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Abstract. In this paper, we study the existence and the asymptotic be-
havior of a positive solution to the one-dimensional stationary shadow system
of the Gierer-Meinhardt system with saturation. We equip a reaction term of
activator with saturation effect koe?® for a € (0,1) (semi-strong saturation
effect). Here, € > 0 stands for the diffusion constant of activator. For suffi-
ciently small €, we show the existence of a new type of solutions which has the
following properties:

(a) the solution has an internal transition-layer of O(e) in width,
(b) the transition-layer is located in the position of O(e®) from the boundary

x =0,

(c) the solution concentrates at x = 0 with the amplitude of the order of

O(e~%) when ¢ < 1.

1. Introduction.

In this paper, we are concerned with the following stationary problem of the
shadow system for the Gierer-Meinhardt system with saturation:

AQ
=2A" A 1
0 1) + £(1+I{0€2a14_2)’ T € (07 )a

g:/0 Ada, (1.1)
A'(0) = A'(1) =0,

where € > 0, k9 > 0 and a > 0 are constants. The unknowns are A = A(x)
and . A(z) and & represent the concentrations of an activator and an inhibitor
at € (0,1). In the shadow system case, the concentration of an inhibitor is
considered to be uniform, and hence ¢ does not depend on x. The value kge?®
stands for the saturation effect of activator.
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The Gierer-Meinhardt system [5] is a reaction-diffusion system of an activator
and an inhibitor and is a model of biological pattern formations. The general
Gierer-Meinhardt system is written by

0A 5 A?
— =c"ANA - A+ ——— Q
5 € +H(1+/$A2)’ € t>0,
76—H:DAH—H+A2, ze, t>0,
ot (1.2)
0A OH
—_— = — = Q
ey % , red, t>D0,
A(z,0) = Ag(z), H(xz,0) = Ho(z), x€Q,

where e, D, T are positive constants, and x > 0. Q is a domain in RY with
smooth boundary 9. v is the unit outer normal to 9Q. A(z,t) and H(z,t) are
concentrations of an activator and an inhibitor at z and time t. Ag and Hy are
their initial data. Dividing the second equation in (1.2) by D and taking the limit
D — oo formally, we have AH = 0 in 2 and 0H/9v = 0 on 092. This means that
H(xz,t) does not depends on x, and hence we can regard H(x,t) = £(¢) under the
limit D — oo. By this consideration, we have the following shadow system:

0A 9 A?
E—EAA—A+W7 e, t>0,

o _ —L/Azdx, t>0,

ot 12 Jo (1.3)
%:0, r e i, t>0,

v
A(z,0) = Ap(z), £(0) =&, x €.

The system (1.1) is the one-dimensional stationary problem of (1.3) with k = rge®

and Q = (0,1).

It is known that (1.2) and (1.3) have various kinds of striking solutions when
¢ is small and D is large. In this paper, we are concerned with stationary solutions
only. It is known that different types of solutions appear according to the value
k. Dividing three cases, let us present several known facts.

(a) No saturation case. When x = 0, the saturation effect is neglected.
In this case, there are many results on the stationary solutions to (1.2) or (1.3). In
particular, spike-layer solutions (or point-condensation solutions) appear. The first
result on the existence of spike-layer solutions was established by I. Takagi [25]. He
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treated the one-dimensional problem of (1.3) and (1.2), and constructed stationary
boundary spike-layer solutions to (1.3) and (1.2) for sufficiently small € and large
D. In the one-dimensional case, it is known that, for the shadow system (1.3),
only monotone decreasing or increasing stationary solutions could be stable (see
[17], [22]). Hence, if a spike-layer solution to the one-dimensional shadow system
is stable, then the number of the spikes must be one, and the location of the spike
must be on the boundary. However, in the case where D > 0 is not so large, the
situation changes dramatically. For sufficiently small ¢, if D becomes smaller and
smaller, then multi-spike layer solutions get back their stability (see [7], [32]). In
two dimensional case, interior multi-spike layer solutions were constructed, and
their stability were studied in [28], [29], [30], [33]. For other related result, see
[4], [10], [12], [13], [18], [19], [20], [26], [27], [16] and the references therein.

(b) Weak saturation case. When s > 0 is small enough according to e,
it is known that spike-layer solutions may appear similarly to the no saturation
case. By J. Wei and M. Winter [31], the following condition was subjected:

(A) k> 0 depends on ¢, and there exists a limit ke =2V

Ko € [0, 00).

— Ko as € — 0 for some

Under this assumption, for sufficiently small e, they showed the existence of a
boundary spike-layer solution to the shadow system (1.3) and studied its stability.
After their work, K. Kurata and the author [9] showed the existence of boundary
multi-spike layer solutions on axially symmetric domains €) to the shadow system
(1.3) and the original system (1.2) for sufficiently small € and large D under the
same assumption (A). The case where D is not so large (so-called the strong
coupling case) was treated in [15] in the one-dimensional case. For other related
results, see [8], [14], [23].

(c) Strong saturation case. When x > 0 is fixed, it is known that spike-
layer solutions could not appear by numerical simulation. Moreover, if Kk > 0 is very
large, then stationary problem of (1.2) possesses the constant solution only under
some suitable conditions (see [2]). Therefore, x > 0 must be small suitably to
obtain nonconstant solutions. For small fixed constant x > 0, internal transition-
layer solutions may appear due to the bistable structure. In fact, M. Mimura,
M. Tabata and Y. Hosono [11] showed the existence of internal transition-layer
solutions to (1.2) in one-dimensional case when ¢ is sufficiently small and D is large.
See also [21]. In higher dimension case, the existence of an internal transition-layer
solution was studied in [3], [24]. However, in higher dimension case, the problem
becomes more difficult, and hence the existence of such a solution has been proven
rigorously only in the case where € is a ball.

In the case where k = k() — 0 as € — 0 but e 2V k — oo as € — 0, there is
no result as far as the author knows. We call such a saturation effect a semi-strong

N
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saturation effect. Thus, as a preliminary step, we intend to study the existence
and the asymptotic behavior of a solution to the one-dimensional shadow system
(1.1) for @ € (0,1).

1.1. Main results.
Before stating our main results, we reformulate our problem. For (1.1), we
put A(z) = e “a(xr) and £ = e~ *¢. Then we have

d2

_ 251~

0=ca a+7£(1+/~@0(~12)’ x € (0,1),

-1t (1.4)
5—6—(1/0 a“dx,

#(0) = @(1) = 0

Moreover, we put a(y) = a(c®y), = %y, and we rewrite £ — & simply. Then we
have the following problem:

Ozez(l’a)a”—a+a72 y €= Oi
5(1“‘/4/0@2)’ € 7€a 9y

1/e*
§=/ a’dy, (1.5)

0

1

"0)=d (=) =0.
0 =d()

As the first step, we start with a formal consideration. With respect to the non-
linear term above, let us consider the graph of the function ge(t) with parameter
& > 0 defined by

t2

-———, tEeR 1.6
+§1+n0t2’ < (1.6)

ge(t) = —t

Then it is easy to see that there exist numbers 0 < £ < £ < oo such that ge(t) =0,
t € R, possesses three roots t = 0, t1(€), t2(€) (0 < t1(€) < t2(€)) for each
€€ (£6). g:(0) <0, ge(ta(§)) > 0 and g¢(t2(£)) < 0 hold for each £ € (&, ).
Moreover, there exists a unique &, € (€, &) such that

t2(§)
He) =0 T(E) <0 T©= [ actsis (1.7)
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In the case of & = &, ge.(t) has an equi-stable nonlinearity. For simplicity of
notation, we write 3 := t2(£,) henceforth. Under those situation, it is known that
the problem

"(2) —w(z 1 w(z)) = z w .:711)2
W)~ () + ) <0 eR S s

w(—o00) =B, w(+00) =0,

possesses a unique solution provided translations are neglected (see, e.g., [6]).
Using this solution w(z), if we consider £ ~ &,, then we could expect a solution
to the first equation in (1.5) such that a(y) has a transition-layer with the width
of the order of O(¢!=®) around some point. Namely, if we take y. € . suitably,
then we can expect a one-parameter family of solutions a.(y) to (1.5) such that

a:=(y) ~ B, y € (0,y. —9), (1.9)
ae(y) ~0, ye€ (yc+5al/€a)’ (110)

as € — 0 for any small § > 0. Indeed, we introduce a new z-coordinate in the
transition-layer by y = y. + e'~%z. Let us assume that a(y) is a solution to the
first equation in (1.5), which has a transition-layer at certain point y.. Putting
u(z) = a(y. + ' ~%2) and taking a limit ¢ — 0 formally, we see that u(z) satisfies
the same equation as that in (1.8). Therefore, we see that the solution w(z) to
(1.8) gives a good approximation of an inner solution u(x) which connects outer
solutions 8 and 0. On the other hand, if a(y) has an asymptotic behavior such as
(1.9) and (1.10), and if a(y) decays exponentially at each point in (1.10), then we
can approximate roughly as follows:

1/
/ a*(y)dy ~ By, (1.11)
0

for sufficiently small €. Hence, considering the second equation in (1.5), in order
to ensure that £ ~ &, as € — 0 we see that y. should be taken so that

&

ve = G- (1.12)

Let us define an approximate solution to (1.5). We define y. by (1.12). Let
Xo € C§° () be a function such that, 0 < xo < 1, and satisfies
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) y 4yC7 4yC )

= 1.1
Xo(y) . e(ol}u{é i) (1.13)
y Y aQQc 2ycv ca )
Define x; by
1
1, Y S (O7§y0>7
1 3
xi(y)=q91—xo0(y), ye€ [511 Zyc} (1.14)
3 1
0 ve o)

Let w. be a unique solution to (1.8) with initial value w(0) = ~ for each v € (0, 5).
We define an approximate solution U, (y) by

Ueal) =0 (L2 o) + s ve (0.%).

Now, we are ready to state our main results.

THEOREM 1.1. Let a € (0,1). For sufficiently small € > 0, there exists
a one-parameter family of positive solutions (ac,&:) to (1.5), and (ae,&:) has the
following asymptotic behavior:

el = Ve )+ 0 { = 5 Jit), v 0 (1.16)

=&+ 0(5(1’1)/2 exp { - Efia }) (1.17)

as € — 0, for some ¢y > 0 independent of € and some . € (0,0). The function
¢ is bounded independently of €. Moreover, . accumulate at a certain unique
¥« € (0,58) as e — 0. In particular, for any small § > 0, it holds that

sup |a6(y) - ﬂ| - Oa sup |a8(y)| - 07 (118)
y€(0,y.—9) YE(Ye+0,1/e%)

as € — 0.

By this theorem, we obtain an internal transition-layer solution to (1.5), and
hence we obtain a solution to (1.1).
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COROLLARY 1.1. Let a € (0,1). For sufficiently small € > 0, there exists a
one-parameter family of positive solutions (A, &) to (1.1) such that

Ad(z) ;{Uw (;) +exp{ - gfia }qb(;) } ze(0,1), (1.19)
;a{f* + O(g“‘"‘)/2 exp{ - gfia }) } (1.20)

as € — 0. In particular, for any small § > 0, it holds that

£e

1
sup ’Ag(x) - aﬂ‘ — 0, sup |Ac(x)] — 0, (1.21)
2€(0,e*(yc—0)) € z€(e*(Ye+6),1)

as e — 0.

We note that

U . (;) —w, (x_;ay>><0<;) + Bx1 <;i) (1.22)

Hence, we notice that A.(z) has a transition-layer of O(e) in width at = %y,.

REMARK 1. In this paper, we do not treat the stability of our solution
because the main purpose is to show the existence and the asymptotic behavior of
solutions to the shadow system (1.1) with semi-strong saturation effect. However,
the solution obtaind in Corollary 1.1 seems to be stable by a simple numerical
simulation if 7 is small enough. The author thinks that it is not easy to study
the stability of our solution rigorously because it is harder to study the properties
of the linearized operator in the case x > 0 than in the case of kK = 0. However,
dynamics of the problem is also important. For study of the dynamics of the
Gierer-Meinhardt system, see [7], [8], [12], [13], [17], [21], [26], [27], [31], [32],
[33].

1.2. Preliminaries and outline of our construction.

We first state some properties of solutions to (1.8). We recall that (1.8) admits
a unique solution w, provided the initial value w(0) = v, v € (0, 5), is given. w- ()
is monotone decreasing:

wo(z) <0, z€R. (1.23)

Moreover, for each v € (0, 3), the following estimates hold:
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max {5 — w,(2), [0, (2)|} < Ce*, 2 <0, (1.24)

max {w,(z),|w) ()|} < Ce™, 2>0, (1.25)

for some constants C, ¢ > 0. Furthermore, from the equation (1.8) and the esti-
mates above, we have

1 1,

[w?(2)] < wy(2) + 3 Fwy(2)) < wy(z) + ng(z)
< C/wc/z, 2 <0,

for some C’, ¢ > 0, and

" = |w, (2 1 w
|w7(z)’— +(2) f*f( v)

< Jws(2) — B + élf(wv(Z)) 18]

1
&

wy(2) = B —

S Cvllefcllz7 2z Z O,

for some C”,c” > 0. Hence, |w](z)| decays exponentially at infinity. Moreover,
from the equation (1.8), the following equation holds:

wl'(z) —wl,(2) + éf’(wv(z))w;(z) =0, zeR (1.26)

Therefore, we see that [w/’(2)| also decays exponentially at infinity. Here, we note

that, for v, 7' € (0, 3), there is only difference of translations, namely,
Wy (2) = wy (2 = 2(7')), z€R,

for some z(v'). Therefore, if we restrict v € [y1,72] for fixed v1,7v2 € (0,3), then
we have uniform estimates with respect to v and we obtain the following lemma.

LemMA 1.1.  For fized v1, v2 € (0,8), 71 < 72, there exist constants C,
¢ > 0 such that

max {8 — w, (2), [w} ()], [w)(2)], [ (2)|} < Ce=, 2 <0, (1.27)
max {w(z), |w,(2)|, [} (2)], W} ()|} < Ce™**, z>0, (1.28)
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hold for any € [y1,72]-

Now, let us state our construction of a solution to (1.5). We put u(z) =
a(ye +e'792), y = y. + 7%z, Then we have the following equations equivalent
to (1.5):

£
&= El_a/ u?(2)dz. (1.30)

QE

1 ~ 1 1 1
O0=u"—u+>f(u), ze€Q ::<_510‘yc’sla<_yc)>’ (1.29)

Throughout this paper, we set f(u) = u?/(1 + rou?). We put

Uer(2) = Ue y(ye +17%2) (1.31)
= wy (2)Xo(2) + Bx1(2), (1.32)

where U, 5 is defined by (1.15), and X(z) and X, () mean

Xo(2) = xo(ye +e'7%%), xX,(2) = x1(ye + ' 7%2).

REMARK 2. Fundamentally, we should write like §(z) and X5 (z) instead of
Xo(z) and Y, (z) because they depend on . However, only the bounds of X, and X,
are important for our argument. We note that X,(z),X;(z) and their derivatives
are bounded independently of € small. Therefore, we omit the index of €.

Let us first consider the single equation (1.29). We expect that there exists
a solution to (1.29), near the approximate function U. ., provided | — & | < 1,
for sufficiently small . Let us consider £ to be a parameter of the equation (1.29)
and restrict the range so that

geli={CeR:|¢—&|<cllmo2gma/s "y (1.33)

where ¢; > 0 is some fixed constant decided later (see (2.6)). For our purpose, we
need to analyze the following linearized operator:

Lenct =" — o+ %f’(a,y)qﬁ. (134)

From (1.26), L. ¢ is likely to have an eigenvalue near 0 for ¢ sufficiently small.
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Hence, we use the Liapunov-Schmidt reduction metlzod. We follow the method
used in [32]. Let us define an approximate kernel of L. , ¢ as follows:

dU. ~
Span{’v} C H* (). (1.35)
dz
We write U/E?,Y(z) = dU. . /dz simply, henceforth. Define

—
(Us,'y? u)Lz(flE) =2

el = ey UE L), (1.36)
HUE,'y”Lz(QE)
and
r, i =1—-E.,, (1.37)

where I is an identity map on L2(2.). Then Wéw is a projection from L2(Q.) into

CEJ:,Y, where
Cjﬁ = {u e L*(Q.): / u(z)Uleﬁ(z)dz = 0}. (1.38)
Qe
We put

We define an operator Le ¢ on CZ-, by
Dom(Le ) = Ke%’y NH (), Leqe = Wiy °© Eemﬂ (1.41)

It is easy to see that L. - ¢ is a self-adjoint operator. Then we will see that L. - ¢
is invertible as an operator from K} N HZ(€).) into CZ for e sufficiently small
(Lemma 3.1). We divide the problem (1.29) into

w2 Sus €] = 0, (1.42)
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Ee ,S[u; €] =0, (1.43)
where
Slu; €] == u” —u+ %f(u) (1.44)

Our construction consists of three steps:

Step 1. For sufficiently small ¢, we will construct a solution u.(:;v,&) € H2 (QE)
of the equation (1.42), near U, -, for each v € [y1,72] and € € ..

Step 2. For each ¢ sufficiently small and each v € [y1,72], we willfind £ = &, , € I,
such that (1.43) holds, namely,

/Q Slue (237, 5&,7)5 fe,»y}U;ﬁ (z)dz = 0.

Step 3. For each ¢ sufficiently small, we will find v = . € [y1, 72] such that (1.30)
holds, namely,

55575 :El_a[ ug(z;’VE?gE"Ys)dz'

€

In Section 2, we lead some basic estimates. In Section 3, we complete Step
1. In Section 4, we show the continuity and the differentiability of u.(-;~, &) with
respect to v and £. In Sections 5 and 6, we complete Step 2 and 3, respectively.

2. Basic estimates.

In this section, we show some estimates. The following lemma is the one on
the estimate of error term.

LEMMA 2.1. Let M > 0 and v1,72 € (0,8) be fixzed. Then there exist
constants Cy, ¢ > 0 such that

_ 11 g jeiea
IS liny < [ = § |15 lsnga + Cre™” (21)

holds for all v € [y1,72] and all £ > 0 such that 1/ < M.

Proor. We calculate the term U/E/ﬁ — U4
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=2

Uey = Uey = wiXo + 20,X0 + wyXg + XY — wyXo — BX1-
By using Lemma 1.1, we can estimate as follows.

For |z| < y./(4e*~%), because X, = 1 and Y; = 0, we have

=/

Uey —

Uey =l — ws.
For z € (—y./e'™, —y./(2e17%)), because Y, = 0 and X; = 1, we have

Ulel,v — Uy = —B=ul —wy + (wy — f—wl)) = w] —w, + O(ecl2h.

For z € (—y./(2e17%), —y./(4e17%)), because X; = 1 — X,, we have

= —

U, —Uecy=wiXo + 2w X0 + w\Xo — BX0 — wyXo — B(1 — Xo)
=wl —wy — (1 =Xo)w) + (wy = B) +Xo(8 — w,) + 2w, X
+ Xo (wy = 6)

=w! —w, +O0(e” ).

For z € Q:\ (—ye/e1 ™, ye/ (421 7%)), because w., and |w/| are estimated by Ce~°l*I,

we have
ﬁ;'ﬁ —Ucy =wl —wy + Ok,
Then we can see that
_ —/ _— 1 —
HS[Ug,fy;g]HL?(QE) = Ue,w —Uey + gf(Ua,’Y) ~
L2(Q.)
" 1, — 1 —c'Jelme
< ww_wv+gf(U6,v) B +Ce
L2(Q.)
1 1. — /) 1—a
=l = = flwy) +=fT.) e/
& ¢ 12(@0)
1 1 1 _
<[& = gt + g - Ol

l—a

+ Clefc//s ,
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for some C’, ¢ > 0. Here, we see that

[F(w3) = F(U)| < w2 = T2, | < 28|w, —T.,|

by direct calculation. Noting w., = U, , for z € (—y./(4e*7%), y./(4e'~2)), we see
by the same consideration as above that

1 0s) = f @)l gy < €

holds for some C”, ¢’ > 0. Thus we have a conclusion. O
Next, we see that the same type of estimate holds for igmgﬁlgﬁ.

LEMMA 2.2. Let M > 0 and v1, v2 € (0,08) be fized. Then there exist
constants Cy, G2 > 0 such that

~ . 1 1 — - —a
||L€,%£U'€’7HL2(QE) < 'f _ £‘||f'(w7)w;||L2(Qs) + Che /<! (2.2)

holds for all v € [y1,72] and all £ > 0 such that 1/ < M.

Proor. The proof can be carried out by the same argument as that in the
proof of Lemma 2.1. Thus we omit the proof. U

LEMMA 2.3. Let M > 0 and v, v2 € (0,8) be fized. Then the following
identity holds

— 1 1 De
st te= (- ) [z sre, @3
Q. ’ § & /) J-p.

1

DE = 4817&

yCa

for all v € [y1,72] and all € > 0 such that 1/§ < M. The term k() satisfies

l1—a

k(e)| < CaeC8/¢ (2.4)

for some constants C, ¢3 > 0 independent of €, v and €.

PROOF. By the definition of U, ., we have U;ﬁ = w.Xo + wyXo + BX1-
Therefore,
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w’77 |z| < De,
e+, - 0%, € (-2D.,-D), o)
=7 w! Xo + Wy X, z e (D.,2D,), '
0, elsewhere.

Noting w/ — w, + f(w,)/& = 0, we have

_ . a _ 1 .
/ S[U.: €U dz = /Q <U’;7 —Uer + : f(UM)> U..dz
D. 1
= /_D (w;' —wy + gf(wv))w;dz
— — 1 — —
+/ <U€7U57W+f(Usﬁ)>Us,ydz
Q.\[-D.,D.] ’ §

(5—5*)/ flwy iz

— — 1 — —
+ / (Uzlzl,'y - UE”Y + f(UE”Y)>U/€,'ydz'
QE\[_DE7DE] g

Using the estimates in Lemma 1.1 and (2.5), and noting U;’ﬁ —Uern+ f(U:)/€
is bounded, we can estimate as follows:

— — 1. — — — o
/ <U;’7 ~ Uy + f(Uaﬁ))U; Ldz| < Cge/<!
Q\[=D.,D.] ’ 3 ’
for some C’3, €3 > 0. Thus we complete the proof. O
Here, we define the number ¢; > 0 in (1.33) so that
¢1 < min{¢;,¢2,¢3}. (2.6)

We always consider £ € . = {£ e R : [ — & | < 5(1_“)/26_01/5170}, henceforth.

3. Liapunov-Schmidt reduction method.

In this section, we will show the invertibility of L. . ¢ and solve the equation
(1.42).
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LEMMA 3.1. There exist &1 > 0 and X\ > 0 such that, for all € € (0,e1),
v € [y1,72] and & € I., the following hold:

N -

[ Leredll oy = Ml @ € Koy NVH(Qe), (3.1)

Ran(L. ) = Co,. (3.2)

Therefore, Le e : KX N H2(Q.) — CZ-, has a bounded inverse L;}/’g.

PROOF. We first show (3.1). Let the contrary be true. Then there exist

sequences en, Yn € [11,7%2), én € I, and ¢, € KX NHZ(,), n =1,2,...,
such that ¢, — 0 as n — oo and

<= Nbullmeg, = 1 (3.3)

1
HLEH;’Ynyg”L d)nHL2(an) E

forn=1,2,.... We may assume v, — 7 € [y1,72] as n — oo by the compactness
of [y1,72]. Moreover, we note that &, — &, as n — co. We extend ¢,, into H2(R)-
function for each n. We keep the same notation for the extended function for
simplicity of notation. Then we can see that

Pnll 2y < M (3.4)

holds for some M > 0 independent of n. Hence we can pick up a subsequence (we
denote the subsequence by {¢,} simply) such that,

¢n — ¢ in H*(R), (3.5)
én — ¢ in L7 (R) and L73,(R), (3.6)

loc

as n — oo, for some ¢ € H?(R), where “—” means the weak-limit. Now, we
take a test function ¢ € C§°(R). Set K = supp(y). We may assume K C €,
considering ¢, to be small enough. Let

(Len v n®ns @) 20, )

= (ian,'yn,fn ¢na 410) L2(K) - (Ean,vn ian,vn,én ¢n> 30) L2(K)" (37)

Then it is easy to see that

- 1
(Linﬁn,ﬁn(bm W)Lz(K) - /K {¢H -0+ E*f/(wv’)d)}@dz (3.8)
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as n — o0o. Recall that

— ~
=~ (U‘E,“’YV,L’ LEm’Ymén ¢n)L2(QEn)7/

Effn,’YnLEm’Ymﬁnd)n = — 2 EnyYn (39)
| Uen,% L2(an)
In this term, we can calculate as follows
— ~ ~ —
|(U5n,'yn ’ LEm’Ymgn ¢n)L2(§~ZEn) | = |(L6m’Ym§n Usn,'yn ’ ¢n)L2(QEn) |
~ —
S ||L5711’Yn7£n Uan,fn ||L2(Qan)'
Hence, we see by Lemma 2.2 that
|(E5n7'7n ifn:'}’na&n ¢77/7 SO)LZ(K) ’ - 0 (310)
as n — 0o0. On the other hand, we notice that
}(Lsn,ﬂm,éngbnv @)L2(Q€n)| < HLan,,'yn,&n ¢n||L2(QEn) H‘)OHLQ(QEn) —0 (311)
as n — oo from (3.3). Combining (3.7), (3.8), (3.10) and (3.11), we have
/! 1 !
[{e =0+ 1w oot =0 (3.12)
R 5*
for any ¢ € C5°(R). Therefore, we see that
/1 1 / .
" —o+ —f(wy)p=0 inR. (3.13)

3

It is known that such a bounded function ¢ satisfying (3.13) is only a multiple
of w!, (see, e.g, [1], [6]). However, we can see that ¢ L w!, in L*(R) from
on € Kén,%. Therefore, we have ¢ = 0.

Now, we claim that ||¢N||H2(an) — 0 as n — 00, and we lead a contradiction.

For the purpose, we divide €1, into two intervals as follows

- 1
Ql = <_ Ve —a>, (3.14)

n

- 1 /1
Q2 = (-mw(sa —y)) (3.15)
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where a > 0 is a fixed large constant. Here, we note that we may regard ¢,, as a
C'-function by Sobolev’s embedding theorem. Moreover, because the C'-norm of
¢n is bounded from (3.4) and ¢,, — 0 in LS (R), we see that |¢),(—a)¢,(—a)| — 0
as n — o0o.

We first claim that ||¢n||H2(an) — 0 as n — oo. Let

1

(b;; - (bn = L€n7'Y'rL:£n¢n + EE1L777LEE7L777L>§1L¢771 - ?fI(UEny'Yn)(bn = gn' (316)

Let us estimate the L? (an)—norm of gn. Let

||§n||L2(an) < HLsmvmfn(anLz(an) + HEEM%E,E”)%“&L@ZHLQ(an)
1 _
+ ?Hf/(Ueny'Yn)¢’I’LHLZ(an)‘ (317)

We have already known that the first term and the second term in (3.17) tend
to 0 as n — oo. We see that the third term also tends to 0 as n — oo by
using ¢, — ¢ = 0 in L2 (R) and the estimates: |U., -, (2)] < Ce %, z > 0,

loc
and |[¢n|| @) < C' for some C,c,C” > 0 independent of n. Hence, we have

||§nHL2(§z2 y = 0asn — oo. Now, integrating (3.16) after multiplying both sides
by ¢n, we see that

L owrs [ d== [ aondicamia 319

holds by integration by parts and the Neumann boundary condition. Then we
easily see that the right hand side of (3.18) tends to 0 as n — oo because the
L?-norm of ¢,, is bounded independently of n and [9nll 12z ) — 0 as n — oo.

Hence [[¢n| 1 (g2 y — 0 holds as n — 0. Moreover, from (3.16), we have

Jo, 2= [ nra®

— [z oae [ 2
Qz Qz 0z
< ||¢n||2L2(Qg ) + 2H¢nl|L2(an)H§n||L2(an) + HgnHiz(Qg ) -0

as n — oo. Therefore, we have ||¢n | 262 | — 0 as n — oo.
En
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Next, let us show that |[¢y| 2q1 ) — 0 as n — oco. Put

Va(z) :=1— éf’(ﬁsm% (2)). (3.19)

Recall that 1 — f'(8)/&« > 0. Hence, if we take a > 0 in (3.15) large enough, then
we can take a constant g > 0 such that

. zeQl

En’

p< Vo(z) <

==

holds for all n sufficiently large. Then ¢,, satisfies the following equation:

¢§§ = Vatbn = Le,, v, 6000 + Eep v, isyb,vn,&n ¢n =:gn in Q;n (3.20)

We note that [|gnllp2@: y — 0 as n — oo. Integrating (3.20) after multiplying
both sides by ¢,,, we have

/ %%—/ mﬁzf G,
QL QL QL

Noting ¢/,(2) = 0 at z = —y./e'~*, we have

/| A / Vo= /| , 9260 = l=ahon(=a)

lgnllz2@s I6nll 2@ )+ 65 (—a)én(—a)]

IN

Hence, we see that [[¢n|| g1, ) — 0 as n — oo. Moreover, from (3.20), we have

| = [ aen+ o

En En

] ﬁﬁ+z/ n%%+/ 9
an an an

1 2
< EH(bnuiz(Q;n) + ;”¢n”L2(an)Hgn”L?(an) + ”gn”iz(ﬁén) — 0,

as n — oo. Thus we have [[¢,[/g2q ) — 0 as n — oo. Hence we have
€n
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H(b”HHQ(flan) — 0 as n — oo. This contradicts (3.3). Thus (3.1) is verified.

Next, we show (3.2). We recall that L. - ¢ is a self-adjoint operator, and we
note that (3.1) means that Ran(L. . ¢) is closed. Then we notice that (3.1) means
also that L. ¢ is surjective by the theory of adjoint operators. Thus we complete
the proof. O

Now, we solve (1.42) in the form u = U, ,, +e=e1/e' " b for some ¢ € H2(Q.).
We substitute u = U, , + e‘cl/alﬂ(b into (1.42). Then we have

ﬂiy{S[UE,W; &+ e*cl/g*ai&%fqﬁ + EMMM} =0, (3.21)
where
Mep[@) = f(Uer + e 7" ¢) = f(U.) == F(TU0)0 (3.22)

Then, by Lemma 3.1, for € € (0,¢1), (3.21) is equivalent to the following

o Jelma _ — 1. _
¢ =/ {—Ls,;g (72 S €l) g Le g (wivMs,v[qs])} =i T.elg]. (3.23)
Hence, we only need to find a fixed point of 7% , ¢ in a suitable function space. For
the purpose, we prepare the following lemma.
LEMMA 3.2. For M, ., defined by (3.22), there exists a constant Cy > 0 such
thdt, fOT any ¢’ d)la ¢2 € HZ(QE);
—2¢ l—a
|’Me,v[¢]|’L2(QS) < Cle 2e/e ||¢||§12(Q5)a (3'24)
HME’“/[Qsl} - MEWWQ]HL?(QE)

< C'1€72cl/‘S 7Q{H¢1||H2(Qg) + H¢2||H2(Qg)}”¢1 - ¢2||H2(QE), (3.25)

hold for all € > 0 sufficiently small and all v € (0,3).

Proor. We first note that

2 — GHQtQ

——| <
(1 + kt2)3 ¢

0= |

holds for some C' > 0. Then, by making use of the mean value theorem, we can



906 K. MORIMOTO

estimate as follows

1
J— 1—a —_— l—a
Me 6l = | [ 7T+ 0) = p a7l
0
< Ce /e g2,
Hence, we have
—2¢ -«
1Me i [8]] 226,y < Ce2 VS (19l Lo iy 10 261, -

Using the fact:

16l ey < Clléllza.y &€ B2, (3.26)
holds for some C’ > 0 independent of ¢, and C’ > 0 can be taken uniformly on

sufficiently small, we have (3.24).
Similarly, we can estimate as follows

|Me (1] — Mz (6]

| f (U 4+ e "01) = f(Uer + e "g) — /= (T ) (61 — 62

_ 6_01/8170

1
/0 {F'(U.y+ e=e/e gy 4 e_cl/sliat(ﬁbl —¢2)) — ['(Ue,y) }dt

X |1 — ¢l
11— 1
< Qe 2e1/e / |p2 + t(p1 — P2)|dt - |p1 — o2
0

< Ce24/5 7 (1| + | ol Y1 — ol

Taking L?-norm and using (3.26), we have (3.25). O

Here, we remember the inequality (2.1). We note that the term | f(wy)| 2 (q.)
tends to infinity as ¢ — 0. However, the following estimate holds

11 2
&~ gl < Gl el g,

2 e g
< —26 1/5 5(1 )/2||f(w’y)||L2(Qg)

&
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/2
:Zk 701/5 O‘(la/ f2w5 > ,

for £ € I. and ¢ sufficiently small. Because of (1.28), we see that

(51_0‘ /QE f2(w5)dz) v <y (3.27)

holds for some constant Cy > 0 independent of v € [y1, 2] and ¢ sufficiently small.
To show the existence of a fixed point of T, - ¢, we set

5= {0€ B0 [6llma) < 54560 ). (3.28)

where X is a constant given in Lemma 3.1 and Cp is a constant given in (3.27).

PROPOSITION 3.1.  There exists €2 > 0 such that, fore € (0,e2), v € [y1,72]
and § € I, T, 4 ¢ 1s a contraction mapping on B, and hence T ., ¢ admits a unique
fixed point ¢ ¢ € B. Moreover, ¢e ¢ € K-, N HZ(S)).

PROOF. Let ¢ € B. Then, by Lemmas 2.1, 3.1, 3.2 and the estimate (3.27),
we can estimate as follows:

HTE»%E [¢] HH2(§_25)

ol 1
< el ISl + 1Moo

—a QCl

cela]' —cy/etT™ | A —e /et —2cy Jet™™
< et/ {€ Coe=/ +Cre™®/ ||¢HH2(Q) 2l }

1 —« 2 11—«
—(G1—c1) /et —c1/e
)\5*004')\016 +7)\€201 ()\5200> .

We recall that ¢; — ¢; > 0. Hence, if € is small enough, then

4
1T .e[@l] 2.y < )\76200 (3.29)

holds for any v € [y1,72], § € I.. Thus T, ¢ becomes a mapping from B into
itself.
Next, let ¢1,¢2 € B. Then, by Lemmas 3.1 and 3.2, we can estimate as
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follows:

HT 7€ [¢1] — Tz e (2] HHZ(Q )

2 —a
e My [61] = Moy (00| 2

l1—a

IN

2 —C
)\701{”%”1{2((25) + ||¢2||H2(QE)}H¢1 - ¢2HH2(Q£)€ /e

é g Cl Af* CO||¢1 ¢2||H2(QE)6701/617

Therefore, if £ is small enough, then it holds that

1
HTE'VE [p1] — T e [}2] HHz(Q 5”(151 ¢2HH2(QE)

for all v € [y1,72], £ € I.. Thus, T, ,¢ is a contraction mapping on B, and
there exists a unique fixed point ¢. ¢ € B. Moreover, from (3.23), we see that
ey € KX NHZ(Q.). Thus, we complete the proof. O

Thus, we complete Step 1 with
_— _ 11—«
ue (7, €) 1= Uey(2) + ¢ "oy (2). (3.30)

4. Continuity on parameters.

Before going to the next step, we must show the continuity and differentiability
of ¢ e on v and £. It is known that, if T, , ¢[¢] is continuous with respect to
and & for each ¢ € B, then ¢, - ¢ is also continuous with respect to y and £ (see
Proposition 1.2 of [34]). That is, we only need to show the following lemma to
ensure the continuity of ¢. ¢ on v and &.

PROPOSITION 4.1. Let e € (0,e3). For any ', v € [y1,72] and &, € € I, it
holds that

HTE,’Y'7€’ [¢] - Te,%f[(ﬁ]HHz(Qs) —0 (4'1)

asy— v and &€ — &' for every ¢ € B.

To show this, we prepare some lemmas.
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LEMMA 4.1.  Letv,vy € [v1,72] and & € I.. Then, for each e > 0 sufficiently
small, the following estimate holds

HLE ' §7T£ 5! (b LE s g s,y(bHHz Wl(’Ya'Y/)H(b”Lz(QE), ¢ € L2(QE>7 (42)

where w1 (y,7') > 0 is a certain quantity independent of ¢ and & and satisfies
wi(7,7) = 0asy— 7.

PROOF. In this proof, we omit the indexes of € and £. Let

Uy 1= L;lﬂ'fy‘gb, Vo 1= L,;,lTF,JY'/(;ﬁ.
Then
~ — (U77¢)L2
71'¢L7vﬂY = W#(b =¢-bU,, byi=——=—" (4.3)
A

Similarly, we have 7T,JY7 Evlv.y/ = qﬁ—b,y/U;,. From (4.3), we have ¢ = 7T,JY‘ ivv,ﬂrbwﬁ;.
Hence,

~ —
7r,JY7L7/U7/ =¢—byU.,

= W,Jy'z/,),’l).y + b.YU:{ - b.Y/U;/
~ ~ — —

= Lyvy — EyLyvy +b,U, — by U,

= I~/,y/v.y/ + (Efy — E,Y/)’UA/ — E,YIN/»YU,Y + b—yﬁ; — b—y/Ufy/
~ 1 — — ~ — —

=Lyvy + g(f’(UW/) — ['(Uy))vy — EyLyvy +b,U., — by U,

Multiplying both sides by 737, we have
~ ~ — ~ —
W#Lvlvv, = WVL/L,Y/’U,Y + 571;7, (f'(Uy) oyt — #EWLWAY + b’yﬂ'#UV.

Multiplying both sides by L_, , , we have

_ -~ ~ - —
Uy = Uy = 5 L, [ A T) = FU))vs}] - Lw’lﬂj_’Evavw + vay/lw'Jy_’ e
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Thus we have

1 —
||U’y*1”y’||H2( )\{ Hf f/(U'Y)HL‘X’(Qa)HU’YHLQ(QE)
—+ HT( /E L U'YHLZ +b HT" IU HLQ(Q } (44)

We may consider 1/¢ < 2/¢&, for € € I.. It is easy to see that ||f'(U,) —
f/(U'Y)HLOO(QE) = o(1) holds as v — ~' (see the proof of Lemma 4.3), and
loyllr2(a.) < [16ll12(q.)/A holds. Hence, the first term of the right hand side
of (4.4) is estimated as follows:

%HJN(U'W) = 'O oy 107l 2y < @1 ()l L2a.) (4.5)

the quantity wy (y,7’) satisfies the assertion of this lemma. For the second term of
the right hand side of (4.4), we can calculate as follows:

75 By Lyvy = (I — Ey)EyLyv,
=E,L,v, — E,E, L,

—
U,,L YUy 1260, ){

— =
(U /,U )L2(Q )U/ }

TR, 0r - TR,
Thus we can estimate as follows:
HW'JY_’E’YE'W’YHB@ )
< |(U, L’YU"/ L2(Q |H/ )L?(Q Bl
AT 7, ||m) ) S
_ (L, Uwvv L2($) |H/ )L2(Q ) 75
AT ||U ||L2(Q) M@
B L P P Y R CE ALY Ry
AT T, e
H, ”U”)LQ(Q)U; L2(QE)H¢“L2(QE),

L2(Qc)
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for some constant C' > 0. It is easy to see that

- =o(l), as~vy—~".
HU ||

L2(Q)

~
L2($e)

Therefore,
’|7T,JY_/E»YZ/»YU»«/||L2(Q y = < wl(’% )||¢HL2(§~25)

holds for some quantity wi(7,v’) > 0 satisfying the assertion. For the third term
n (4.3), we easily see that

_ _ U U L2 (6.) —
! ! 9 !
I AL 2 T e
||U’y ||L2 Q ) LQ(QE)

and

|(U77¢)L2(Q )| ||¢HL2(Q

lby| = H¢||L2(QE)7
AT A

for some C > 0. By taking wj(,7’) suitably, we have a conclusion. O

LEMMA 4.2. Let &, & € I.. For each € > 0 sufficiently small, the following
estimate holds

||(L5_7f1y7§ gfyg/ ¢||H1(Q y = < w2(£ £)||¢||L2(Q ) (rb eC sfya (46)

where wa(€,€') > 0 is a certain quantity independent of ¢ and v € [y1,72] and it
satisfies wa(£,&') — 0 as & — &'.

ProoFr. In this proof, we omit the indexes of € and «y of L. ., ¢. For ¢ € C; 'v’

let

P
= {L¢ + (L — Le)}Lg ' o
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Lo =L o+ (51, - 2>Lg1 [f'(Uen)Let o).

Then we have

HquL

ol < 3 —\Hf g W,

<@ 5, ]!If el ) 19l 2o,

We note that |\U5,7||LM(QE) is bounded independently of ¢ and +, and hence

£/ (Ue:A)l (6. 18 also bounded independently of ¢ and 7. From the estimate
above, we have a conclusion. O

LEMMA 4.3.  Let v, € [y1,72] and §,&' € I.. For each ¢ sufficiently small,
it holds that

|1S[Uc1; €1 = S[U« 5]HL2(QE) —0

asy— v and £ — ¢

PrRoOOF. By the definition, we can estimate as follows:
||S[ﬁs,’y’; - S[Ua,'y; €] ||L2(Qg)

=2 — J—
= HUE,M f( ) - Usp/ + Ué‘;’Y -

f’ f(UW’)

1
3

L2(Qe)

=2 —l/

<Oenr = Uenllz,y + 10 = Uenllpaa, +

o e

L2(Q)

. _
+ el @) = Tl ey

The third term obviously tends to 0 as £ — £’. By the definition of Usm we have

Ueyy = Uepy = (wy — wy)Xo-

Because w,(z) = w(z —z(7)) for some z(7) which is continuous in  and satisfies
|z(¥)| — 0 as v — 4/, using the mean value theorem, we can estimate as follows:
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| @)= U@t = [ ((2) =z = 2(0) i)
Q. 9

< bup |w,( ’ / 7)[2dz
_bup|w / )| |Qe||z(7)|2
z€R

Note that sup, g [w!,(2)| is finite. Therefore, ||U. .- —UEWHLQ(QE) —0asvy— 7.
Next, we see that

- == — — —
U, — U, = (w —wl)Xo +2(wl, —w))X0 + (wy — wy)Xg-

By the same argument above, we have ||ﬁ;/ﬁ, U,y llz2@.) — 0asy — 7. Finally,
noting 0 < U, , < 3, we can see that

|f(Us,'y’) - f(Us,’y)| S C|Us,'y’ - Us,'y|

holds for some C' > 0 by using the mean value theorem or a direct calculation.
Hence, we see that

£z = F ) 2y = O

as vy — . O

LEMMA 4.4. Let v,y € [y1,72]. For each ¢ sufficiently small and ¢ € B, it
holds that

[Me (0] = Me5[0]ll L2 (62, — O

asy — 7.

PROOF. The proof can be done by an argument similar to that in the proof
of Lemma 4.3. Thus we omit the proof. O

PRrROOF OF PROPOSITION 4.1. From Lemmas 3.1, 4.1, 4.2, 4.3 and 4.4, we
can easily verify (4.1) by a simple calculation. Thus we omit the details. O

Thus, we see that ¢ ¢, which is a unique fixed point of T ¢ in B, is
continuous with respect to v and ¢ in the space H2(2.). However, it is insufficient
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for going to the next step. Let us show that ¢ - ¢ is of class C' with respect to €.
For the purpose, we first show the following lemma.

LEMMA 4.5. Let ¢. ¢ be a fized point of T 5 ¢ given in Proposition 3.1.
Define

X 1, —
Leqyeth =" —p+ Efl(Ueﬁ +e/ ‘be,%ﬁ)d’

and Le ¢ =72, 0 Lore. Then L. ¢ is invertible as an operator from KX N
H2(.) into C’EJ:W for sufficiently small €. The inverse L;}y,é satisfies

2
1225690 i,y < SN2,y 9 € C2 (4.7)

where X\ > 0 is a constant given in Proposition 3.1.

Proor. For g € Cjﬁ and u € Kjﬁ N H2(Q.), the following equations are
equivalent:

Leyeu=g,
Leqyeut (Leqe — Leyglu=g

1 )= e Jela =

L. yeu+ Eﬂi’y [(f (Uecrt+e 1/ Geve) = f (Usﬁ))u] =9 (4.8)
1 _ 1—a _

u+t L} I:ﬂ—s:’\/ [(f/(UEW +emr/e Pere) — JN(UEW))UH = L;}hgg- (4.9)

¢ €,7.€

By the mean value theorem and (3.26), we have

— e 11— T —cC toe
£/ (Ten + e " berye) = F Ul o) < e benellman)
1—a
<OCe™ Ve v el 2,y

a4

< C//e—cl/el_

for some C”" > 0 independent of e, v € [y1,72] and & € I, because of ¢, ¢ € B.
Hence it holds that
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”f &% 5 l [(f/(UEW + 6_61/61”%7%5) - f/(Ueﬁ))uH

L2(9e)
H[( UE'V""e_cl/ (bs,'v,i) _f/(Usﬂ))uHH(QE)

SCW@_Cl/E ||UHL2(QE)

< 5\|“||L2(QE)

for e sufficiently small. Hence, by the Neumann series theory, we know that the
equation (4.9) is solvable, namely, there exists a unique u € C’EJ;,Y satisfying (4.9)

for each g € C’Elﬁ. Moreover, we see that u € KEL,V N H2(Q.) from (4.9). Then, we
can estimate as follows:

— 1—a —

HU‘HHZ(Q = g HLE v, 5[ - [(f/(Ueny + 6_01/5 (be,%f) - fl(Ue,A/))uH HH2(QE)

+ HL;%égHm(QE)
1
§||U||H2(Q )y T ”gHL?(QE)'

Hence we have [|ul| 2(q_y < 2[|9l12(q.)/A- Thus we complete the proof. O

PROPOSITION 4.2.  Let ¢c ¢ be a fized point of T ¢ given by Proposition
3.1. For each ¢ > 0 sufficiently small and v € [y1,72], ¢e ¢ is of class C* in the
space H*(Q:) with respect to & € I.. The derivative is given by

8 ci/e —a 1 _ T3 —c1 El—a
a?z)e,%f:e /el ?,c LT f(Uer +e 5 e (4.10)

Proor. We put

F(£,¢) =t S[Ucr + e/ " 5]
= WEL’,Y (Ue,"/ + 6—01/51*“‘(25)// . (Ue,'y + 6—01/5170‘(;5)

+ %f(ﬁs,'y + €7c1/517a¢)

for (£,¢) € I. x (BN KEJ:,Y), where B is defined by (3.28). We note that
F(&, ¢ ~.¢) = 0. Moreover, the derivatives are given by
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1 TT —cy /et 7™
Fe(§, peme) = 75727@:7 (U&’Y +e/ (155,7,5)7

o4

F¢(£7 ¢a,'y,f) =e /e Es,fy,§~

By Lemma 4.5, Fy(&, ¢z ) is bijective from KX N H2(€).) onto CZ,. By the
implicit function theorem and the uniqueness of ¢. ¢, we can find ¢. ¢ €
CY(I., H?*(Q.)) and

0 _
3*5%7%6 = _F¢ 1(fa beiye) - Fe(§s e ve)

11—«

11—« 1 —1

? €7, [Tri’y (UE,’Y + e—Cl/s

¢6m£)]-

Thus we complete the proof. O

REMARK 3. We can easily confirm that

El—a/~ fQ(Ua,'y +6_Cl/slia¢g7%5)d2 <C
Qe

holds for some C' > 0 independent of ¢, v and &. Therefore, we can estimate by
(4.7) and (4.10) as follows:

< Cem(-a)/2ger/ei ™" (4.11)

0
Jee-

‘HQ(QE)

the constant C' > 0 is independent of €, v and £. Hence, by applying Taylor’s
expansion theorem (see, e.g., Theorem 4.A in [34]), we obtain the following esti-
mate:

11—«
[6:n.60 = dervtall o,y < Ce™70 e — g, (4.12)
for any &1,& € I..

5. Reduced problem.

In this section, we are going to carry out Step 2. For each ¢ sufficiently small
and each v € [y1, 2], we will find £ = & , such that (1.43) holds, namely,
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/~ S [ue (257, &en); fE,V]U;ﬁ(z)dz =0, (5.1)

€

where
Ue<z§ v f) = U&,'y(z) + 6_01/Elia¢6,7,£(2)' (5'2>

Moreover, for the next step, we would like to show the continuity of & . with
respect to . For the purpose, we reduce (5.1) into the problem: find the fixed
point of T, [¢] defined by

nm:wwmésmuwﬂfwg@w+@ (5.3)

where o-(y) # 0 is a constant defined by (5.5) below.

PROPOSITION 5.1.  For sufficiently small e > 0, T, is a contraction mapping
on I. for any v € [y1,72], and hence there exists a unique fized point & , € I, of
T.,. Moreover, &~ is continuous with respect to v € [y1, 72).

PROOF. As was done in (3.21), we can write as follows:

1—a —
/QSWMH*CI/E ¢>E,%§;§]U’mdz
_ /Q S[Ten; T, dz + e/ " /Q Len oo elT. dz

1 —
+g/§) M57’)’[¢57’Y75]U5,’ydz' (54)

Then, by Lemma 2.3, for £ € I,

T'y[f] =& = {Ugéj) b

D,

o yuds = 16~ ) + (k)
+Ua(7>e_61/617a/~ ismf[(ﬁsmf]ﬁlaﬁdz
Qe
1 —
+Us(7)£/ﬁi Me,v[ﬁbam&]UE,fyd'Z-

Here, we set
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D.

7. =3¢( f(www;dz)l. (5.5)

—D.

Noting the exponential decay estimate stated in Lemma 1.1, we see that |o. ()] is
bounded uniformly in v € [y1,72] for € sufficiently small. Then we can estimate

as follows:
D
o, € 1 1 —a oy el
{ = flwy)wldz — 1}(5* 5)‘ = S|& — ¢ < el 2ema/e
&« J_p. 2 2

From (2.4) and noting ¢; < €3, we have
|(75(’Y)k(€)| < 0636—63/617Q = E(l—a)/Qe—m/al’“O(l)’ as e — 0.

Moreover, by Lemma 2.2, we have

_ 1—a ~ —
o(vy)e /e /~Lsm€[¢sm§]U5ﬁdZ

=

ey Jelme ~ y
05(7)6 /e /Q ¢s,’)’7§L€,’)’7§[U57’Y]d'z

_ -« ~ —
§Ce ca/e H¢&%E||L2(fze) LEv'ng[UE,’Y]HL?(QE)

-« 1 ]. — = l1—a
< el | L + e

< C//efcl/gl_a{‘g* B €| + 6763/51—(1}

ed=e)/2g=er/e ™51y age — 0.

IN

Furthermore, by Lemma 3.2, we have

1 —/ pa—
UE(V)E/Q Me,'y[ﬁbe,%&]UE,—yd'z §C||Me,'y[¢e,’y,£]”[,2(@5) U‘Sv’YHL2(QE)

a

< 0/6—201/617 .

Thus, we have

IT,(€] - & < Setrzmaret™
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for all v € [y1,72] and £ € I. provided ¢ is small enough. Hence, T, is a mapping
from I, into itself.
Next, for &1, & € I, Let

Ty[61] = 15 [&2] = 0= (7) /Q {S[Uc: 61 = S[U- 1 &1}U. dz + & — &
+ 08(7)6_@/617& /Q {i’fv%il ¢€,%§1 - IN/E,%ﬁz(bE;%fz }Ule,wdz

1 1 —
+ Us(’}’)/ﬁ {&M&W[QS&V@Z] - €2M€7’Y[¢87%52}}U5,yd'z'

By the definition of S[-;&], we have

o:(7) /ﬂ (S[0eri6a] — S[Ter: @VT. dz 1 60— &

1 1 —
= Us(’)’)/Q (gl—gz)f(Ua,y)Ueﬁdz—F&—fz
‘ - §1£2 5 f U ~dz|[61 — &2
§§|51*€2|-

Here, we used

— 5
5152 / f(U ey Uaﬁdz =1 +0(1)

as € — 0. Using Lemma 2.2 and (4.12), we have

= = —
’/Q {Le,%£1¢€,%§1 - L6,7,§2¢6,7,§2}U5,7d2

~ —
< '/{2 (gbsv%& - ¢s,%§2)L67"/751 [Us,'y]dz

/

~ — ~ —
+ ' /fiz ¢E)7752 (L€777€1 [UE,’Y] - LE,’Y,52 [U57'y:|)dz
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~ —
< ||¢E,%§1 - ¢€,V,52||L2(fl€) LE,%& [Us,'y]HLz(QS)

1 1
& &

f/(Um)U/m ||L2(fl5)

+ [ beeall 2o

—(1—a c l-a 1 = —a, /el
<C{€ (me)/2eer/e |§1—§2|{ _gl‘Hf/(wv)w;HH(QE)—i_CQe /e }

‘1

&
+o - &l

< C’{s_(l_a)/zecl/alﬂ {5(1_06)/26_01/517& + 6_62/51704} +1}& — &l

Recall that ¢; < €. Therefore, we have

_ 1—o ~ ~ —
o-(7)e c/e /Q {L55’71§1¢577a€1 - Lsﬁ,ﬁzqf)e,%&z}Us,de

<o(1)[&r —&| ase—0.

Finally, by Lemma 3.2 and (4.12), we have

1 1 —
o-(7) /QE {&Me,'y[d’emfz] - &Msn[qssméz]}(]e,fydz

1 1 —
<O |=——— / M, »[be~e)U, dz
— { 51 52 QE W[‘é € ] Y
1 —
+ ?2 /(z {M67’Y[¢€7’Y7§1] - M6,7[¢6,7,E2]}U5,7dz }

< C/{|fl - 52‘||M87’Y[¢87’Y751]||L2(QE) 1 Me 5[ y,60] = Mey [d)smfz]nm(ﬁa)}
l—a
< Clem2erl/e {‘51 — &l + e e — ¢€,7,Ez||L2(QE)}

< C///e—2c1/51*“|£1 _ §2|{1 + 6—(1—&)/26c1/51*°‘}
<o(1)[& — & ase—0.

Thus we have

Tl - Thlell < Sl - &l
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for all &, & € I. and v € [y1,72] provided ¢ is small enough. Therefore, T,
v € [y1,72], is a contraction mapping on I, for ¢ sufficiently small. Then T, has a
unique fixed point & ., € I.. Moreover, it is easy to see that T,[{] is continuous in
v € [m,72] for each € € I, and hence & - is continuous in v € [y1, 72]. Thus we
complete the proof. O

6. Matching problem.

In this section, we will complete Step 3. That is, for each e sufficiently small,
we will find v = v, € [y1,72] such that

Cerye = 51_a[ u?(z;'ys,fg,%)dz (6.1)

€

holds, where u(2;7, &) = Us(2) + 6761/61_a¢67%55,7 (). For the purpose, we
first show the following lemma.

LEMMA 6.1. Let v € [y1,72]. Then the following identity holds:

e [ T2 (6 = 6+ L) o) (6.2
Q.
where
I()'_/DE 2()—lﬁQd D= — (6.3)
e\Y) = b w3 (2 5 2, . = 4517ayc, i

and the term k1 (g) satisfies

l1—a

k1 (e)| < Cye™™/° (6.4)

for some constants Cy, ¢4 > 0 independent of v € [y1,72] and € sufficiently small.

PrOOF. In this proof, it is convenient to treat the y-variable. Recall that
Y=y +e7% and

o —2
el /QUE,W(Z)dZZ/Q U2, (y)dy, & = Bye.

By the setting of xo and x1, we can calculate as follows:
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y—y ?
/ dy—/ {Uw(l_ac))(o )+ Bxa(y } dy
Q. €
Ye/2 3y /4 y—y 2
=/ 52dy+/ { ( — a”)xO )+ B( 1—><o(y))} dy
0 yc/2 €

5yc/4 3yc/2
Y —Ye Y—Yc
+/ w3< T—a )dy+/ W3< T )x%(y)dy
3y./4 € 5y, /4 €

= I+I1I+1IT+1V.

Then, by Lemma 1.1, we have

1
I= 5/6)2yc’

3y /4 _ 2
1= [ 2 -

12
= 2 3%y.+e.s.t.,
1P tes

IV =e.s.t.,
where “e.s.t.” means the exponentially small term and is estimated by Ce=¢/ el
for some C| ¢ > 0 independent of v and €. Therefore, we have
3 el o (y—y
U2 (y)dy = 7ﬂ2yc+/ w2< C)dere.s.t.
\/Qs €, 4 spesa T\ €O
5yc/4 _ 1
= By, + / wg 4 17% dy — ~ 3%y, + e.s.t.
396/4 € “ 4
5yc/4 _ 1
:5*4—/ {w%(ylgc) — ﬁZ}dy—i—e.s.t.
3yc/4 € 2
=&+ e (y) +est.
Thus we complete the proof. O

Secondly, we study the property of I.(y). We note that I.(vy) is well-defined
also for vy € (0, 3) and is continuous and strictly monotone increasing on + for each
E.
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LEMMA 6.2.  For each e, there exists a unique 7. € (0, 3) such that I.(%.) =
0. Moreover, 4. converges to a certain unique v, € (0,0) as € — 0.

PROOF. For each ¢, it is easy to see that, if we take v € (0,53) near 0,
then I.(y) < 0, and if we take v € (0, ) near (3, then I.(y) > 0. Hence, by the
continuity and monotonicity, there exists a unique 4. € (0, 3) such that I.(%.) = 0.
Let 7, € [0, 8] be an accumulating point of 7.. Then, we can exclude the possibility
of v, =0,3. Let

o= [ (- 3o Yass [ ODE (w26 - 5%z

D, 1 0 1
= / wgy(z)dz - 5/5'2])6 —|-/ w,ZY(z)dz - 5/32D5
0 —D.

_/ODE w,QY(z)der/O (w2(2) — ) d-.

e

From this, it holds that

D, 0
w2 (2)dz = 2 _w? (2))d=. .
|- [ (@i ) (6.5)

—D.

If 4. accumulates at 0, then there exists ¢, such that ¢, — 0 as n — oo and
e, — 0 as n — oo. However, it is impossible because the left hand side of
(6.5) remains bounded as n — 0o, on the other hand, the right hand side of (6.5)
tends to infinity as n — oo. Hence, v, # 0. Similarly, we can prove 7, # (.
Thus, 4. accumulates neither at 0 nor at 5. Hence, we may assume there exists
v, 7% € (0, 8), v <7, such that 4. € [y,7] for all  sufficiently small. We claim that
the accumula?ing point of 7. is exagtly one. Indeed, let 4. possess two different
accumulating points. Then, there exists M > 0 such that, for any n € N, there
exist ,,¢;, € (0,1/n), e, > &, such that |§., — ¥, | > M holds. We see that

0=1I,(%.,) - I, (:YE;L)

DE% _Dsél De,,
= / (w%% - w’%siz)dz +/ w,%en dz +/ (w%sn — ﬂz)dz

—DE% —De, Ds’n

holds. Because 7e,, ,7: € [y,7] for all n sufficiently large, if we take n — oo, then
the second term and the third term tend to 0. However, the first term cannot tend
to 0 since |J., —Fe, | > M. It is impossible. Therefore, the accumulating point of
¢ is unique. Thus, we complete the proof. O
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REMARK 4. The number ~, € (0, ) is characterized to be a number satis-
fying

oo 0
U}2 z)laz = 2*'([)2 z yA .
A 2 (2)d / (8 —w? (2))d (6.6)

from the equation (6.5).

Hitherto, the constants 1,72 € (0,8) have been arbitrarily fixed constants.
From now on, let us fix the constants so that

Ye € (71572), ¥« € (71,72) (6.7)

hold for all € sufficiently small. We recall that there is only difference of translations
among w-, , Wy, and w,,. Let a1, as > 0 be constants such that

Wy, (2) = wy, (24 ar),  wy(2) = w, (2 — as). (6.8)

Then we have the following lemma which will be needed for the problem (6.1).

LEMMA 6.3. Let v1,72 € (0,3) be fized so that (6.7) holds and ay,as > 0 be
constants defined by (6.8). Then, I.(v1) and I.(v2) have the following asymptotic
behavior:

I(y1) = —a1 8% + o(1), (6.9)
I.(72) = a2f8” + o(1), (6.10)

as € — 0.

PRrROOF. We can calculate as follows:

D. D,
16(71) = /_D {wzl(z) — ;ﬂQ}dz = /_D {wi*(z +a1) _ 252}d2
D.+a;
e
De 1 Dc+ay 1
- /DE {wi*(Z) - QﬂQ}dm—/DE {wi*(z) _ 2ﬂ2}dz
—Dc+ay 1
- / {wz*@) - 252}652
-D.



Semi-strong saturation effect for the Gierer-Meinhardt system 925

D. 1 D.+ay —D.+ay
= / {w,ZY (z) — 262}032 —|—/ w3 (2)dz — / wz* (2)dz.

7D€ Ds 7DE
(6.11)
Then, we see that the first term tends to 0 as ¢ — 0. Indeed, let
o I oo be 2
/43 {w,y*(z) - §ﬂ }dz =/ {w? (2) —w3_(2)}dz. (6.12)

It is easy to see that the right hand side of (6.12) tends to 0 as € — 0 by using the
estimates stated in Lemma 1.1 and noting 7. — 7.« as € — 0. Moreover, the third
term of (6.11) clearly tends to 0 as € — 0. Therefore, we can see that

—D.+ay

I.(m) = —/_D wi* (2)dz + o(1)
et
= _/_D {w?y*(z)—b’z}dz—alﬁ2+o(1)
= —a16% +0(1)
as € — 0. Similarly, (6.10) can be proven. Thus we complete the proof. O

Now, we are ready to solve the problem (6.1).

PROPOSITION 6.1.  For each € sufficiently small, there exists at least one
number v € [y1,72] such that (6.1) holds. Moreover, 7. accumulates at v« as
e —0.

PROOF. Recall that uc(z;7,& ) = Uc~(2) + 6761/81_a¢5,w,§€,7 (=) and the
H?(Q.)-norm of $e.~.¢.., is bounded uniformly on v € [y1,72] and ¢ sufficiently
small. We write ¢c = ¢c 5 ¢, ., simply. Let

61704/~ (ﬁsﬁJrefq/sl—”(bsﬁ)?dz
Qa

= 51_“{/ U: ydz+2e_cl/€17a/
Q. Q

We notice that the leading term is ¢!~ Ja Uiﬁdz. The problem (6.1) is equivalent
to the following:

Ua,v¢e,7d2 + 6_2(:1/6170‘/” q%)’ydz}.
Qs

€
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1 1
| o) = gt = e 60 (0.13
0. € €

2. Q.

—2 1 1 L Jelme —
/s Ueydz — gli—af* = glifa(ffw — &) -2/ / Ueyeydz
g2/ a/ (;5 dz =: k(g,7). (6.14)

Because & € I., |k(e,v)| is estimated by Ce=(1=0)/2¢g=c1/="™ for some C' > 0
independent of ¢ and . Hence, we see that k(e,7y) converges to 0 as ¢ — 0
uniformly on v € [y1,72]. Moreover, we note that k(e,v) is continuous in v €
[71,72)- On the other hand, the left hand side of (6.14) is also continuous in
v € [71,72] and has the following behavior by Lemmas 6.1 and 6.3:

—2 1 1
[ Us,'ydz - 5177046* = IE(’Y) + cl—a

€

k(o) = {_alﬁQ ST g

a262+0(1)7 Y =72,

as € — 0. Hence, there exists a constant 1 > 0 such that, for v = 1, 72,

—2 1
/ Uemds = 756 < -1,

QE

—2 1
/Qa U57’72dZ - El_a E* 2 ,

hold for all € sufficiently small. Therefore, there exists at least one v = . € [y1,72]
such that (6.14) holds by the intermediate value theorem. Moreover, we see that
I.(ve) — 0 as ¢ — 0. Hence, 7. must be accumulated at v, as € — 0. g

Finally, we give the proofs of Theorem 1.1 and its corollary.

ProOOF OF THEOREM 1.1. Put

- Y—Yc
¢E(y) = qﬁ&'}’sv&s,’yg ( 81—04 >’

ag(y) = Uaﬁg (y) +e —er/et” (ba( )

and

Es = ge,’yg-



Semi-strong saturation effect for the Gierer-Meinhardt system 927

Then a.(y) and &, solve the equation (1.5) and obviously satisfies (1.16) and (1.17).
Moreover, we see that a.(y) > 0 for y € Q. by the usual maximum principle. Thus
we complete the proof. O

PROOF OF COROLLARY 1.1. Put

As(x)las(x>a 55: 1563

gx \ e =

where (ae, &) is a solution to (1.5) given by Theorem 1.1. Then we know that
(Ag, &) gives a solution to (1.1). Omitting the hat of £, we complete the proof.
O
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