalently we have

S = Fven (S8 1) + Boaa (S8 ).

Therefore if we define {0,71,...,5e} —1 to be {j1 —1,...,je— 1}, then the same equality

as in Proposition 4.2 holds.

PROOF OF PROPOSITION 4.6. For any v € V(") we have the following series of

equivalences

ve (Ki) n (K <= (0,1) = (v,4",(1) =0

= v = Foyen(u) + Fogq(v') with w(u) = w(u') = 0.

This concludes the proof of Proposition 4.6.



64 F. HAZAMA

The four propositions, Proposition 4.2, 4.3, 4.4, and 4.6 provide us with an effective
recursive algorithm to generate all the elements of Sg") once a subset I C [0,n] is given.

4.B. Generating algorithm for Syl).

We show that there is a simple inductive algorithm which generates all elements in
s,

Let #(X) denote the set of all subsets of X for any set X. Let two operators
L,R: 2(VW) - 2(VitD) jc[0,n— 1] be defined by

L(T) = Eeuen (T) + Eodd (T)7

R(T) = H (Eeven(T<w)) + Eodd(T(w)))‘

w

For any subset I C [1,n], we define b(I) € {1,1}" by

1, ifiel,

b(l)=¢1---€,, where ¢; =
D) =eren ' {LiﬁgL

We call elements of {1,1}" binary vectors, and b(I) the binary expression of I. Note
that b defines a one-to-one correspondence between Z?([1,n]) and {1,1}". Furthermore
to any binary vector b, we attach an operator

L, ifb; =1,

Go=X,--X,: 2(VD) = 2(VW) where X; =
R, ifb; =1

Then the contents of Propositions 4.2 and 4.3 are translated into the following formula,
which gives us a simple algorithm which generates all elements in Sgn).

THEOREM 4.7.  Suppose that I C [1,n]. Then Sgn) = Gy ({[0], —[0]})-
4.C. Weight enumerator for Sﬁ-n).

Our objective here is to enumerate the elements of SYL). It is convenient for us to
introduce the weight enumerator Wl(n) () € Z[x, 271, defined by

W@ = Y (S (w)v.

—2n<w<2n
In particular, we have
#(S7™) = Wi () (4.5)
T T . .

Note that when I D {0}, every element in S§") is of weight zero, hence the corresponding
weight enumerator is actually a constant. For ease of description, we define two operators,
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which correspond to L and R introduced above. For any Laurent polynomial f(z) =

n
ZfNSnSN an,x", let

Furthermore let

and let BP=Bo---0B.
—_—
i times
PROPOSITION 4.8.  Suppose that I C [1,n]. Let I = {i1,...,ix} with iy < --- < ig.
Then

W™ = (B 1o [2]o B2~ 0 [2] 0 Bis =716 [2]o

~o[2]o Bik—ik—1—1 2] o Bn—ik)vy(o)7

where WO () =z + 271

PROOF OF PROPOSITION 4.8. We show this when k = 3, because it indicates a
general pattern most clearly, and it is easy to extend it to the argument applicable for
the general case. Let I = {i1,i9,i3}, i1 < 42 < i3. When i; > 2, applying Proposition
4.2 71 — 1 times, we obtain

(n) — (W(n—l) )2 I ( (n—i1+1) )2,-1,1

{i1,i2,i3} {i1—1,i0—1,i3—1} - {1l,i2—i1+1,i3—31+1}

_ pii—1 (n—i1+1)

- BZI (W{l,igiil—‘rl,i:;—il-‘rl})'
Note that the equality obtained here is valid also for the case i1 = 1 since By is the
identity map by definition. Then Proposition 4.3 shows that

(n—i1+1) . (n—i1)
{l,igii1+1,i37i1+1} - [2]( {iz*ill,i37i1})'

Applying Proposition 4.2 i3 — iy — 1 times, we obtain

227t Birirl(W(n—izﬂ) ).

—— (W(n—i2+1) ) {1,iz—iz+1}

{ig—i1,iz—ir} {1,i3—iz+1}
Then Proposition 4.3 implies that

(n—is+1) o (n—1i2)
{l,igii2+1} - [2](W{i37i22})'
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Applying Proposition 4.2 i3 — is — 1 times, we obtain

(n—i2) __ pig—ig—1yy7(n—iz+1)
W™ = B2 W{l} .

Finally Proposition 4.3 gives us the equality

W{(;L}*ig‘kl) _ [2](W(n—13))

Hence we complete the proof when k& = 3, and by quite a similar reasoning, we obtain
the assertion for the general case. O

Note that when I D {0}, the weight polynomial is a constant. Let ¢(f) denote the
constant term of a Laurent polynomial f. Then by the very definition of the weight
polynomial, we have the following.

PROPOSITION 4.9.  Suppose that I > {0}. Then WI(”) = c(WI(f){O}),

The content of Proposition 4.8 can be expressed again by binary expression more
neatly. Let 1 € {1,1} (resp. 1 € {1,1}) acts on Z[z,z~!] through B (resp. [2]).
Then we have the following restatement of Proposition 4.8 using binary expressions. Let
W) = Bmw(©) ;> 1.

THEOREM 4.10. Suppose that I C [1,n]. Then WI(n) =b(HWO,
Now we examine a few examples.

ExaMPLE 4.11. The case n = 2. The weight polynomials are computed as follows.

W@

D (@)= (WO (@) = (B o YW (@) = (& + 272’

=@+ D2 =2"+24+274,
(#) = AW (@) = (B o YWD (@) = ((w+ 271"
=@ 42+ ) =2t 44271,

(2) = (W) = e((z +27)) =6,

=@+ ) =gt 4274,
Wiy (@) = (W) =2,
Wity (@) = (W) =4,
W{(g,)l,Q}(x) = C(W{(f)z}(x)) =0
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Hence it follows from (4.5) that
#(sz)}) =4, #(S({?}) = 6, #(Sﬁ)}) = 6,
#(Sg)p}) =2, #(Sfo)g}) =2, #(SE[%)J}) =4, #(SF{%)),LQ}) =0.

Therefore the total of elements of (J;_, S(In) is computed as follows:

#( U ng) = #(Sf;}) + #(Sﬁ)}) + #(S%}) - #(Sfﬁz}) - #(S%),z})

I40
- #(Sf{%))g}) + #(S({%)),LZ}) =38

EXAMPLE 4.12.  The case n = 3. The weight polynomials are as follows. (We state
the results only, because they can be computed similarly.)

W{(;’; (z) = A1HWO(z) = 2® + 42" + 6 + 427" + 275,
Wi (@) = 11)WO (2) = 2* + 82" +18 + 8274 + 27,
Wi (@) = Q1 1)WO (2) = 2* + 162* + 36 + 1627 + 27,

Wi (@) = c(W®) = c((@ +271)) = (i) = 70,

w®

{0,3}(35) = C(W{(gi) =05

Wit 0= (V) =15
ng?l}(x) = c(W{(fi) = 36,
W~{(:13,)2,3}(37) = Q1YW () = 2% + 275,
W{(g,)2,3}(37) = C(W{(g,)?,}) =2,
W{(g,)1,3}(37) = C(W{(f,)?,}) =4,
W{(g,)1,2}(37) = C(W{(i)Q}) = 16,
WES,)1,273}(“3) = C(W{(i)273}> =0.
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Therefore we have

#(S() =16, #(S(y) =36, #(S(}) =70, #(S(y) =0,
(Si‘?g}) L #(8{5) =6, #(S[y) =6, #(S(y) =18
#(8{oy) =18, #(S{on)) =36,

#(5(0am) =2 #(S{am) =2 #(Spis) =4 #(3{2) =16
#(

(3)
Sio1.2.3) =0
Hence the total of degenerate sign-vectors is equal to
164+36+70+70—(44+64+6+18+18+36)+ (2+2+4+16) = 128.

The binary expression also enables one to know at once what the degrees of weight
enumerators are. (Here the degree of a symmetric Laurent polynomial a,,z™ + - +
amx~™™, m > 0, is defined to be m.)

PROPOSITION 4.13.  For any subset I C [1,n], the weight enumerators WI have
the common degree 2".

PROOF OF PROPOSITION 4.13. This is simply because both operators “1” and “1”

raise the degree of a given Laurent polynomial by two. O

4.D. Primitivity of sign-vectors.
An element a € P(2)" = Z/2"Z acts on V(™) naturally by the rule

a.( > nb[b])— > mfa+b).

beP(2)" beP(2)"

A sign-vector S € Sign(") is said to be nonprimitive, if a.S = £S for some a € P(2)" —
{0}. When it is not nonprimitive, it is called primitive. Since 2"~1Z /2" Z is the maximal
proper subgroup of Z/2"Z, we have the following.

ProroSITION 4.14. A sign-vector S € Sign(") is nonprimitive if and only if
2n1.§ =48,

By the definition of the tree structure of P(2), the pairs (a,a+2""1),0 < a <27 11
constitute all the last branches of P(2)(™. Hence for any S € Sign(”), we have

271§ =8 ifand only if SeS{"),

2n~1 8§ = S if and only if SES{O1 _1y
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Therefore we have the following criterion for nonprimitivity. (Note that SF{Z)} N

(n) —gn) _
S{gvlv"'vn_l} - S[ngn] o @.)

PROPOSITION 4.15. A sign-vector S € Sign(") is nonprimitive if and only if S €
SE{Z)} 11 Sf{g)lw ne1} In particular the number of nonprimitive sign-vectors in Sign(") 18

equal to 22" + 22" = 22" 41,

4.E. The structure of Eg").
Our objective here is to investigate what kind of (0,1)-vectors are in (K(In))L. They

can be investigated in a similar way to that for S = Sign™ N (K{™)~. We define two
operators L;, R; : 2(Bit™Y) — 2(Bit™"), i > 1, by

Li(C) = |J (L1 ({ep) nBit®),

ceC
R;(C) = R;_1,(C),
for any C € 2(Bit"""V). When the domain is understood, we write L = L;, R = R;.

THEOREM 4.16. For any I C [1,n], rewrite the string b(I) = ey ---e, € {1,1}" by
the rule

Li7 Zf €; = 17
€; —
Ri7 Zf e; =1,

and denote the resulted string by ®(e). Let Stgn) = 1(P(e)), where v reverses the order
of a string. Then we have

B[ = St7" ({[0]})-
PROOF OF THEOREM 4.16. We prove this by induction on n. When n = 1, there

are two binary expressions 1 and 1, which correspond to the subset I = & and I = {1},
respectively. The corresponding sets of (0,1)-vectors are given by

ES) = (0,11}, B, = {0+ ]}

On the other hand, it follows from the definition that

and hence
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Therefore

sty ({[0]}) = L({[0]}) = Ly ({[0]}) n Bit™ = {[o], [1]},

st ({[01}) = R({[01}) = Rox ({[0]}) = {[0] + [1]}.

This shows that the assertion holds for n = 1. Now assume that n > 2 and the assertion
holds true for n — 1. First we treat the case e; = 1. Then &(e) = L1 X5 -- X, hence
Stgn) = X, ---XoLy, where X; (2 < i < n) stands for R or L. Since e; = 1 implies
1 ¢ I, a similar proof to that for Proposition 4.2 gives the equality

E(]n) = Feven (E(]Tizl)) H Eoad (Egizl)) . (46)

By the induction hypothesis, we have E{" ;" = St{" 7V ({[0]}). Moreover we see that

Stﬁ"_}” = X, - -+ X5 by the definition. Hence
E" Y = X, - Xo({[0]}
-1 n 2( )

Furthermore by the commutativity relations (4.2) and (4.3), we have

Ee’uen OXn"'XQ :Xn"'XQOEevena
EoddoXn"'X2 :Xn"'X2oEodd~

Hence (4.6) implies that

E(") = (Xp -+ X2 0 Beuen({[0]) [T (X0 -+ X2 0 Boaa({[0]}))
= (Xo - X({01) [T (Xa -+ X({111})
= X XL ({[0]})

= st{" ({[0]}).

Thus we see that the assertion holds when e¢; = 1. Next we treat the case e; = 1. Then
d(e) = R1Xs--- X, hence Stg") = X, -+ XoRy, where X; (2 < ¢ < n) stands for R
or L. Since this implies 1 € I, the similar proof to that for Proposition 4.3 gives the
equality

E(In) = Eeven (E(Irf{})}—l) + Eodd (E(IT{P}A)

By induction hypothesis, we have

(n—1) o (n—1)
BY ), = St (0.
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Note here that
I-{1}-1) =Xy - X,,

(1) _
Sty 1) = Xn - Xo.

Therefore by the commutativity relations (4.2), (4.3), we have

E" = (Eeven 0 Xy X2)({[0]}) + (Boaa © X - X2)({[0]})
= (Xp - Xo)({[0] + [1]})
= (X X2 R1)({[0]})

= St{™ ({[0]}).

Thus the assertion is certified for the case e; = 1 too. Thus we complete the proof of
Theorem 4.16. (|

4.F. The number of elements of Eg").

Our objective here is to enumerate the elements of Eg").

PRrROPOSITION 4.17.  Let I = {iy,...,ix} C [1,n] with iy < --- < ig. Then all the

elements in Egn) have one and the same weight 2%. The number of elements in Egn) 1

given by

#(Egn)) _ 22%—1'1—212—~~-—2k*2ik,1—2’“*1%—(2’“—1).

PROOF OF PROPOSITION 4.17.  Our proof reduces essentially to the following
lemma which is a direct consequence of the definition of raising and lowering operators.

LEMMA 4.17.1. LetT C Bit(ifl), 1 > 1 such that every element in T has one and
the same weight. Let w(T) denote the common weight of T. Then we have
#(Ri(T)) = #(T), w(Ri(T)) =2w(T),
#(Li(T)) =2 - 4(T),  w(Ly(T)) = w(T).
Therefore the assertions of Proposition 4.17 follow easily from Theorem 4.16 by
induction. O

Note that every Egy,n) c {0,1}%" for m € [1,n], I’ C [1,m)] satisfies the assumption
of the lemma. The assertions in our proposition can be proved by a simple induction
using Theorem 4.16. Details will be left to the reader.

REMARK 4.18. In the above two propositions, we restrict our attention to the
indecomposable (0,1)-vectors. If one is interested only in the set Bg") = Bit™ n
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(K{)L of all the (0,1)-vectors in (K{)* with I C [1,n], the following simple de-
vice provides a precise information about the weight distribution. Let W](;}(x) =

> 0<w<an #(Bgn)(w))x“’ be the corresponding weight enumerator. Then we see that

(n)

the weight enumerator W[o,l], I

can be computed by the same inductive formula

as in Theorem 4.10, if we replace W () by W[E)O)l] (x) =z + 1. (4.7)

For the proof, we are only to use the fact that ¢ : Sign(") Nvm® - Bit™ N v,
defined by ¢(v) = (v + 1) /2, gives a bijection, since 1) € K%i C (K(In))l- by the
assumption I C [1,n].

We illustrate the contents of Theorem 4.16, Proposition 4.17 by an example.

EXAMPLE 4.19. 1) Let n = 3 and I = {2}. The binary expression of I is 111.
Hence we have Stg)} = L3RyL;. Therefore we can compute as follows. (For simplicity,

we write abc--- for [a] + [b] + [c] + - € Vi(").)

B = LyRo Ly ({{0]}) = LsRa({0, 1)) = Ls({02,13))

= {02,06,42,46,13,17,53,57}.

The number of elements in equal to 8, which coincides with the one given by Proposition

417, #(B)) = 22137220 = 93,

2) Let n = 3 and I = {3}. The binary expression of {3} is 111. Hence we have
Stg)} = R3LsL,. Therefore we can compute as follows.

E = RyLoLi({[0]}) = RaLa({0,1}) = Ra({0,2,1,3})

= {04,26,15,37}.

The number of elements in equal to 4, which coincides with the one given by Proposition
4.17, #(Eg}) = 92"3-3-(2'~1) = 22 Note that this example shows the relevance of the

string-reversing map ¢ in Theorem 4.16.

4.G. Heights of elements and subsets of (Kﬁ-n))J'.

For any v = 3", p) vala] € V™, we put h(v) = 3, cpw [va] € Z>0 and call it
the height of v. Furthermore, for any subset T C V(") we let hpin(T) = min{h(v);v €
T —{0}}. When T = {0}, we put hpin({0}) = +oo. First we prove a simple lemma.

LEMMA 4.20. Ifv € V™, m > 1, is expressed as v = Eopen(w) + Eoga(w’),
w,w' € V=Y then h(v) = h(w) + h(w').

PrOOF OF LEMMA 4.20. This is because Supp(Eeyen (w)) N Supp(Epaq(w)) = .
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LEMMA 4.21.  For any subset T C VO i >0, let Ty =11
that 0 € T. Then we have

(1) hmin (Eeven(T) + Eodd(T)) = hmin(T)~

(ll) hmin ( H (Eeven (T) (’LU) + Eodd (T) (w))>

w

wro L (w). Suppose

thin(TiO)a Zf hmm(T(O)> > thin(T7é0)a
hmin(T(O))a Zf hmm(T(O)> S thin(T7é0)-

PROOF OF LEMMA 4.21. The assertion (i) is a direct consequence of Lemma 4.20,
since 0 € T'. As for (ii), we note that the assumption 0 € T implies that

Beven(T)(0) + {0} C (Eeven(T)(0) + Eoqa(T)(0)),
and
Pmin (Eeven (T)(0) + {0}) = hmin(7'(0)).

Therefore (ii) also follows from Lemma 4.20. O

THEOREM 4.22. For anyn > 1 and I C [1,n], the minimum hg") of the heights of

the elements in (Kg"))l is given as follows;

() if I =9, then b =1,

(ii) if there exists an m € [1,n] such that I = [m,n], then hgn) = gn-mtl,

(iii) when there exists no m € [1,n] such that I = [m,n], we have hgn) = gn—r(D)+2
where r(I) = min{i € [1,n]; [i,n] C I}.

)

PROOF OF THEOREM 4.22. (i) If I = &, then (K{")* = V(™. Hence any
n) _

standard basis elements [a],a € Z/2"Z, belong to it, and we have hg =1.

(ii) When I = [m,n], its binary expression is 1---1 11---1 . Therefore the
—

n—m-+1 times

corresponding operator is L---L R---R . Hence Theorem 4.7 shows that
——

n—m-+1 times

(K ' =L---L R---R (Z.[0]) = L---L(Z.1( D),

n—m-+1 times

Since the operator L does not increase the minimal height at each stage by Lemma 4.21
(i), we see that A\ = p(1(n=m+1)) = gn-m-+1,
(iii) In this case the binary expression of I is of the form

[

ell---1 11---1

~——

s times n—r(I)+1 times

{
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for some i, s > 1 and a string e of 1 and 1. Therefore the corresponding operator is given
by

XRL---L RR---R
—— S——

s times n—r(I)+1 times

where X is a string of L and R. Hence we have

(Kgn))J‘:X]?L-«-L RR---R (Z.]0])
—_

s times n—r(I)+1 times

XRL-- L(Z10-rD+)
—

s times

X R (L*(Zz.1=r(+hy),

Note here that the Z-module L*(Z.1(~"(+1) is of rank 2° and generated by the 2°
elements Ry o1y —rn+1([a]),a € P) | all of which have height 27~ "()+1 Hence

Bnin (L# (2.1 (DHDY(0)) = 2. gn=r(D)+1
and it follows from Lemma 4.21 (ii) that
i (R(LH(Z207 D)) ) = grriir+2
and
Pmin (R(LS(Z.l(”""<1)+1)))(0)) _ gn—r(+2.

Therefore it also follows from Lemma 4.21 that
Banin (X]Z? (LS(Z.1<"T<1>+1>))> = on-r()+2,

Thus we complete the proof of Theorem 4.22. O

Next we investigate the Z-basis of (K(In))L whose height is minimum in some sense.
More precisely, we introduce a height Apax(M) for any Z-submodule M of V(") by the
formula

hmax (M) = B:Z_iragg Omeax{h(b); b € B}.
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Our problem is to find a formula for hmax((Kgn))J-). As a preliminary we determine the
Z-rank mnkZ(Kgn))J— of (Kg"))l.

THEOREM 4.23. For any I C [0,n], the rank of (Kgn))L is given by
rank z (K{)* — > 2 oI {oh). (4.8)
ieI—{0}

PrOOF OF THEOREM 4.23. First we note the following.

LEMMA 4.23.1.  For any Z-submodule M of V™ i >0, we have

(i) rankz(L(M)) = 2rankz(M),
(ii) rankz(R(M)) = 2rankz (M) — 1.

PROOF OF LEMMA 4.23.1. By the definition of the operator L, we have L(M) =
Eeypen (M) ® Eyqq(M). Hence the assertion (i) follows. On the other hand, the definition
of the operator R implies that

R(M) = {Ecyen(m) @ Eoga(m’);m, m’ € M and w(m) —w(m’) = 0}.

Since the weight function w is Z-linear, the assertion (ii) follows. This completes the
proof of Lemma 4.23.1.

When 0 ¢ I, one can check easily the validity of Theorem 4.23 by induction on the
number of elements of I, by using Lemma 4.23.1. When 0 € I, noting that the equality

(K): ={ve (Kg"){o})l; w(v) = 0} holds, we see that the assertion (4.8) follows from

the case 0 ¢ I. This completes the proof of Theorem 4.23. (]
After these preliminaries, we prove the following.

THEOREM 4.24. For anyn > 1 and I C [1,n], we have
hmax<(K§"))l) _ o)
When 0 € I, we have
himax ((Kﬁ’”)l) _ g#(D-m

where m = max{i; [0,1] C I}.
PROOF OF THEOREM 4.24. For any Z-submodule M of V(") let

M(w,h):(wg,ho) = {’U S M;’LU(’U) = Wy, h(U) = ho} C ]\47

the subset of M consisting of elements with weight wy and height hg. The crucial point
is the following.
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LEMMA 4.24.1. Suppose I C [1,n]. Then (Kg"))J‘ is spanned by
(B (o n)= (@) 2%y

PrOOF OF LEMMA 4.24.1. We prove this by induction on n. When n =1,

(K)* = {<[0H1]> if =2,
0+ 1)z, i I={1},

hence the lemma holds. Assume that n > 2 and the lemma holds for k smaller than n.
When 1 ¢ I, it follows from Proposition 4.1 that

(K§)" = Beven (K57)") © Boaa ((K75") ).

By the induction hypothesis (K{" ") is spanned by (Eg’i_ll))(w)h):(z#(l—l) 2#a-1)). Not-
ing that #(I — 1) = #(I), we see the assertion holds for n. Assume, on the other hand,
that 1 € I. Then it follows from the proof of Proposition 4.3 that

(KE) = TT (B (K51 0) @ B (K3 ().

By the induction hypothesis, ( K(Irf{i)}_ 1) - is spanned by

(Egn {}} 1)(w,h):(2#(1*{1}*1>,2#(1*{1}*1))' Noting that #(I — {1} — 1) = #() — 1,
we see that the assertion holds for (KE,"))L too. This completes the proof of Lemma

4.24.1. U

Since the elements in (Egn))(w7h):(2#(1),2#(1)) is indecomposable by definition, the
assertion of Theorem 4.24 for the case I C [1,n] follows from Lemma 4.24.1. Furthermore
when I N {0,1} = {0}, we have a height-preserving isomorphism L( ) : (K(In))J— —
(K(In){o}u{u) (see Remark 4.5). Hence Theorem 4.24 holds true for thls case too. For
the remaining case when {0,1} C I, let m = max{i;[0,7] C I}. For any e =e;---€,, €
{0,1}™, let B, : VW — V(i+7) denote a map defined by

EO = Eevena El = Eodda
Ee=FE,o0---0F, .

Note that each E. is a Z-linear isomorphism onto its image. Furthermore, for any
be[0,2™ —1], let e(b) € {0,1}" be the binary expansion of b, and let Ey = E¢(. It
follows from the definition that

v — @ (B(VY)), (4.9)

0<b<am —1

the summands of which is orthogonal to each other.
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LEMMA 4.24.2.  Suppose 0 € I and let m = max{i; [0, C I'}. Then

&)= @ (B ) ))

0<b<2m—1

PROOF OF LEMMA 4.24.2. Note that for each b € [0,2™ — 1], the associated map
Ey : Vr=m) V(") induces a Z-linear isomorphism

By (K )T = (K 0 (al Lo ([a]) = ) -

Therefore the decomposition (4.9) implies Lemma 4.24.2. O

Since ((I —[0,m—1]) —m)N{0,1} = {0} by the definition of m, and the proposition
is assured for such cases, Lemma 4.24.2 implies that hmax((Kgn))J-) = 2#)-m  Thys
we finish the proof of Theorem 4.24. O

For v = 3 cpm vala] € V™, let d(v) = max{|v,|;a € P(™}. Furthermore for
any Z-submodule M of V™) let dyax (M) = ming.z_ pesis of M max{d(b);b € B}. An
element v = Y pw) Va[a] € V™ is said to be {0, £1}-vector if v, € {0, £1}, a € P(™).
The proof above gives the following.

COROLLARY 4.25.  For any I C [0,n], (K(In))L is spanned by {0,+1}-vectors.
Therefore dmax((Kgn))l) =1.

4.H. Pure sign-vectors and the minimum of ranks of (K(In))L.
For any subset I C [0,n], let PureS(In) = Sgn) U1 SF]") and call its elements
pure sign-vectors of type I. #

THEOREM 4.26. For any n > 3, the minimum of ranks of (Kg"))J- such that SYL)
contains a primitive sign-vector is equal to 2" 1 +2, and is attained by those sign-vectors

U PureS(n)

: (n)
i PureSy,’s gy {0,1,3,4,..,n—1}*

PROOF OF THEOREM 4.26. By Theorem 4.23 we have

rank(K{) " =27 — N 217t (10 {o}).

iel—{0}

Furthermore it follows from Proposition 4.15 a sign-vector S € (Kgn))L is nonprimitive
if

nel or {0,1,...,n—1} C . (4.10)

Hence if we take aside those I satisfying (4.10), then the minimum of mnkz(Kgn))L is
attained when

I=[0,n—-1—-{0} or I =[0,n—1]—{1},
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and the second minimum is attained when

I=[0,n—-1-{0,1} or I=1[0,n—1]—{2}.

When I = [0,n — 1] — {0}, the number of elements #(S! [On 1]—{0}) 1s computed by
Theorem 4.10 as follows.

111t Y], =@ +22 42| _ =272
On the other hand, we have
)y _ g2
#(S[O n—l]) - 22 ’
#(S{) =11 Le+a M|, = @+, =2

hence it follows that
#(P“res[o n—1]— {o}) #(Sf&)nfuf{o}) - #(Sf(i)nq]) - #(Sff,)n]) =0.

This means that ng)nfl]f{O} C SEn) U Sﬁl)] Thus it follows from Proposition 4.15

that no elements in an) 1]—{o} are primitive. As for ng’)nil]f{l}, recall that the elements
in S _1]—{1} are obtained from those in S[o _1]—{o} through the isomorphism L(ffll,
Wthh is equivariant under the action of 2"~! € Z /2" Z. Thus it follows from Proposition
4.14 and the result for S _1)—{0} that no elements in S[ ") _1)—{1} are primitive. Hence
we are reduced to showmg that there exists a primitive sign-vector in SE n) {01} =
SE;L )3 1]’ It follows from Theorem 4.10 that

_ 1(;6271.71 n 22n 2 n _27L71)|x:1
_ (x2n—1 2271—2 n xizn—l)2|

r=1
_ (2271—2 + 2)2

_ 2211,—1 + 22n,—2+2 + 22.

Among the sign-vectors in st the nonprimitive ones belong to either

(2,3,...,n=1]

(n)
S[0,1,2 3yeeyn—1]’
sets are glven by

exclusively or Sf22g The number of elements of the last two

yeen—1,n]"
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#(SE(;L,)LZ&__,,n,l]) = 2271_17

#(Sg)?, ..... nfl,n]) =111---1(z + x71)|x:1 = (zzn_l + $72H_1)2|I:1 =22
hence there remains 22" 2 (> 0) sign-vectors in SE; )3 n_1- This completes the proof
of Theorem 4.26. O
REMARK 4.27. As a typical element in SEQ")B m—1]» We can take

S = Rl,n([O]) + Eodd( Z [S] _ [S + 2n—2])7
0<s<2n—21
since Ry, ([0]) € Kf{g?l} and Eodd(zogsgzn,zil[s] — [S+2n—2]> c Kf{r:l)}. More precisely

the set Sg% ..n_1) consists of the 22" 7°+2 gion-vectors

RuO) + Baa 3 ][5+ 27).

0<s<2n—2-1

E( S (s - [s+2“1>) T Ryn([1)).

0<s<2n—2-1

5. Hodge cycles on abelian varieties of 2-power type.

In this section, we describe how our combinatorial results that are obtained in the
previous sections are translated into the ones about the structure of Hodge cycles on
certain abelian varieties.

For an arbitrary positive integer n, let G,, = Z/2Z x Z /2" Z. Let K,, be a CM-field
with Gal(K,,/Q) = G,, such that the complex conjugation p corresponds to (1,0) € G,,.
Let T C G, be a CM-type and Ar the corresponding abelian variety with complex
multiplication by K,. Such an abelian variety is said to be of 2-power type. For any
abelian variety A, let Hg(A) denote its Hodge group. Then by [4] we know that

rankHg(Ar) = dim Ap — #{x € Hom(G,,,C"); x(p) = —1 and x(T) = 0}. (5.1)

For any CM-type T' C G, let St € Sign(") be the sign vector defined by

St = Z €alal, where g, = {

a€P(2)(m)
Conversely, for any S = Zaez/an sqla) € Sign("), let

Ts ={(0,a) € Gp;sa =1} U{(1,a) € Gn; 54 = —1} C G
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Then Ty defines a CM-type for G,,. One can check that these correspondences are inverse
to each other and hence define a bijection between Sign(") and the set of CM-types for
G,,. Therefore for any S € Sign(”), we may write Ag for Ar,. Note that for an odd
character y of G,

x(T) = 0 if and only if (X‘Z/an)(sﬂ =0

where X| ey denotes the restriction of y to the second factor of G,,. For any S €

Sign(™, let Is C [0,n] denote the largest subset I C [0,7] such that S € (K(In))L. Then
it follows from (5.1) that

rankHy(As) = dim As — ronkz (K{7) = rankz (K§?)"

Furthermore we can determine the numbers A and N such that an abelian varieties of 2-
power type is h-degenerate and N-dominated. We refer the reader for a precise definition
of these notions to [1], [2]. Here we mention briefly on the role played by them for the
study of the Hodge conjecture. If A is N-dominated, then the Hodge conjecture for all
the self-products A* k > 1, is implied by the truth of the conjecture up to codimension
N. On the other hand, if A is h-degenerate, then the Hodge conjecture for all the self-
products A* k > 1, is implied by the truth of the conjecture for A* k < h. Now we
have the following dictionary which translates various notions in the previous sections
into the ones for abelian varieties of 2-power type (see [2], [3] for the relevance of this
correspondence):

S € Sign™ is primitive (5.3)
<= Ag is primitive.

There exists a nonempty subset I C [0, n] such that S € (Kg"))L (5.4)
<= Ag is degenerate.

rankHg(Ag) = rank z (ng))L (5.5)

Ag is dpmay (Kg))—degenerate. (5.6)

Ag 1S Amax (ng))/Q—dominated. (5.7)

Thus our results are paraphrased as follows.
THEOREM 5.1.

(i) If Ag is degenerate, then Ag is always 1-degenerate. (See Corollary 4.25.)
(ii) rankHg(Ag) = 2" — Z 2071 — #(Is N {0}). (See Theorem 4.23.)
i€ls—{0}
(iii) When 0 € Ig, Ag is 2"~ #Us)_dominated. (See Theorem 4.24.)
(iv) When 0 ¢ Is, Ag is 2" #Us)tmUs)_dominated, where m(Is) = max{i;[0,i] C
[0,n] — Is}. (See Theorem 4.24.)
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(v) For any n > 3, the minimum of ranks of Hodge groups among those for primitive
2" -dimensional abelian varieties of 2-power type is equal to 21 +2, and is attained
by those sign vectors in PureS({gﬁ)3 _____ N1} (See Theorem 4.26.)

REMARK 5.2. A theorem due to Lenstra says that every degenerate abelian variety
with complex multiplication by an abelian CM-field has always a nondivisorial Hodge
cycle [5, Theorem 3]. On the other hand, if the CM-field is not assumed to be abelian,
this is not necessarily the case (see [5, Theorem 1]). Theorem 5.1 (i) strengthen Lenstra’s
theorem in the case of abelian varieties A of 2-power type by showing that every Hodge
cycle on any of its selfproducts A™, n > 1, is constructed essentially from those on A itself.
In particular the validity of the Hodge conjecture for A implies that for all A™, n > 1.

REMARK 5.3. Generally, for an arbitrary primitive N-dimensional abelian variety
of CM-type, a lower bound for the rank of its Hodge group is given by log, N +1 (see [4,
(3.5)]). Thus our minimum rank 2"~ + 2 for primitive 2"-dimensional abelian varieties
of 2-power type is rather large, compared with general case.

EXAMPLE. Let ( = (32 be a primitive 32-nd root of unity and let K = Q((¢). Its
Galois group Gal(K/Q) is isomorphic to (Z/32Z)*, and is generated by the classes of -1
and 5. Hence Gal(K/Q) = Z/2Z x Z /8Z. The CM-type

T ={1,7,13,15,21, 23,27, 29}
= {507 _521 577 _547 557 _567 _517 53}7
given in [4, (3.12)] as an example giving a simple degenerate abelian variety, is analyzed

from our viewpoint as follows. The sign vector Sy which corresponds to T' by (5.2)
becomes

St = [0] — [4] = [2] — [6] = [1] + [5] + [3] + [7] € V¥,

hence the maximal subset I C [0, 3] such that St € (Kgn))J- is easily found to be I = {0}.
Hence for the corresponding abelian variety Ar, we have

(1) dim AT = 8,
i) rankHg(Arp) =1,

(i
(iii) Ap is 1-degenerate,
(iv) Ar is 4-dominated.

Another CM-type
T' ={1,7,9,11,13,15,27,29}
— {507 _527 567 _557 57’ _547 _517 53}
given in [4, (3.12)] is analyzed as follows. The corresponding sign vector Sy is equal to

St = [0] — [4] — [2] + [6] — [1] — [5] + [3] + [7].
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Hence the maximal subset I’ C [0, 3] such that Sy € (KYP)L is easily found to be
I' = {0,1}. Hence for the corresponding abelian variety A/, we have

1) dim AT/ = 8,

ii) rankHg(Ap/) =6,
iii) Aps is 1-degenerate,
iv) Ars is 2-dominated.

(
(
(
(
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