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Abstract. We study the generalized Whittaker models for G =
GSp(2, R) associated with indefinite binary quadratic forms when they arise
from two standard representations of G: (i) a generalized principal series rep-
resentation induced from the non-Siegel maximal parabolic subgroup and (ii) a
(limit of) large discrete series representation. We prove the uniqueness of such
models with moderate growth property. Moreover we express the values of the
corresponding generalized Whittaker functions on a one-parameter subgroup
of G in terms of the Meijer G-functions.

0. Introduction.

Let G = GSp(2) be the symplectic group with similitude defined over the
field @ of rational numbers. When we wish to write down the Fourier expan-
sion of automorphic forms on G 4 along its Siegel parabolic subgroup, we neces-
sitate not only the Whittaker models but also the generalized Whittaker mod-
els (see Section 1 for details). Our concern in this paper is the local theory of
generalized Whittaker models at the real place, which still lies in an intermedi-
ate state. For example, in the paper [PS], which had circulated since the late
1970s, I. I. Piatetski-Shapiro stated the multiplicity free theorem of such models
for G := Gr = GSp(2, R) without a proof ([PS, Theorem 3.1]). However nobody
seems to establish it up to today. For the generalized Whittaker model for G
associated with a definite binary quadratic form, there are some results support-
ing Piatetski-Shapiro’s assertion. Besides H. Yamashita’s result [Y] in a general
setting, there are several detailed studies for specific kinds of representations of G
([Ni], [Mi-1], [Mi-2], [Is]), where the multiplicity free results as well as explicit
formulae of generalized Whittaker functions are obtained (see Subsection 8.3). On
the other hand, little is known about the generalized Whittaker models associated
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with indefinite binary quadratic forms, although they are equally important in the
study of automorphic forms on G 4. The purpose of this paper is to study them
for two kinds of standard representations of G.

To be more precise, let P = M x N be the (standard) Siegel parabolic sub-
group of G. For each symmetric matrix 8 = 3 € Mat(2) g, we define a character

Y5 : Ng — CW by
Yg ((%‘%)) = exp (2mV/—1tr(Bz)).
2| L2

Suppose that the character ¢g is non-degenerate (i.e. det(8) # 0). We denote
by Mjp the identity component (as an algebraic group) of the stabilizer of 9 in
M and set Rg := Mg r x Ng. For each quasi-character x of Mg r, we have a
quasi-character x - g of Rg and an induced representation

C(Rp\G; X - ¥p)

={W G55 C | W(rg) = (x- 1) ()W (9), ¥(r,9) € Rg x G},

on which G acts by right translation. The totality of functions in C*°(Rg\G; x-9g)
having moderate growth property is denoted by C7v (Rg\G; x - ¢3). We denote
the Lie algebra of G by g and take a (standard) maximal compact subgroup K of
G. For a quasi-simple (g, K)-module (7, .7 ), we set

GWq(m, x - ¢p) := Homg i (A7, C(R\G; x - ¥p)),

which is called the space of generalized Whittaker functionals for 7. By a general-
ized Whittaker function belonging to 7, we understand the image ®(v) of a vector
v € A5 under some ® € GWe(m, x - ¥g). If & € GWq(m, x - ¥g) belongs to the
subspace

GW Y (7, x - ¢p) := Homg ¢ (H7, Crey(R\G; x - 1)),

then we say ® and ®(v) have the moderate growth property. From the view point
of automorphic forms, the following two problems are fundamental:

PrROBLEM (A). Estimate the dimensions of GWg(m, x - ¥g) and
GW(9(m, x - ¢3). In particular, determine whether the multiplicity free prop-
erty dime GW (7, x - ¥3) < 1 holds or not.
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PROBLEM (B). Find tractable formulae of the generalized Whittaker func-
tions ®(v) for ® € GWS9(m, x - ¥3) and appropriate vectors v € ;.

In connection with Problem (B), the following problem is also important.

PROBLEM (C). Construct a non-zero element in GW 57 (7, x-1p3), especially
when the estimate dime GW (7, x - ¥3) < 1 holds.

Let us summarize the current status of these problems according as the sig-
nature of det(f).

THE CASE OF det(3) > 0. As we mentioned above, there are some posi-
tive results on the Problem (A) in this case. In the first place, H. Yamashita
[Y] obtained a result closely related to the Problem (A), which we now explain.
For an irreducible unitary representation (7,54 ) of G, we consider the space of
continuous intertwining operators

GWZ (m,x - ¢g) := Homg (H,°,C (Rg\G; X - 1/15)).

Here 2>° stands for the smooth vectors in J%; equipped with the usual C'*°-
topology. Note that there is a natural inclusion GWg (m, x - g) C GW L9 (7, x -
1) (cf. [Wal, Section 5.1]). Then a result of H. Yamashita ([Y, Theorem 6.9 (3)]),
who works for general connected semisimple groups of hermitian type, implies that
dime GW (7, x - ¥g) < 1 under the following three conditions: det(3) > 0, the
restriction of m to Gy := Sp(2, R) remains irreducible, and the restriction of x
to Mg r N Go(= O(2)) is real-valued. Meanwhile, in the early 1990s, S. Niwa
[Ni] constructed the generalized Whittaker functions on G associated with defi-
nite quadratic forms by using theta liftings. He gives an integral expression of the
generalized Whittaker function on G belonging to the spherical principal series rep-
resentation. T. Miyazaki [Mi-1], [Mi-2] and T. Ishii [Is] extended Niwa’s study to
several standard representations and some derived functor modules by construct-
ing differential equations satisfied by the generalized Whittaker functions. More
recently, D. Prasad and R. Takloo-Bighash [Pr-TB], [TB] determine the dimen-
sion of GW & (m, x - 13) for the discrete series representations m when det(3) > 0
by using theta liftings. In a paper of A. Pitale and R. Schmidt [Pi-Sch], the case
of holomorphic discrete series representations is also studied.

THE CASE OF det(8) < 0. First we note that GW 59 (m, x - ¢g) = {0} for
a holomorphic discrete series representation 7 of G (cf. [Pi-Sch]), which can be
seen as a paraphrase of Koecher’s principle for holomorphic automorphic forms.
In [Mi-2], the case of some derived functor modules with small Gel’fand-Kirillov
dimensions are studied. However there seems to be no detailed investigation for
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standard representations. In fact, a recent investigation with T. Ishii tells us
that Problem (A) becomes more subtle when det(3) < 0. To explain it, suppose
that 7 is an irreducible principal series representation of G induced from the Borel
subgroup. Then it seems possible to construct two linearly independent functionals
in

HomgoyKU (%77 C’ro‘rfg(Rﬁ\Gv X ¢ﬁ))a go ‘= 5p(27R)7 KO = GO N 0(4)

by using the Novodvorsky local zeta integrals (cf. Section 9). Nevertheless, we can
still prove that dime GW 9 (m, x - 1) < 1 thanks to the non-trivial outer auto-
morphism of Sp(2, R). This phenomenon, which we do not encounter when
det(3) > 0, suggest that the appropriate group for multiplicity free theorem should
be the disconnected group G = GSp(2, R), not the connected group Sp(2, R).

Now we are in the position to state our main results of this paper:

MaiN REsuLTS (see Theorems 5.1, 6.1, 7.1, and 8.1 for precise statements).
Suppose that det(8) < 0 and take an arbitrary quasi-character x of M g. Let
(w, ;) be either (i) an irreducible generalized principal series representation of
G induced from the non-Siegel maximal parabolic subgroup P; (an irreducible
Py -principal series representation) or (ii) a (limit of) large discrete series represen-
tation. Then we have the following assertions:

(1) The space GW5Y(m, x - ¢3) is at most one dimensional.

(2) If 7 is equivalent to an irreducible P;-principal series representation, then we
have dimc GWq(m, x - ¥3) < 4.

(3) For an element ® € GWSY(m, x - ¢3), the values of the generalized Whit-
taker function ®(v) corresponding to some specific vector v € J; on a one-
parameter subgroup of G can be expressed by the Meijer G-function Gg:g(z).

The main results should play the following important roles in automorphic
forms. In the first place, the multiplicity free theorem (1) allows us to express the
global generalized Whittaker function arising from a Hecke eigen form on G4 as
a product of the generalized Whittaker function on Gg and a function on G 4,.
Besides, there are several automorphic L-functions whose integral representations
involve generalized Whittaker functions on Ga (e.g. [An], [PS], [An-Ka],
[PS-Ra], [F]). In fact, the direct motivation of our investigation is to extend
our earlier results [Mo] on the spinor L-function to a cusp form not having global
Whittaker models by evaluating the real local zeta integrals of Andrianov ([An],
[PS]). Note that our explicit formulae in (3) are quite suitable for this purpose,
because they are given by inverse Mellin transforms, the Meijer G-functions. We
hope to discuss this issue in a future paper, which is also an indispensable step to
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study arithmetic properties of the spinor L-function (e.g. [Hal, [Le]).

Our proof of the main results is done by analyzing the differential equations
satisfied by the generalized Whittaker functions, which is basically parallel to
[Mi-1], [Mi-2], and [Is]. Besides, there are two crucial points in our proof. One is
the fact that the generalized Whittaker function with moderate growth property
decreases rapidly in a certain direction (Lemma 3.3). The other is the determina-
tion of rapidly decreasing solutions of a fourth order generalized hypergeometric
equation (Proposition 9.2). Thanks to Proposition 9.2, we can prove our main
results without assuming any conditions on y. This is quite satisfactory when we
apply our results to automorphic forms.

The organization of this paper is as follows. In Section 1, we introduce a
Fourier expansion of automorphic forms on G4 involving the usual and general-
ized Whittaker functions, which motivates us to study the generalized Whittaker
models. In particular, we prove the absolute convergence of the integral defining
the global generalized Whittaker function arising from a cusp form, which is a
delicate problem when —det(3) € (Q*)?. Moreover we give several equivalent
conditions for a cusp form on G4 to have a non-zero global Whittaker function
(Proposition 1.2). In Section 2 we collect some basic notation concerning the Lie
group Gg and introduce two kinds of standard representations of G in the main
results. In Section 3, we define the generalized Whittaker functions on Gy. We dis-
cuss the restriction of generalized Whittaker functions to a two-dimensional split
torus S of Gy satisfying Gy = (RgNGo)SKy for det(3) < 0. We also prove the key
observation (Lemma 3.3) mentioned above. Our proof of the main results occupies
Section 4—-Section 8. In Section 4, we introduce two kinds of differential operators
acting on the generalized Whittaker functions, the shift operators and the Casimir
operators. We compute the S-radial part of these two differential operators. In
Section 5 and Section 6 (resp. Section 7) we treat Pj-principal series representa-
tions (resp. (limits of) large discrete series representations). In each section, we
derive a system of differential equations for the generalized Whittaker function by
using differential operators constructed in Section 4. By a careful analysis of these
differential equations, we obtain our explicit formulae. In Section 8, after clarify-
ing the relation between the generalized Whittaker functions on Gy and those on
G, we prove the multiplicity free theorem (Theorem 8.2) for det(8) < 0. We also
prove the multiplicity free theorem for det() > 0 (Theorem 8.3), which is a re-
formulation of the results of T. Miyazaki [Mi-1]. In Section 9, we state and prove
the above-mentioned key result (Proposition 9.2) on generalized hypergeometric
differential equations. In the final section, we propose an approach to Problem
(C) via Novodvorsky’s local zeta integrals ([No]) when det(3) < 0.

NOTATION AND CONVENTIONS.
(i) For each place v of the field @ of rational numbers, we denote by Q, the
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completion of Q at v. The module of an element = € Q, is denoted by |z|,.
For a finite place p of Q, Z, stands for the ring of integers in @Q,. The adele
ring (resp. the ring of finite adeles, the idele group) is denoted by A (resp. Ay,
A*). The module of an element € A* is denoted by |z|a or simply by |z|.
Unless otherwise stated, we understand that all the measures on locally compact
unimodular groups are the Haar measures.

(ii) Let G = GSp(2) be the symplectic group with similitude of degree two,
which is defined by

I
G:={g € GL() | 'gJag = v(g)Ja for some v(g) € G}, Jy:= <%>
—42 | Y2

We regard G as an algebraic group defined over Q. For any Q-algebra R, the
group of R-valued points of G is denoted by Gr. We adopt the same convention
for other algebraic groups. For each element g = (gy) = (Gu,i,j)1<i,j<4 € Ga, we
define its norm ||g|| by

v | 1<, <4},

HQH = H ”gvHv with ”gv”v = max{|gvﬂ;7j|v, |(g;1)i,j

v

As a maximal compact subgroup K 4 of G4, we take

Ka:=][][K, with Ky :=0(4)NGg and K, := GL(4,2,) N Gq, (Vp < ).

We also use the following notation:

G:=Gr=GSp(2,R), Go=Sp(2,R)={geCG|v(g) =1},
KZKOO, KO I:KﬁGo.

We write the Lie algebras of G, Gy, and Ky by g, go, and &, respectively. If there
is no fear of confusion, we do not distinguish a smooth representation of G (resp.
Gy) from its underlying (g, K)-module (resp. (go, Ko)-module). For an arbitrary
Lie subalgebra [ of g, its complexification [ ® C' is denoted by lc. We denote the
dual space Home (e, C) of ¢ by (.

(iii) Let L be a Lie group with Lie algebra [ = Lie(L). For a C*°-function f
on L, we set

[Rx f](z) := % Of(xexp(tX)), Xel,zelL.
t=
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This action of [ can be extended to that of the universal enveloping algebra U ()
of [. We also write f(x; X) for [Rx f](z) (X € U(1)).

(iv) For a positive integer n, Mat(n) stands for the algebraic group of n x n
matrices defined over Q.

ACKNOWLEDGMENTS. I would like to express my gratitude to Professor
Takayuki Oda, who explained me importance of generalized Whittaker models
more than ten years ago. I am grateful for Professors Masaaki Furusawa, Taku
Ishii, and Masao Tsuzuki for their interests and fruitful discussions on this work.
Thanks also go to Dr. Tadashi Miyazaki, who informed me of an error in the
earlier version of this paper. I wish to thank the referees for suggesting some
improvements in the original version of this paper.

1. Fourier expansions of automorphic forms on GSp(2).

In this section, we formulate a Fourier expansion of automorphic forms on
GSp(2) a along the Siegel parabolic subgroup (cf. [PS], [Su]) in order to motivate
our study of generalized Whittaker functions on GSp(2, R). The expansions are
expressed in terms of the global Whittaker functions and the global generalized
Whittaker functions. Although almost all materials here might be found in the
literature, we put them together for the sake of convenience. Moreover we give
interesting equivalent conditions for a cusp form to have a non-zero global Whit-
taker function (Proposition 1.2).

1.1. The first step of the Fourier expansion.

The center of G is given by Z := {z14 € G | z € G, }. We denote the space of
automorphic forms on G 4 (resp. the space of cusp forms on G 4) with central char-
acter w : QX\A* — CW by o7 (GoZa\Ga;w) (tesp. ZP(GQZA\Ga;w)).
We fix a maximal parabolic subgroup P of G corresponding to the short root
(the so-called Siegel parabolic subgroup) and its Levi decomposition P = MN as
follows:

{
M — {m(h,/\) - ((Z o )’h € GL(2), A e Gm},
{

(1)

where we set Sym(2) := {x € Mat(2) | 'z = x}. Let ¢ : Q\A — C™ be a

seSym(2)},
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non-trivial character of Q\ A characterized by ¢ (te) = exp(2mv/—1to) (too € R).
For each € Sym(2)q, we define a character 1z of N4 by

v ((%)) — y(tx(6)).

An automorphic form F' € o/ (GgZa\G a;w) have the following Fourier expansion
Fo) = 3 Falo)l Falo)= [ dnFlugist) (1)
BESym(2)q NQ\Na

For each 8 € Sym(2)q, the S-th coefficient function Fj(g) satisfies the relation
Fp(ng) = 1p(n)Fs(g), V(n,g) € Na x Ga.

In order to describe relations between the coefficient functions {Fjg|5 € Sym(2)q},
we introduce the right action of M on Sym(2) by

B-m(h,\) := A" "hBh, (B € Sym(2), m(h,\) € M). (1.2)

LEMMA 1.1. Take two symmetric matrices 3,3 € Sym(2)q. Suppose that
there exists an element m € Mg such that 8’ = 8- m. Then we have

Fg(9) = Fa(mg), Vg€ Ga.

For 3,8" € Sym(2)q, we write 3 ~n, [ if there exists an element
m € Mg such that 8/ = - m. In view of Lemma 1.1, an automorphic
form F € &/(ZAGg\Ga;w) is determined by the coefficient functions {Fjs(g) |
B € Sym(2)q/ ~mo}. A complete set of representatives for the coset space
Sym(2)q/ ~m, is given by

oo {s= (0 O) fu{a = (5 ) |ec@r@r)  ay

Suppose that F' is a cusp form. Then the function Fy,(g) vanishes identically,
because it is nothing but the constant term of F' along P. Hence the equation
(1.1) tells us that at least one of the following three conditions holds:

(Rk1): there exists a non-zero symmetric matrix § € Sym(2)¢q such that det(5) =
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0 and Fp(g) # 0;
(Rk2-D): there exists a symmetric matrix 8 € Sym(2)q such that det(3) > 0 and

Fs(g) # 0;
(Rk2-ID): there exists a symmetric matrix 5 € Sym(2)q such that det(5) < 0 and

Fs(g) # 0.

REMARK. A result of J. S. Li [Li] tells us that an arbitrary non-zero cusp
form F € o/°*P(GQZa\G a;w) satisfies either (Rk2-D) or (Rk2-ID). This can be
seen from Proposition 1.2 below, too. It is well known that a holomorphic cusp
form F on G4 satisfies neither (Rk1) nor (Rk2-ID).

In the next two subsections, we shall express the functions F(g) (8 # 02)
in terms of the global Whittaker functions and the global generalized Whittaker
functions to get a finer expansion of F'(g).

1.2. The second step of the Fourier expansion, the case of det(3)
= 0.
In this subsection, we consider the case where 8 € Sym(2)¢q satisfies det(3) =
0 and 8 # 0s. By Lemma 1.1, we may assume that 8 = 31 = (39). We fix a
maximal unipotent subgroup of G defined over Q as follows:

1 1 X9 1 i)
1 T2 X3 1
No := ¢ n(xg, 1, x2,x3) 1= 1 7 eG
} 1 —Xo 1

For each g € G a, we put hp(xo; 9) = Fga (n(20,0,0,0)9), (r0 € A/Q). Applying
the Fourier inversion formula to hr(zo;g), we have

Fs(g) = / hp(xo; g)dzo + Z W (diag(a, 1,7, 1)g). (1.4)
Q\A aEQx

Here Wi (g) is the global Whittaker function attached to F' defined by
Wilg) = [ (o g)(an) o
Q\A
= / F(n(l'o,l'l,xg,(ﬂg)g)’l/)(l'o+$3)_1d$1d$2d$3d$0. (15)
(Q\A)*

An automorphic form F on G4 is said to be globally generic if the global Whit-
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taker function Wg(g) attached to F' does not vanish identically. We give several
characterizations of globally generic cusp forms:

PROPOSITION 1.2.  For a cusp form F(g) on G a, the following four condi-
tions are equivalent:

(i) F is globally generic;

(ii) the condition (Rk1) holds;

(ili) for each B € Sym(2)q satisfying —det(8) € (Q*)?, we have Fg(g) # 0;

(iv) the integral Fz(g) := fQ\A F(n(0,21,0,0)g9)dz1 (g9 € Ga) does not vanish
identically.

PrOOF. (i) = (ii): This is immediate from the definition (1.5) of the global
Whittaker function. (ii) = (i): Since F is assumed to be a cusp form, the first term
of the right hand side of (1.4) vanishes. This implies that the global Whittaker
function Wr(g) does not vanish identically. (i) = (iii): Define two elements w;
and wy of Gg by

(1.6)

Then we have

Wr(9)

F(n(xo7 x1,0,0)n(0,0, x2, xg)g)w(—xo — x3)dr1drodredrs
(Q\A)*
= / F(w{ln(xg,xl,(), 0)n(0, O,zg,xg)g)d)(fxo — x3)dr1dxodredas
(Q\A)*
= / F(n(O,xl, —xo, O)w;ln(0,07x2,x3)g)1/1(—x0 — x3)dz1dxodredrs.
(Q\A)*
Therefore we know that

/ F(n(0,21,20,0)g)¢(20) daodry # 0.
(Q\A)2

Hence it follows from the equality



Generalized Whittaker functions 1213
/ F(n(O,xl, T, O)g)@b(@) dxidzs
Q\A)?

= Z / n(0 xl,x2,x3)g)¢(12 + axs3) dridrodrs
acQ \A)3

that there exists a € @ such that Fjg(g) # 0 for § = (7? _j/2) By Lemma 1.1,
this implies (iii). Finally the implications (iii) = (iv) = (1) are proved in [K-R-S,
Lemma 8.2], for example. O

REMARK. The above proof shows that the implications (i) = (ii) and (i) =
(iii) hold even if F is not a cusp form. The converse implications (ii) = (i) and
(iii) = (i) are not valid if F' is not a cusp form (cf. [Ma, p.306]).

1.3. The second step of the Fourier expansion, the case of det(3)

£ 0.
Next we consider the case where det(5) # 0. For each § € Sym(2)q with

det () # 0, the identity component (as an algebraic group) of the stabilizer of 3
in M is given by Mg = {m(h,det(h)) | *hB3h = det(h)B}. Let

Q(vV—detB) —dets & (Q%)%

kg = 2 4+d =
5= QIHl/ (2 + det 9) {Q@Q —detj € (@)%,

be a quadratic separable algebra over Q. We set Ay, := A ®q k. Note that
there is an isomorphism My = Resy,, /g GL(1) or Mg = GL(1) x GL(1) according
as —det 3 & (Q*)* or —det 3 € (Q*)?. By Lemma 1.1, we have Fg(vg) = Fs(g)
(v € Mg,q). In order to get an expansion of F(g), we set

Eo={x:Mgo\Mga — CW | character, x(z) = w(z) (Vz € Za)},

Zo = {x : Mgo\Ms 4 — CWY | character, x(z) =1 (Vz € Za)}

We define the subgroup Rg of G by Rz = Mg x N. For each character x € =,
we define a character x - 13 of Rg a by

(x - ¥g)(mn) = x(m)yYg(n), (m,n) € Mga xNa.

We consider the following integral

W (g) r:/ Fs(mg)x(m)~'dm, g€ Ga. (1.7)
ZaMp,o\Mp, a
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If the integral (1.7) converges absolutely, then we call W;f'% (g) the global gener-
alized Whittaker function attached to F' with respect to the character x -¢g. The
global generalized Whittaker function W;f'% (g) belongs to the following space

C>(Rp,a\Ga; x - ¥3)

={W:Ga S CIWlrg) = (- ¥a) ()W (9), V() € Rya x Ga}.
(1.8)

For a fixed Haar measure on Z4Mp g\Mg, a, we denote by dy the Haar measure
on =y dual to it. Fix an arbitrary element y; of Z,. Through the bijection
Z0 2 X+ X'X1 € Z,, we have a measure on =,, which is independent of the
choice of the base point x;. The measure on =, obtained in this manner is also
denoted by dy. Then we have the following expansion of Fjz when det(3) # 0.

PROPOSITION 1.3.  Let F' € &/ (GQZa\Ga;w) be an automorphic form on
G Ao with central character w.

(i) Suppose that —det(3) & (Q*)?. Then ZaMgg\Mp a is a compact
abelian group and the integral (1.7) converges absolutely. Moreover if we nor-
malize the Haar measure on ZsMpg g\Mg, a so that the total volume is one, then
we have the following inversion formula:

Falg) = [ WEP(gax= 3 WE(g) (1.9)

XEEw

(ii) Suppose that —det(B) € (Q*)?. If F is a cusp form, then the integral
(1.7) converges absolutely. Moreover we have

Falg) = [ Wx"(g)dx. (1.10)

w

PROOF.

(i) Suppose that —det(3) & (Q*)?. Then the abelian group ZaMpg o\Mg a
is compact, for it is isomorphic to Ak} \A,fﬁ. Hence the measure dy of 2, is the
pointing measure. This proves the inversion formula (1.9).

(ii) By Lemma 1.1, we may assume that 3 = (9 ). Then we have

Mp = {zdiag(y,1,1,y) | y,2 € G}

We shall prove the convergence of the integral
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[y dnlF(ading(y1,1.0)9) (111)
QX\A% N@\Na

for each g € G 4. Since diag(y,1,1,y) commutes with n(0,0, z2,0), it suffices to
show that the integral

/ dxy/ dzydzs|F(n(0,21,0,z3) diag(y, 1,1,)9)| (1.12)
Qx\Ax (Q\A)2

converges absolutely for all ¢ € G4 and defines a bounded function on each
compact subset 2 of G 4. Moreover, it is easy to see that

/X i dxy/ dzydas|F(n(0,21,0,x3) diag(y, 1,1,y)g)|
R (Q\4)2

:/X . dxy/ dzydas|F(n(0,25,0,21) diag(y, 1,1, y)w1g)|.
RN (@\4)2

Hence our assertion follows from Lemma 1.4 below. O

LEMMA 1.4. Let F € o/“P(GQZa\Ga;w) be a cusp form on Ga with
central character w. Fiz r > 1 and a compact subset Q) of Ga. Then there exists
a constant C > 0 such that

|F(n(0,x1,0,x3) dlag(yv ]-a lay)u” < C x |y|:4Ta
Y(z1,x3) € A%, Yy € AX with |y|a > 1, and Yu € Q.

PROOF (similar to [J-S, Lemma 3.4 (i)]). Let Ag := {diag(apai, apas,aj’,
a5 ') | ai € Gy} be the maximal Q-split torus in G. For oo >t/ >t > 0, we set

Ag a(t'st) := {diag(aoal, aoag,af17a51)

ay

as

EAO’A t' >

>t and t’ > |aga3| > t}.

By the compactness of K4 - 2, we have
Ka-QCNga-Agaltet) Ka

for some oo > to > t; > 0. Since F is a cusp form with central character, it
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is rapidly decreasing on Ng 4Ag a(00;t)K 4 for every t > 0. That is, for each
(r1,72) € R? there exists a constant C' > 0 such that

I

Ty
‘aoag

’F(ndiag(aoal,aoag,afl,agl)k)| <C %

(1.13)
Vn € Ng 4, Vdiag (aoal,aoag,afl,agl) € Ap a(oo;t), Vk € Ka.

We shall rewrite the element n(0,z1,0,z3) diag(y, 1,1, y)u in order that we can
apply the estimate (1.13) to it. By reduction theory for GL(2), there exists a
constant ty > 0 independent of x3 and y such that

1 zay) 1 25\ (b1 O

(0 y>_72<0 1) o b)*
for some v € GL(2)q, bi,ba € A* with [by/bs| > to, 25 € A, and ky € O(2) -
GL(2,Z). We also have

()= (7 D ) O ) (9)

with 2} = det(y2~!)x;. Hence we have
n(ov Ty, 07 :ES) dlag(ya ]-v ]-7 y) = ’YTL(O, xlh 07 xé) diag(blb% bla ]-v bQ)k (114)

for some v € Gg and k € K 4.
We first consider the case where by € A* in (1.14) can be taken so that
|b2] > 1. Then we have

n(0, 21,0, z3) diag(y, 1,1, y)u € GNo,aAp, a(00;t3)Ka

with t3 := t; min{1,#y}. Hence for each (ri,ry) € R?, there exists a constant
C1 > 0 such that

by |
F(n(0,21,0,23) diag(y, 1,1, y)u) < C1 x |ba| ™™ bl

We set 71 = 2r and ro = r. By noting |b1ba| = |y|, we have the estimate of the
lemma in this case. Next we suppose that |by] < 1. In the expression
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n(07 x1,0, .%'3) dla'g(yv 1,1, y) = ’ywln(O, (Eé, 0, x/l) diag(bb b1b27 b27 1)w;1k7

we note that yw; € Gg, diag(bi, b1b2,b2,1) € Ay a(oc0;1) and wy 'k € K4. Hence
for each (ry,72) € R? we can take a constant Cy > 0 such that

F(n(O,xl,O,xg) dlag(y, 1, l,y)u) < CQ X |b2|r1|b1b2|7r2.

By putting 1 = 0 and 79 = r, we have the estimate of the lemma for |bs| < 1,
too. O

1.4. The case of cusp forms.

Suppose that F' € &/“**P(GQZs\Ga;w) is a cusp form on GSp(2) 4. Then,
combining the results of the previous two subsections, we have the following Fourier
expansion of F':

Fo)= Y Fototy Y > Ewo)

v€BG\Mq dE(Q*)*\Q* ¥EM () ,\Mq
@,

— Z Z Wie(diag(a, 1,a™*, 1)vg)

v€BL\Mgq aeQ*

X'¢ﬁ(2)

+% > >, / Wp * (vg)dx.

de(Q*)2\Q* veM \Mq ” =

5.

Here B’ := {m(( )" a22),a3,) € M} is the stabilizer of 3" in M. Note that the

factor 1/2 comes from the fact that M g is of index two in the stabilizer of 8 in
Mg.

REMARK. The above expansion plus Proposition 1.2 implies that for a non-
zero cusp form F' we can find 8 and y such that the associated global generalized
Whittaker function W;f'wﬁ (vg) does not vanish. This is quite satisfactory, because
we can study the spinor L-function by the method of Andrianov [An], [PS] without
assuming any global conditions on F.

1.5. Local generalized Whittaker functions.

We introduce the local generalized Whittaker functions, which are local coun-
terpart of the global generalized Whittaker functions W;AW (g9). For a place v of Q,
we denote by 1, the restriction of the character ¢ to Q,. For each § € Sym(2)q,,
we define a character 1, g of Ng, by
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Bos ((H%)) = yy (6()).

As before, we define Mg to be the identity component of the stabilizer of 8 in M
and set Rz := Mg x N, which are algebraic subgroups of G defined over Q,,. For
each quasi-character x : Mg g, — C*, we set

C*(Rp,Q.\GQ,; X ¥u,5)

={W:Gq, & C|W(rg) = (x $0p) ()W (9), ¥(r.0) € Rpq, x Ga, |
on which Ggq, acts by right translation.

We now suppose that v = oo is the real place and set Rg := Rg r. Recall that
a C*°-function f : G — C is said to be of moderate growth if there exist constants
C >0 and M > 0 such that |f(g)| < C||g||X holds for all g € G. If f and its all
derivatives f(g; X) (X € U(g)) are of moderate growth with an exponent M > 0
common to all X € U(g), then the function f is said to be of uniformly moderate
growth. We denote by C2 (Rg\G; x - ¢p) (vesp. Cgy,, (Rs\G; x - 1)) the totality
of functions in C*°(Rg\G; x-93) of moderate growth (resp. of uniformly moderate

growth). Note that an automorphic form F' € &/(Z2Gg\Ga;w) is of moderate
growth in the sense that there exist C' > 0 and M > 0 such that

[F(g)l < Cxlgl™, Vg€ Ga.

Hence, for each fixed gr € G 4,, the function W;'wﬁ (gf9o0) In g € GRr belongs
to the space Cpy, (R3\G; X - ¢3). Hence we are led to the following definition.

DEFINITION 1.5. Let (7, .%4;) be a quasi-simple (g, K')-module.

(i) By a generalized Whittaker functional belonging to 7, we understand an
element of the intertwining space

GWg(m, x - ¢p) := Homg g (%ﬂr, C*(Rp\G; x - wg)).
(ii) If ® € GW¢(m, x - ¥3) belongs to the subspace
GW? (m,x - ¥p) »= Homg xc (S5, Ciy (Rs\Gs X - ¥5)),

then we say that it has the moderate growth property.

It is preferable that the multiplicity free property dime GW 59 (m, x - ¢g) < 1
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holds for an arbitrary irreducible (g, K)-module (7, %) and an arbitrary quasi-
character x - 9g. One of the main purposes of this paper is to prove that this
expectation is true when det(8) < 0 and (7, ;) is equivalent to one of two kinds
of irreducible (g, K)-modules introduced in the next section.

Before closing this section, we mention some results on the generalized Whit-
taker models in the non-archimedean case. In the first place, Bump, Friedberg,
and Furusawa [Bu-Fr-Fu] obtained an explicit formula of the unramified gener-
alized Whittaker function by the method of [C-S]. This is the ultimate result
extending an earlier result of Andrianov [An, Theorem 1] (cf. [Su, Proposition
2-5]). Some results related to the multiplicity freeness are proved in [No], [No-PS],
where the authors consider the stabilizer group of g instead of its connected
component Mg. Moreover F. Rodier [Ro] proved the following multiplicity free
theorem for the cuspidal representations of Ggq,:

ProOPOSITION 1.6 ([Ro, Theorem, p.126]). Suppose that v = p < oo is
a finite place of Q. Let (m,5;) be a cuspidal irreducible admissible representa-
tion of Ggq, with trivial central character. Then the intertwining space HomGQP
(m,C>*(Rp,0,\Gq,; X - ¥g)) is at most one dimensional.

2. The group Sp(2, R) and its representations.

In this section, we fix some notation concerning the Lie group Sp(2, R) and
introduce two kinds of standard representations of it.

2.1. Root systems and the irreducible Ky-modules.

The maximal compact subgroup Ky of Gy = Sp(2, R) is isomorphic to the
unitary group U(2) := {g € GL(2,C) | 'gg = I} of degree two. Fix an isomor-
phism x : U(2) = Ky by

A B

H:U@)9A+wﬁ4BkekAB;:<_B 5

)emb(ABeMm®m.

The differential . of x defines an isomorphism of Lie algebras: &, : gl(2,C) = tc.
A compact Cartan subalgebra of gg is given by h := RT1 & R15, where

e (). ey )

Define a C-basis {e1,es2} of b by e;(T;) = vV—10;; (1 < 4,5 < 2). Then the
root system A = A(go,c,he) for the pair (go,c,he) is given by A(go.c,be) =
{£2e1,+2ey,+(e1 £ e2)}. We denote by A, (resp. A,.) the set of compact roots
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(resp. the set of non-compact roots) in A: A, = {£(e1—e2)} (resp. Ape = A\A,).
We take a positive system AT of A as AT := {2e;,e1 +e3,2¢e2,e1 —ea}. Then the
sets of compact and non-compact positive roots in A are given by AT = A, NA™T
and Atf = A,. N AT, respectively. For each symmetric matrix 4 € Sym(2)¢, we
define elements py(A) of go,c by

p+(A) == (i\/AflAi\/fA) € go,C-

Then we can take the root vectors X, a,) € go,c corresponding to the non-
compact roots aje; + ases = (g, az) € A, as follows:

10 01 00
X:I:(Q,O) =D+ ((0 0)), X:l:(l/l) = P4 <<1 0))7 X:I:(O,Q) =P+ ((O 1)).

We set py := @aeAL CX.i,.

The set of all the irreducible finite-dimensional representations of K is pa-
rameterized by their highest weights relative to AT. For each dominant integral
weight ¢ = (q1,¢2) = qre1 + qze2 € b (43 € Z,q1 > q2), we denote the corre-
sponding irreducible finite-dimensional representation by (7(4, 4.)> Vig1,2))- The
dimension of the representation space V(,, 4,) is given by d + 1, where we set
d=dy = q — q2. There is a basis {vy | 0 < k < d} of (T(q,,40)s Vig1,q2)) Satisfying

(G P=rom (el P=ceram
S ) IS ()

which we call the standard basis of (7(4, ¢2)> Vigi,q2))- Here we understand that
v_1 = vgy1 = 0. Note that (Ad,p;) and (Ad,p_) are equivalent to 7(3 ) and
T(0,—2), respectively. The correspondence of the bases are given by

(X(2,00: X(1,1), X(0,2)) = (v2,v1,v0),  (X(0,—2), X(=1,-1), X(2,0)) + (v2, —v1,v0)-

The simple Lie algebra go has a R-split Cartan subalgebra a := RH, ® RH>,
where we set

H, :=diag(1,0,—1,0), Hs:=diag(0,1,0,—1).
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We denote the basis of ag, dual to {Hy, Ho} by {€],e5}. Then the root system
¥ = X(go, a) for (go, a) is given by {+2e], +2¢5, £ (e} +eb)}. As a positive system of
Y, we take X4 := {2¢],2¢}, e+, €] —eh}. For each o = (a1, 2) = anef + el €
3., we fix a root vector E, as

Here we set n.(A) := (82 (2

(a € ¥), we fix a root vector E_,, as E_,, := 'E,.

) € go for A € Sym(2)g. For a negative root —a

2.2. Standard representations of Sp(2, R).
In this subsection, we introduce two kinds of quasi-simple admissible repre-
sentations of Sp(2, R).

2.2.1. P;-principal series representations.

We define the non-Siegel maximal parabolic subgroup P; of Sp(2, R) to be the
stabilizer of the line R-(1,0,0,0) in Sp(2, R). We fix the Langlands decomposition
P, = M; A1 N7 of P; as follows:

M - 1 = +1, (Z b> € SL(2,R) p,

Ay = {diag(a1,1,a;",1) [ a3 >0}, Ny :={n(xo,z1,22,0) | z; € R}.

Let DX (n > 1) be the (limit of) discrete series representation of SL(2, R) with
Blattner parameter £n. Then we have an irreducible unitary representation (o, V,,)
of M characterized by o(diag(—1,1,—1,1)) = € (e = 1) and o|sr2,r) = DI,
which we denote by o = e® DF. For v; € C, we define a quasi-character exp(v;) :
A; — C* by

exp(Vl)(diag(ala 1,&1_1, 1)) = a’llll'

Then the Pj-principal series representation I(Pi;o,vq) of Go is realized on the
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space of all C*°-functions f : Gy — V,, satisfying

f(mang) = o(m)exp(v1 + 2)(a) f(9),
V(m,a,n,g) € My x A1 X N1 x Gy,

on which Gy acts by right translation. The infinitesimal character of 7 is given
by vief + (n —1)ey € ag/ ~w, where W = W(go, a) is the Weyl group for the
pair (go,a). For an admissible representation (m, %) of Gy and an irreducible
finite-dimensional representation 7 of Ky, we set [7; 7] := dime Hompg, (7, 7), the
multiplicity of 7 in w. From [Mi-1, Proposition 6.3], we quote the following:

PROPOSITION 2.1.  Let m = I(Py;0,1v1) be a Py-principal series representa-
tion of Go. Then we have the following assertions:

(i) if o =(=1)"®@ D;f, then we have [m;7(y )] = 1 and [7;7(n—2,n—2)] = 0;

(ii) if o = (—1)"*+! ®D+ then we have [7; T, —1)] = 1 and [, 7(n—1,5—2)] = 0;
(iii) if o = (—=1)" ® D, then we have [T;T(_p,—p)] = 1 and [1;7(2_p 2-n)] = 0;
(iv) ifo = (— 1)"+1®D then we have [T; T(1_n —n)l = 1 and [7;T(2—p,1—9)] = 0.

We say that a P;-principal series representation m = I(Py;0,v1) of Gy is even
(resp. odd) if o is of the form ¢ = (—1)" ® DI (resp. ¢ = (-1)"*! @ DF). We
denote by I(Py;0,v1)[c] (¢ € C) the representation m of GSp(2, R) characterized
by

gy 2 I(Pr;0,11) @ I(Pyo”,—v1) and w(zly) = 2¢ (V2 > 0).

Here oV stands for the contragradient representation of o.

2.2.2. (Limits of) large discrete series representations.

Let Dy, x,) be the (limit of) large discrete series representation of Sp(2, R)
with minimal Ko-type 7y, x,), where (A1, A2) € Z%? satisfies 1 — A\; < Ay <0 or
14Xy < —A1 <0 (cf. [Kn, Theorem 9.20, Theorem 12.26, and p. 626-627], [Mo
Subsection (1.2)]). The infinitesimal character of 7 is given by (A1 — 1)e1 + Aqeq €
ag/ ~w. We also note the following:

PROPOSITION 2.2.  Let m = Dy, »,) be a (limit of) large discrete series
representation of Go with 1 — Ay < A2 < 0. Then the minimal Ko-type 7(x, x,) of
m occurs in m with multiplicity one. Moreover, if an irreducible finite-dimensional
representation T of Ko occurs in w, then T is equivalent to Ty, q,) with

(¢1,q2) = (M1, A2) + k(1,1) +1(0,—2)  for some k,l € Z>y.
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For each (A1, \2) € Z®? satisfying 1 — A\; < Ay < 0 and ¢ € C, there exists
an irreducible admissible representation m of GSp(2, R) characterized by

m |Sp(2,R): D(Al,)\g) D D(_)\%_)\l) and 7T(ZI4) = 2, (VZ > 0),
which we denote by m = Dy, ,)[c].

3. Generalized Whittaker functions on Sp(2, R).

We introduce the generalized Whittaker functions on Gy = Sp(2, R) and
prove their elementary properties. The relation with the generalized Whittaker
functions on G = GSp(2, R) will be discussed in Subsection 8.1.

3.1. Definition of local generalized Whittaker functions on
Sp(2, R).
We fix a symmetric matrix 8 € Sym(2) g satisfying det(3) # 0. Let

Ts = {t =m(h,1) € Mg | "h3h = B}

be the stabilizer of 8 in Mg N Gy. Then the identity component (with respect
to the Euclidean topology) T3 of Tj is isomorphic to SO(2) or RZ, according as
det(B) > 0 or det(5) < 0. We set R}, := T§ x Ng. For a quasi-character x : Tjj —
C*, we define a quasi-character x-g3 : Ré — C* of R}; by (x-¢g)(tn) = x(t)¢Ys(n)
(t e Tg,ne Ngr). Then we have a smooth representation induced from x - tg:

C>®(Rp\Go; x - ¥g)
= {W: Gy &5 C | W(rg) = (x - ¥s)(W(g), ¥(r,g) € Rl x Gy},

on which Gg acts by right translation. As in Subsection 1.5, a function f : Gy — C
is said to be of moderate growth if there exists a constant C' > 0 and M > 0
such that |f(g)| < C||g||™ for all g € Go. If f and its all derivatives f(g; X)
(X € U(go)) are of moderate growth with exponent M > 0 common to all X €
U(go), then we say that the function f is of wniformly moderate growth. We
denote by C7 (Ré\Go; X - ¥p) (resp. Cop,, (Ré\Go; X - ¥)) the space of functions

fel= (R}j\GO; X %3) of moderate growth (resp. of uniformly moderate growth).

DEFINITION 3.1. Let (, %) be a quasi-simple (gg, Ko)-module.

(1) By a generalized Whittaker functional, we understand an element of the
intertwining space
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GW, (m, x - ¥p) := Homg, k, (#7, C(RE\Go; x - ¥p)).

For a vector v € 7, we call its image ®(v) under some ® € GW ¢, (7, x-¢g)
a generalized Whittaker function on Gg belonging to 7.
(ii) If & € GW¢, (7, x - 1g) belongs to the subspace

GWgd (m,x - ) == Homg, k, (M, Cocy(RE\Go; X - ¥3)),

then we say that ® and ®(v) have the moderate growth property.

(iii) For a non-zero element ® € GWg, (7, x - ¥3), we call the whole image
@ (A7) a generalized Whittaker model of . If ® € GW Y (1, x - 1), then
we say ®(.5;) has the moderate growth property.

REMARK.

(i) In the literature, generalized Whittaker functions are sometimes called
Bessel functions (e.g. [F], [TB], [Pr-TB], [Pi-Sch]), Siegel-Whittaker func-
tions (e.g. [Is]), or generalized Bessel functions (e.g. [No], [No-PS]).

(ii) Since the generalized Whittaker function ®(v) is right Ky-finite and Z(go)-
finite, it is a real analytic function on Gq by the elliptic regularity theorem.

Let 3,8 € Sym(2)r be two symmetric matrices with det(8) # 0 and
det(5’) # 0. Suppose that there exists an element mg = m(h,1) € Mg N Gy
such that 8- mg = "hh = (. Define a quasi-character x’ of Tj, = mangmo
by X'(t') := x(mot'mg') (t' € T3,). Then we have the following isomorphism of
Go-modules

C=(R5\Gos x - ¥p) = CF(Rp\Go; X ), (3.1)

which assigns W (g) to W(mgg). For a finite-dimensional Ky-module (7,V;), we
set

C®(Rp\Go/Ko; x - ¥p;T)
c> _
=AW Go — VY [ W(rgk) = (x - vp)(r)7" (k)" f(9),
V(r,9,k) € R x Go x Ko},
where (7V,V)Y) is the contragradient representation of (7,V;). Fix a Ko-
equivariant map ¢, : V; — . For a generalized Whittaker functional & €

GWg, (7, x-1bp), we have a V.Y -valued C**-function W € C*°(R}\Go/Ko; x-1p; 7)
characterized by
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D(1r(v)(g) = (W(g),v), Vg€ Go, YveV,.

Here (-,-) stands for the canonical pairing between V¥ and V.. We call the
function W € C*° (Rk\GO/KO; X -g; T) defined from @ in this way the generalized
Whittaker function on Go of type (m,x - ¥g,tr). If 7 is irreducible and occurs
in 7 with multiplicity one, then we simply say that f is of type (m, x - ¢, 7). If
® € GW{(m, x-1p), then we say that the corresponding W € C*°(RE\Go/Ko; x-
1g; T) has the moderate growth property.

3.2. Radial parts.
From now on, we shall assume that det(8) < 0. In view of (3.1), we may
suppose that § = (c?2 662) (c € R*). We may further assume that ¢ = 1, but we

do not assume it. It is easy to check that

1 1
T3 = { diag o1, ——, ——, o1 | |y > 0%,
? { g( VTRV yl) . }
For (t,y) € R X R~q, we set
(Hy + H»)

H .
a(t,y) := exp {t . ?0 + log(y) - } with Ho := E 1) + E1,1) € go-

2

Then we have

y'/2ch(t/2) y'/?sh(t/2)
y'/2sh(t/2) y'/? ch(t/2)

a(t,y) = y2ch(t/2) y VZsh(—t/2)

y~/?sh(=t/2) y~'/2ch(t/2)

Here we use the abbreviated expressions
ch(t) := cosh(t), sh(t):=sinh(¢), and th(t) := tanh(¢).
We define a closed abelian subgroup S of Gy by
S:={a(t,y) |t € R,y > 0}.

Then we have the following:

LEMMA 3.2.  The multiplication map Ré x S x Ko > (r,a,k) — rak € Gy
gives a diffeomorphism R}, x S x Kg =2 Gy.
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PRrROOF. First we prove the surjectivity of the multiplication map. Consider
the usual action of SL(2, R) on the upper half plane H; := {z € C | Im(z) > 0}:
g-(2) :==(az+b)/(cz+d) (9= (2Y), 2 € Hy). From the equality

v 0 IS S —
o ( h(t/2) h(t/2)) (V=T = yl{th(twﬁ}, (y1 >0,t € R),

we know that Mg N Go = TgS(Mpg N Ko). Since Gy = Nr(Mg N Go) Ko, this
proves RéSKO = Gy. To prove the injectivity, it is enough to show that ra; = agk
for some r € Ré, ai,as € S, and k € Ko implies r = k = I, and a; = ao, the proof
of which is an easy computation. Finally, Lemma 4.2 in the next section tells us
that

go = Ad(a™") Lie (Rj) @ Lie(S) @ ¢, Va€S. (3.2)

This decomposition implies that the multiplication map is a diffeomorphism. O

Let C>°(S;7) be the space of V,Y-valued C*°-functions on S. It follows from
Lemma 3.2 that the restriction map

C®(Rp\Go/Ko; x - ¥g:7) — C=(S;7)

is an isomorphism. We call the restriction Wg(a(t,y)) of W(g) €
C®(RE\Go/Ko; X - ¥p;7) to S the S-radial part of W(g). A well-known theo-
rem of Harish-Chandra [HC, Theorem 1] (see also [Bo, 5.6], [Bu, Section 2.10])
tells us that a C°°-function f : Gg — C of moderate growth is of uniformly mod-
erate growth if it is right Ko-finite and Z(go)-finite. Hence we have the following
isomorphism

GW ! (m,x - ) 2= Homg, k, (55, Cirg (RE\Go3 X - ¥) ) (33)

for a quasi-simple (go, Ko)-module (7, 7). The following lemma will play a cru-
cial role in the proof of our main results.

LEMMA 3.3.  Suppose that W(g) € Cpe, (RE\Go; x - ). For each N > 0,

umg

there exists a constant C' > 0 such that |[W(a(0,y))| < Cy=" for all y > 0.

PROOF. Since W(g) is assumed to be of uniformly moderate growth, there
exists a constant N > 0 such that for each [ > 0 we can find C; > 0 satisfying
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(W (a(0,); E{y 1))| < Ci x (max{y,y~' DN, VI >0,y >0.
On the other hand, we have

W(a(O,y);E(M))

d
= ds W(a(07 Y) eXp(SE(l,l)))
s s=0
d
= is W(QXP(SyE(l,l))a(Oa y)) = 2mvV—1cyW (a(0,y)). (3.4)
s=0
Hence we have the assertion of the lemma. O

4. Differential operators.

In this section we introduce two kinds of differential operators, that is, the shift
operators and the Casimir operator, which will be used to construct differential
equations satisfied by the generalized Whittaker functions in Section 5-Section 7.

4.1. Schmid operators.
In this subsection, we introduce the Schmid operators, which are used to

define shift operators in the next subsection. Let (7,V;) be a finite-dimensional

representation of Ky. Recall that g = (6?2 c(/)Q). For u € C, we define a quasi-

character x,, of Tj by

11
L dia S —— =", > 0. 4.1
x;( g<\/y1 NN \/y1>> v, Y1 (4.1)

For a Ky-equivariant map
¢ € Homg, (1,C% (R5\Go; X, - ¥5)) = CF(RE\Go/Ko; Xy - V55 7)),

we define Ky-equivariant maps ¢p, gr : p+ @ V, — C™ (R},\Go; X - g) by

Ppror(X @0)(9) = ¢:(0)(9; X), (X €pr,veVrgelo)  (42)

The assignment of ¢ to ¢, - defines the gradient type differential operators

VE: C®(RE\Go/Ko; X - ¥ 7) — C(RE\Go/Ko; Xy - 5 7 ® Ady, ).
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These operators VT are called the Schmid operators. By the identification (1 ®
Ady, )Y =7V ©Ad,, , we regard the image [VEW](g) of W € C*°(R\Go/Ko; Xp.-
Pg;7) as a (VY @ px)-valued C°°-function on Gy. By using the root vectors X,
(a € A,,.) introduced in Section 2, we can express [VEW](g) as follows:

1
[VEW](9) = W (9; Xi(2,0)) ® X5(20) + §W(g; X)) ® Xean
+ W (g X£0,2)) @ X5(0,2)-

The S-radial parts of the actions of the Schmid operators V* can be described as
follows:

PROPOSITION 4.1.  Suppose that W € CDO(R}B\GO/KO; Xp - ¥s;7). Then we
have

[VTW](a(t, y))

L, )
- 5y*Sh(t)'(QWCy)+ChL(t>+(TV®Ad) 8 | I 3 3
2

Wialt,y)) @ X(—2,0)

T {at ~ ch(t)- (2rcy) + th(t) - 3 (7 © Ad) ( (((f é» }

-Wial(t,y)) @ X(-1,-1)

_th(t)
+ ¢ 6y —sh(t) - (2mey) — %(t) +(7V ® Ad) | k. th(t) —3
2
-Wial(t,y)) ® X(o,-2)
and
V™ W](a(t, y))
th(t)
1 )
= {6, +sh(t) - (2mey) + %(t) @ eAd) [r (g (2) 3
2

-W(a(t,y)) ® X(2,0)
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+ {@ + ch(t) - (2mcy) + th(t) + %(TV ® Ad) (“* <<(1) é))) }

-Wia(t,y)) ® X

)t
+ ¢ &y +sh(t) - (2mey) — chL(t) + (77 ® Ad) | ks th(t) 12 -3
2

-Wia(t, y)) @ Xo,2)-
Here we use the abbreviated expressions:

6,5129 (5 6

PrOOF.  For any function W(g) € C®(R5\Go/Ko; X - ¥p;7), we have the
following equality

W (att s Ad(alt ) ) (0)- (fg)l - (HgH)m )

= (x - ¥p)(€)" (M)0;0," W (alt, y)), (4.4)
V¢ € U(Lie(R)), VI,¥m,>0, VneU(E).
Here U(€) > n — 1 € U(¥) is the anti-automorphism of U () characterized by

X = —X for X € ¢c. By using (4.4) and Lemma 4.2 below, we can compute
VEW (alt,y)). O

LEMMA 4.2.  For each a(t,y) € S, the root vectors X, (o € Ay.) are de-
composed as follows:

Xi(2,0)

-t (7 ) g

N % (Hy + Hy) + k. ((thz_;)lm - th(gt)/2>),
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Xa(1,1)
e )| R )

X+(0,2)

= Ad(a(t, y)_l){ + 2v/~1y - n. ((sz(%//? :11:2(3//22)» . (Hy - Hz)}

+ %(Hl +Ha) + ks ((— th?m thgm»'

REMARK. In [Mi-1], the corresponding computation is done for 8 =
(’61 hOZ ), hihy # 0. However, our anti-diagonal choice of S makes our final for-
mulae in Theorem 7.1 simple as long as we use the standard basis introduced in
Subsection 2.2. This can be foreseen from the computation of local Novodvorsky

integrals in [Mo, Proposition 8] (see Section 9).

4.2. Shift operators.

Suppose that (7,V,) is equivalent to an irreducible finite-dimensional repre-
sentation (7(x, x,)» V(a;,x.)) of Ko. The tensor product representation V.Y ®@p- has
the decomposition into irreducible factors:

v V(—/\2+2,_,\1) S5 V(—AQ+1,—A]+1) S V(—>\2,—>\1+2) if A1 > Ao
VT ®p+ = -

‘/(—)\24-2,—)\1) if A\ = )\2;

VTV Qp_ ‘/(_A27—A1—2) 53] ‘/(—A2—1,—)\1—1) @ ‘/(_)\Q_Q,_Al) 1f AL > )\2;

Vicda-x-2) if \p = Ao

Here we understand that Vg, 4,y = {0} if ¢1 < g2. Let P*P, P, and P be the
projectors from VY ® py (resp. V)Y @ p_) to V(_x,42,-x,) (xesp. Vi_x, —x,—2))s
Vicxot1,—a41) (Xesp. ViCa,—1,-a,—1)), and Vi_x, —x,42) (resp. ViZx,—2,-1))s
which are determined up to constant multiples. Then we have the linear maps

P* -Vt C®(R5\Go/Koi x - ;) — C®(R\Go/Ko: x - ¥ 7'),

where 7' 1S T\, 42,02)> T(A1+1,0241)s OF T(x,,a,+2) according as e = up, ev, or dn.
Similarly we have P®* -V~ (e = up, ev, or dn). We call these six differential
operators P*-V¥ the shift operators. We write W (g) € C‘X’(R}B\GO; X85 T Aa))
in the form
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with the standard basis {vy | 0 < k < d = A1 — A2} of 7_y, _»,). We frequently
write ¢k (t,y) in place of ¢r(a(t,y)). In terms of the coefficient functions ¢ (t,y),
the S-radial parts of the shift operators are described as follows:

PROPOSITION 4.3.

(i) We define C*°-functions ¢§€2’0)(g) (0 <k <d+2) on Gy by [PP-VTW](g9) =
ZZL?) 562’0)(9)1%. Then we have

1

4

+ (‘” ; - k) <5y — 2mey - sh(t) + ChL(t) + A1>¢>k(t, Y)

6Pt y) = —=(d+2 — k) (d+ 1 — k)(d — k) th(t) i1 (t, y)

+k(d+2—-k) < — Oy + 2mey - ch(t) + g . th(t)> dr—1(t,y)

+ (’;) <5y — 2rcy - sh(t) — ﬁ + A1>¢kz(t7y)

— RO = 1)k = 2) (00 (t,1), O<k<d+2),

(ii) We define C*°-functions ¢§€1,1)(g) (0 <k <d) on Go by [PV - VT IW](g) =
ZZ:O ¢,(€1’1)(g)vk. Then we have

S (1) = 3 (d — B)(d — k— 1) th(0)n 2 (t,)

+ (=) (3, 2rcyshie) + gl + 252 <1 )nai)

+ (2k — d) <8t —2mey - ch(t) + % : th(t)) or(t,y)

A+ A
+k(6y—27rcy-sh(t)—chlzt)+ 12 2—1>¢k1(t7y)

— Shk = 1) th()oa(t,9), (0<k<d.
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(iii) We define C*°-functions ¢§€0,2) (9) (0 <k < d—2) on Gy by [P™.VTW]|(g) =
52972 602 (g)uy.. Then we have

S0 (1) = —5(d — k= 2) th(D)uss(t,0)

+ (5= 2meyshlt) + 2o 400 = 1) nsalt)
+2(at2wcy~ch<>+dj;2 th<>)¢m+la,y>

Ci(t) + )\2 - 1>¢k(t7y)

L (0o (t,), (0<k<d—2)

+ <5y — 2mey - sh(t) — hu

(iv) We define C*-functions ¢,(€0’72)(g) 0 <k <d+2) on Gy by [P -

V-W](g) = Z‘% ko 2)(g)vk. Then we have

D by) = (@2 R+ 1= R)(d — k) th(t) s t,0)

N <‘” ; - k) <5y + 2mey - sh(t) — Chi(t) - Az>¢k(t,y)

+k(d+2—-k) <5‘t + 2mey - ch(t) — % : th(t)) dr—1(t,y)
+ <§> <§y + 2mey - sh(t) + chum - )\2) dr—2(t,y)
TR = D0k =2 th(0)n—o(t.p), O<k<d+2),

(v) We define C*-functions qﬁ,(c_l’_l)(g) (0 <k <d) onGo by [P°-V-W](g) =
EZ:O ¢;(;1’71)(g)vk. Then we have

LDy = 7%(d —k)(d—k — 1) th(t)pria(t,y)

+ (k—d) <5y +2mey -sh(t) — L L2 1) b1 (t,y)
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+ (d — 2k) (@ + 2mey - ch(t) + % - th(t)) ox(t,y)

+ k<5y + 2mey - sh(t) + chﬁét) _M ;L Az _ 1) dr—1(t,y)
+ gh(k— 1) th()or (t,y). (0<k<d.

(vi) We define C*°-functions qu,(;Q’O)(g) (0 <k <d-2) on Gy by [P .
V-Wl(g) = ZZ;(Q) ;(;2"0)(9)111@- Then we have

B0 (4y) = S(d— k= 2) th(O)dn s (t,)

+ (54 2meshlt) = gl 1) oualt)

T (-2) <at +2mey-enn) + 2. th(t)) D (t,9)

+ <6y + 2mey - sh(t) + chL(t) — A1 — 1) Px(t,y)

2 th(1)or (), (O0<k<d-2)

PROOF. We can prove these formulae in the same manner as [Mi-1, Propo-
sition 10.2]. That is, we combine Proposition 4.2 with the formulae of projectors
P* given in [Mi-1, Lemmas 3.3, 3.4, and 3.5]. Details are left to the reader. O

4.3. The Casimir operator.
Up to a constant multiple, the Casimir element Q € U(gg) of go is given by

Q= le + H22 —4H, — 2H5 + 4E(270) . E(_270)
+2E01,) - B-1,-1) +4E0,2) - E(o,—2) + 2E1,—1) - £(-1,1)-

For each finite-dimensional representation (7,V;) of Ky, we call the differential
operator

Rq : C®(R5\Go/Ko; x - ¥p;7) — C(RE\Go/Ko; x - 1p;7)

the Casimir operator. Then the S-radial part of the Casimir operator Rgq is given
by the following proposition:
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PROPOSITION 4.4.  For each W € C®(RJ\Go/Ko; X - ¥g; ), we have
[RaW|(a(t, y))
242

C

— 25h(t)(2mey) <((1) (1’)) 4 Qﬁﬁ?g) y ((01 é))
— 2eh(t)(2mey)r ((‘1) (1))) - QCth(t) _y ((‘; ‘01>2 ) }W(a(t,y)).

PROOF. We can prove this by using (4.4) and Lemma 4.5 below. O

LEMMA 4.5.  For anya = a(t,y) € S, the Casimir element ) can be rewritten

LAY ((H, - H)?)

T2 ek ()
+ tﬁﬂ{ Ad(a™Y)(Hy — Ha)} - ks ((? _01>>
+%(H Ho)? — 3(Hy + Ha) + 3 H3 -+ th(t) Ho
epo0 o)

i {4 (e ) e () 26
(o o)’y
G R (i) (B
RN (il ) = ()
vt i (50 a8+ )

+ 4n,
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ProOOF. By a direct computation, we have

1 1
Q= §(H1 — Hy)? + §(H1 + H»)? — (Hy — Ha) — 3(Hy + Ha)

v—10
+ 2E(17_1) . E(—l,l) + 4E(2,0) . {E(Zo) — Ry << 0 0)) }

+2E( 1) - {E(m) — Fx ((\/OT \/(?» }

0 O
+ 4E(072) . {E(O,Q) — Rk ((0 \/_—1) }

It is easy to check that

Hy — Hy — ch(t)~" Ad(a™Y)(Hy — Hy) + th(t)s. ((? ‘01)>

Hence we have

(H) — Hy)? = {ch(t)_l Ad(a=Y)(Hy — Ha) + th(t)s. ((? _01>)} (Hy — H)

= Ch(t)71 Ad(ail)(Hl — HQ)

. { ch(t)™" Ad(a™")(Hy — Hy) + th(t). ((? _01>) }

+ th(t){(H1 — Hy) - ks (((1) _01>) + 2H0}

_ ﬁ Ad(a™Y)((H, — Hy)?)

IR ()

+ 2 th(t) Hy + th(t)?k. <((1) _01>)2.

The term 2E(; _1) - F(_1 1) can be rewritten as follows:
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R P () B ()

2
1, 1 ({01
= 5Hg — 5r ((1 O)) + Hy, — Hy.

The rest of the computation is easy if we notice that Lie(Ng) is stable under
Ad(S). O

5. Generalized Whittaker functions belonging to even P;-principal
series representations.

In this section, we suppose that 7 is equivalent to an even P;-principal series
representation I(Py;(—1)" @ D;f,v1) (n > 1,11 € C) of Gy. By Proposition 2.1,
T = T(n,n) is a multiplicity one Ko-type of m. By using the differential opera-
tors introduced in the previous section, we derive a system of partial differential
equations satisfied by the generalized Whittaker function of type (w,x - ¥3,7).
From these partial differential equations plus a result on the generalized hyper-
geometric differential equations (Proposition 9.2), we obtain an explicit formula
of W(g) on a one-parameter subgroup {a(0,y) | ¥y > 0} of Gy and prove that
dimg GW Y (7, x - ¢p) < 1.

5.1. The main results for even P;-principal series representations.
We state our main results for even P;-principal series representations.

THEOREM 5.1.  Suppose that 7 is equivalent to an even irreducible Pj-
principal series representation I(Py;(—1)" @ D)f 1) of Go. We set = (6?2 CéQ)
(c € RX) and fir a quasi-character x = x,, of T§ as in (4.1). Then we have the

following assertions:

( i ) dimc GWG0(777X'¢)6) S 4.
(ii) dime GWGI (m, x - ¥p) < 1.
iii) Let T = T(n.n) be a multiplicity one Ky-type of w. For a generalized Whit-
(n,n)
taker function W(g) of type (w,x - ¥, T), we define a C™-function p(a) on
S by

Wia(t,y)) = e 27Oy (a(t, y))vo,  Valt,y) € S,

where vy s a fized non-zero vector in V.Y. If W(g) has the moderate growth
property, then we have
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o(a(0,4)) = C x GL (<my>2

a1, Q2 )
Y1, Y2, V3 Y4/

where C € C is a constant and

g BH2 o pt?2
1 — 2 ) 2 — 2 )
7’Il+4+l/1 77’L+47V1
_ 2 - - 5.1
71 4 ) V2 4 ) ( )
_ n+2+4+1n _ n+2-1n
V3= 1 y V4 1 .

Here G;L:Z (2], 55 52 4.) stands for the Meijer G-function, whose defini-
tion is recalled in Section 8.

REMARK. In view of (3.4), the assertions (i) and (ii) imply that
dime GWe(m, x - ¥3) < 4 and dime GW L7 (1, x - ¥g) < 1 when 7 is an irre-
ducible (g, K)-module I(P;;e® D;},v1)[c]. Similar remarks are valid for Theorems
6.1 and 7.1 below.

5.2. Proof of Theorem 5.1.
The starting point of our proof of Theorem 5.1 is the following:

PROPOSITION 5.2.  Let W(g) be a generalized Whittaker function of type
(T, X - VB, Tin,ny)- Then we have

[(Pd” V7)o (PP -V )W](g) =0, (5.2)

[RoW](g) = {vi + (n —1)> =5} W(g) (5.3)

PRrROOF. The first equation can be easily obtained from Proposition 2.1. The
image of the Casimir element Q under the Harish-Chandra isomorphism Z(gg) —

U(a)V is given by H? + H3 — 5. This combined with the infinitesimal character
of 7 given in Subsection 2.2 proves the second equation. O

The S-radial parts of the system of differential equations in Proposition 5.2
are given as follows:

PROPOSITION 5.3.  Let p(a(t,y)) € C*(S) be as in Theorem 5.1. Then the
equations (5.2) and (5.3) are equivalent to the following differential equations
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2

K —
{ — 07 — th()0; + 5; — 0y — ChQ(t)}go(a(t, y)) =0 (5.4)

and

{8,52 + (—4mcy - ch(t) + th(t))d; + 0, + (—4mey - sh(t) + 2n — 3)4,

(=27 = ot folaltn) = 0. (63

respectively.

ProOOF. This can be easily obtained by using Proposition 4.3 (iv), (vi) and
Proposition 4.4. O

We shall derive an ordinary differential equation for ¢(a(0,y)) from the system
in Proposition 5.3. First we note that, under (5.4), the equation (5.5) can be
replaced by

(o 12242522222
—2mey - Sh(t)éy}w(a(t,y)) =0. (5.6)

Since ¢(a(t,y)) is a real analytic function, we can express the function ¢(a(t,y))
in the form

plat,y) =D _ oyt

j=0
Note that ¢(a(0,y)) = ¢ (y). Tt follows from the equation (5.4) that

—20®(y) + (65 — 6, — 1?) " (y) = 0. (5-7)

From (5.6), we have

n—2+4+v n—2—v
“2ney o) + (5, + L2 (5, + Heu =0 68)

and



Generalized Whittaker functions 1239
n—24v n—2—-v
—dmey - o2 (y) + <5y + 21> (5y + 21)<P<1>(y)
—2mey - 0,00 (y) = 0. (5.9)

By eliminating (% (y) and ¢V (y) from (5.7), (5.8), and (5.9), we have

n—44 1 n—4—1 n—24+u1 n—2—u
(o) () (o 5 (a5

- rep? (834 ) b0 =0, 10

We introduce a new variable z = (7cy)?. Then the function ¢(z) = ! (y) satisfies
the following generalized hypergeometric differential equation

2 4

{zn(az—ajJrl Ha—%} z) =0, &‘sz% (5.11)

j=1 i=1

with the parameters a; and «y; in the theorem. Since the functions O (y) (5 >
0) are determined recursively from {9 (y) by (5.6), we have dimc GW g, (, X -
1) < 4. Moreover, it follows from Proposition 9.2 plus Lemma 3.3 that the
function ¢(z) coming from an element in GWZOQ (m,x - ) is a constant multiple

of Gé:g (2] 71, 5% 52 44 )- This proves the assertions (ii) and (iii). O

REMARK. It seems difficult to determine the coefficient function ¢’ (y) for
all 7 > 0. Following a suggestion of the referee, we express the function (¢, y)

o(t,y) = ch(t “Z~<J QSh )) .
j>0

Then, from the equations (5.4) and (5.5), we have

o s) LT -9

)= [ S

(ag —j— s)I(ag — 5)

_/~L+2 s 4 g
<2J+1>( )_/ ( 2 )sz_l ING? ) - )25 ds
v D= Tl —1/2—j—s)(as—1/2—s) Y op /o1
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for j > 0, where the path L of integration is a loop starting and ending at 4oco
and encircling all the poles of integrands.

6. Generalized Whittaker functions belonging to odd P;-principal
series representations.

In this section we consider the case where 7 is equivalent to an odd P;-
principal series representation I(Py; (—1)"*1 @ D} 1) (n > 1,11 € C) of Gy.

6.1. The main results for odd P;-principal series representations.
We state our main results for odd P;-principal series representations.

THEOREM 6.1.  Let m = I(Py;(—1)"* @ D;F,1v1) be an odd irreducible P -

n?

principal series representation of Go. We set § = (C(/)2 062) (c € R*) and fiz a

quasi-character x = x, of T as in (4.1). Then we have the following assertions:
( i ) dimc GWGO(TI',X . wﬁ) S 4.
(i) dime GWZ{?(W, X ¥g) < 1.
(ili) Note that T = T(y,,—1) is a multiplicity one Ko-type of m. For a generalized
Whittaker function W (g) of type (7, x - ¥g,T), we define two C™-functions
vr(a) (k=0,1) on S by

W(a(t,y)) = e 22Oy Lo) (a(t, y))v1 + polalt,y))ve},  Valt,y) € S,

where {vo,v1} is a standard basis of V.. If W(g) has the moderate growth
property, then we have

K 0 2| ol af?
er(a(0,y)) = (=1)"C x Gyl (mey) )

Y1 V25 V3, V4
where C € C is a constant common to k = 0,1 and the constants agk) and
v; are given by
0 _p+1 0 _ —p+2 1y —p+1 1y pt+2
a§)=72 , a§>= 5 ag)=72 , aé):72 ,
—n+4+1q —-n+4—1
— 1 = 6.1
ga! 4 2 4 ) ( )
_—n+2+1y _ —n+2-1
73 4 y Y4 = 4 .
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6.2. Proof of Theorem 6.1.
The starting point of our proof of Theorem 6.1 is the following:

PROPOSITION 6.2.  Let W(g) be a generalized Whittaker function of type
(7 X - V8, Tn,n—1))- Then we have

(P - VT)W](g) =0, (6.2)
[RaW](g) = {vi + (n— 1) =5} W (g). (6.3)
Proor. This can be proved in the same manner as Proposition 5.2. (]

The S-radial parts of the system of differential equations in Proposition 6.2
are given as follows:

PROPOSITION 6.3.  Let pr(a(t,y)) € C=(S) (k=0,1) be as in Theorem 6.1.

(1) The equation (6.2) is equivalent to the system of the equations

(at - ;th(t)>w1(a(t7y)) - <5y + %(t) - ;)‘Po(a(tvy)) =0 (64

and

(ay e ;)%(a@,y)) - (at ' ;th(t)>sﬂo(a(tay)) —0.  (65)

(i) The equation (6.3) is equivalent to the system of the equations

{@f + (—4mey - ch(t) + th(t)d; + 0, + (—4mey - sh(t) + 2n — 3)4,

2

—2mey - sh(t) + ch/;(t) + %(n —2)2 - %VIQ — i(th2(t) — 1)}@1(a(t,y))

th(t)

Lt orey - ht)fntatt ) = o (6.6)

and
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{ — ,uz}ﬁgg — 2mey - ch(t)}g@l(a(t, Y))
+ {83 + (—4mcy - ch(t) + th(t)); + 6,
2
+ (—4mey - sh(t) + 2n — 3)d, — 2mey - sh(t) + ch/; 0
+3(n-27 - 32 = TR0 - 1) folatn) =0, (67)

ProOOF. This can be easily proved by using Proposition 4.3 (v) and Propo-
sition 4.4. d

First we prove the assertion (i) of the theorem. By computing

(at + ;th(t)> - (6.4) — <5y + ch% - ;) - (6.5),

we have
) 1, 1 1> 2
{at + th(t)o, +  th*(t) + T <6y - 2) - (M}@l(a(tay))
- :ﬁ;‘fj) polalt,y)) = 0. (6.8)

Hence, under (6.4) and (6.5), we can replace the equation (6.6) by

{(5,+ 222 (5,4 22 ) ey (5, - ) fonGott)

— 2mey - ch(¥) <§y + Chu(t)>g00(a(t7 y)) = 0. (6.9)

Similarly the equation (6.7) can be replaced by

— 2mey - ch(t) (5y - (3}1M(t)> e1(alt,y))

+ {(5y 4 ”_22”1) <5y 4 ”_22_”1) — 2rey - sh(t) <5y _ ;)}

“ola(t,y)) = 0. (6.10)
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We temporarily put ¢a(t,y) := dypo(t,y) and p3(t,y) = dyei(t,y). It follows
from (6.4), (6.5), (6.9), and (6.10) that there exists a set of C°°-functions A ;(¢,y),
By (t,y) € C*(Ag) (0 <k, < 3) such that

3 3

Depr(ty) = > Ara(t.y)ai(ty) and Sy0n(ty) = D Bralt.y)ailt,y),
=0 =0

which proves (i). In order to prove the remaining assertions, we express the func-
tions ¢ (a(t,y)) in the form

=S e, k=01,
j=0

From (6.9) and (6.10), we know that

n—24+v n—2—v
(8,4 2255 (6, 222572 )l ) = 2men(a, + el ) =0 (6.1)

and

n—2+v n—2—v
~amens, - el )+ (8,4 255 ) (6,4 25 el ) =0, (012

respectively. Eliminating gp§0> (y) or cpém (y) from (6.11) and (6.12), we have

2 4
{zn(azag’“)ﬂ Hayj} O(z)=0, k=0,1, (6.13)

i=1

(k)

where z = (mcy)? and the constants «;"’ and ~y; are as in the theorem. It follows

from Proposition 9.2 plus Lemma 3.3 that

) ol | o, o
o (2) = CL x Gy | 2
' Yis V25 V3 V4

with some constants Cy. By (6.11), we know that Cy = —C', which proves the
assertion (iii). It can be seen from (6.4) and (6.5) that the functions cpm( )

(k=0,1, j > 0) are determined recursively from g0< )( ) and ¢, >( ). This proves
(ii). O
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7. Generalized Whittaker functions belonging to (limits of) large
discrete series representations.

In this section we consider the case where 7 is equivalent to a (limit of) large
discrete series representation.

7.1. The main results for (limits of) large discrete series represen-
tations.
Our main results for (limits of) large discrete series representations are as
follows.

THEOREM 7.1.  Suppose that 7 is equivalent to a (limit of) large discrete
series representation Dy, x,) (1 — A1 < Ao < 0) of Go. We set 3 = (632 Céz)
(c € R*) and take a quasi-character x = x,, of T§ as in (4.1). Then we have the

following assertions:

(i) dime ngg(ﬂ,x <g) < 1.

(ii) Let T = 7(x, x,) e the minimal Ko-type of m. Suppose that W(g) is a gen-
eralized Whittaker function of type (7, X - g, T(x,; x,)) with moderate growth
property. We define C*°-functions vr(a) (0 <k <d=XA —X2) on S by

d

W(a’(ta y)) = 672ﬂcyVSh(t) Z @k(a(ta y))vka Va(t, y) € Sa
k=0

where {vg | 0 < k < d} is the standard basis of VY. Then we have

k k
CINC)

ou(al0,y)) = C x (~1)* x G;*:Z(<wcy>2
Y1, Y2, V3, V4

), (0<k<d),

where C € C' is a constant independent of 0 < k < d and the constants agk)

and 7y; are given by

(k) _ —HF+A—k+2 k)  H+A+k+2
My Ty
A4 Ao+ 4 A=A+ 4
m="T ) = (7.1)
4 4
M4 Ao +2 M= Ao +2
73: 4 bl 74: 4 :

REMARK. It is likely that the estimate dime GW g, (m, x - ¥g) < 4 holds
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as in the case of Pj-principal series representations. But much more computation
seems necessary to confirm it. Since our principal interest lies in the subspace
GW 9 (m, x - 1), we do not pursue this issue here.

0

7.2. Differential equations (d > 2).

We shall construct a system of partial differential equations satisfied by the
functions ¢ (a). As we shall see later, the case of d = 1 can be reduced to the case
of odd P;-principal series representations. Hence we assume that d > 2. Then,
by the location of Ky-types of 7w (Proposition 2.2), we know that a generalized
Whittaker function W(g) of type (m, x, - ¥, T(x,,),)) satisfies the following three
equations:

(P -V )W(g) =0, (P -V )W(g)=0, (P -VHW(g)=0. (7.2)

We rewrite the system (7.2) in terms of the coefficient functions.

PROPOSITION 7.2.

(i) The equation [P -V~W](g) = 0 is equivalent to the system:

_ %(d —k)(d—k — 1) th(t)pri2(a)

1% AL+ Ao+ 2
+ (k - d) <5y - Ch(t) - 2 >90k+1(a)
+(d—2@<8f+;ﬂﬂﬂ>¢km)+k<%—%d§ﬂ——A1+;2+2>¢k1@)
+%mk—mmumhﬂ@zq O<k<d. (7.3

(ii) The equation [P -V ~W](g) = 0 is equivalent to the system:

3= k= Dih@na(a) + (8, 0 =0 =1 )orn(@

+(-2) <8t + % th(t))gpk(a) + (& + chL(t) — A1 — 1) wr—1(a)
+;k—mm@wmﬂ@:0, (I<k<d—1). (74)

(iii) The equation [P - V+W](g) = 0 is equivalent to the system:
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1
- 5= k= 1) eh(Ohprsa(a) + (8, —dmey - sho) + gl 0~ 1 )eria)
d+2
+2 <3t —4mey - sh(t) + % th(t)> vr(a)
+ (5y —dmey - sh(t) — Chﬂw + A2 — 1> vr-1(a)
1
— §(k — 1) th(t)pr—2(a) =0, (1<k<d-1). (7.5)
ProoF. This can be easily obtained from Proposition 4.3. g

The system in the above proposition can be rewritten as follows:

LEMMA 7.3.  The system of differential equations in Proposition 7.2 is equiv-
alent to the following system:

0= Dpna(o)+ (0 J-d 4 k= Db )enla

# (00t e+ 5 = = 1)@ 4 50— D sl =0

(1<k<d), (7.6)

1 7 A+ X+ k
e O A ) 0

+ (at + %(k +1) th(t))cpk(a) + gsom(a) =0, 0<k<d-1), (7.7)

d+2

<5y — 2mey - sh(t) — 2) ¢r+1(a) — dmey - ch(t)pr(a)

+ (5y — 2mey - sh(t) — d;Q)gokl(a) =0, (1<k<d-1). (7.8

PROOF. By eliminating the terms involving ¢y12(a) and @i _o(a) from (7.3)
and (7.4), we have (7.6) and (7.7), respectively. Moreover, by computing (7.5) +
(7.6) — (7.7), we have (7.8). O

It is also useful to note that
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- 5= k= D h(Oprsa(a) + (=0, + s+ da kb 1) (@)
+ %(Qk — d) th(t)gok(a) —+ <5y + ChL(t) - )\1 + k— 1> gok,l(a)
+ 5 (k= 1) thi(t)px o(a) =0, G<k<d-1), (19

which can be obtained by computing (7.6)x + (7.7)g.

7.3. Proof of Theorem 7.1 (d > 3).
In this subsection we prove Theorem 7.1 when d > 3. As in the case of P;-
principal series representations, we express the functions ¢y (a(t,y)) in the form

prlalty) =D o, 0<k<d
j=>0

From the equations (7.8) and (7.9), we have

d+2 d+2
@y—2)@2&@—4ww-@9@%+<%—-52)@?%@)=Q
(1<k<d-1), (7.10)
and
By — 1= Ao =k = D)ol () = By +p+k = A — D1 (y) =0,
(1<k<d-1), (7.11)

respectively. By eliminating the terms involving gp,ioll(y) and <p,<€0_>1(y), we have

AL+ A2 +2 d+2
~2mey(d, - e =Bl )+ (8, - 522 (5, TE2)ol0, ) =0,

(1<k<d-1) (7.12)

and

A+ A+ 2 d+2
(Q,—liz)(%—-2)wﬁﬁ@)—2mw<&r+u+k—wh>¢fky)=0

(1<k<d-1). (7.13)
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From these two formulae, we know that each of the functions go,im (y) (1 <k<d-1)

satisfies
4
k
{ZH(éz—aE)+1>—H<6z—w}so,i°><z>=o, 2= (mey)’,  (1.14)
- ot

Z(-k) and v; are as in Theorem 7.1. Hence it follows from

Proposition 9.2 and Lemma 3.3 that

where the constants o

(k) (k)
A =coxati(z] M ) asksao1 @)
’ Y1, V25, V3, V4

with some constants Cy. Moreover by using (7.12)

(0) (0

oD )

o (y) = —C1 x Gy ((my)2
Y1, V25, V3, V4

with a function ¢(y) annihilated by (6, — (A1 + A2 + 2)/2)(6, — (d +2)/2). Since
<p(<)0> (y) is rapidly decreasing as y — 400, ¢(y) must be identically zero. Similarly

we have

agd)7 aéd) )

0
o (y) = —Ca1 x G35 ((ch)2
Y1, Y25 V3, V4

and Cy = —Cgaq (1 < k < d—2). This proves the assertion (ii). The functions
09 (y) (j > 0,0 < k < d) are determined from o\ (y) (0 < k < d) via (7.6) and
(7.7). Hence we have dimg GW &7 (7, x - 15) < 1.

7.4. Proof of Theorem 7.1 (d = 2).
Next we suppose that d = 2, i.e (A1, A2) = (2,0) or (1,—1). By computing
(7.6) =1 + (7.7)1=1 and (7.6)—1 — (7.7)k=1, we have

<5y - %(t) - /\1) pa(a) — (5y + Ch‘zt) - Al)%(a) =0 (7.16)

and
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(8, gl =21 =1 )a(a) = 2000+ O

+ <5y + Chlzt) -\ - 1) wo(a) =0, (7.17)

respectively. We analyze the system of partial differential equations consisting of
(7.16), (7.17), (7.6) k=2, (7.7)k=0, and (7.8)x=1. We eliminate ¢;(a) from (7.6)x=2
by using (7.8)k=1. Then we have

{ <5y + chL(t) o 1) (0y — 2mey - sh(t) — 2) — 4mey - ch(t) <8t + ;th(t)) }gog(a)
+ {27rcy -sh(t) + <5y + chL(t) — A - 1) (0y — 2mey - sh(t) — 2)}@0((1) =0.
(7.18)

Similarly we eliminate 1(a) from (7.7)x=o and (7.17) by using (7.8)x=1 to get
{Qﬂcy -sh(t) + (5y - % — A1 — 1) (0y — 2mey - sh(t) — 2)}902(@)

+ { <5y - %(t) - 1) (6, — 2mey - sh(t) — 2) — dmey - ch(t)}gao(a) -0
(7.19)

and

{27rcy - ch(t) (5y - chﬂT) - )\1) — (8, — 2mey - sh(t) — 2)@}@2(@)

+ {27rcy -ch(t) <5y + Chlét) — )\1> — (6 — 2mey - sh(t) — 2)8t}g00(a) =0,
(7.20)

respectively. By setting ¢t = 0 in (7.18), (7.19), and (7.20), we obtain

—dmey - o (1) + (0, + =X = 10, ~ 298" (v)
+ (0 + 1= = 1), — 2)pg” (y) = 0, (7.21)
8y — 1= = 1), — 2)¢8” ()

—dmey - o5 () + 6y — = M — 1), — 200 (y) = 0, (7.22)
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and

2mey (8, — 1 — A)es” (y) — (6, — 2)ps" (y)
+2mey (8, + 1 — M@y (y) — (6, — 2)e8 (y) = 0, (7.23)

respectively. We eliminate the terms involving (pém(y) and <p(<)1>(y) in (7.23) by

using (7.21) and (7.22). Then we get

{(6, = 2)(8, = 3)(8, = M — 1) = (2mey)* (3, — 11— A1)}l (9)

+{(8y = 2)(8, = 3)(Fy = A1 — 1) = (2mey)* (0, + p— A1) by (y) = 0. (7:24)

If we set ¢ =0 in (7.16), then we have

—(8y — = AP () + (8 + 1 — M) (y) = 0. (7.25)

Tt follows from (7.24) and (7.25) that

4

L6 - ol y - TT6 el @ =0 s=a 20)

i=1
for k = 0,2, where the constants al(»k) and 7, are as in (7.1). Hence it holds that

k) (k)
a1 @ ) (7.27)

o0 (2) = i x GL (
’ Y1, Y2, V3, V4

for k = 0,2 with some constants Cy and Cy. By (7.25), we know that Cy = Cs.
By setting t = 0 in (7.8)x=1, we have

o7 (2) = 327206 ~ {ef () + 6l ()

agl)’ aél) >

=—Cy x G‘;;Z ((71'0y)2
Y1, Y25 V3, V4

which proves the assertion (ii) of Theorem 7.1 for the case of d = 2. Finally it
is easy to see that <p,<€‘7>(y) (j > 0,0 <k <2) can be determined recursively from
<p,<€O> (y) (0 <k < 2) by using (7.6)g=1,2 and (7.7)x=0. Hence we have the assertion

(i) for the case of d = 2.
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7.5. Proof of Theorem 7.1 (d =1).

Finally we consider the case where d = 1, i.e. m = D(1,gy. By comparing the
infinitesimal characters, we know that a generalized Whittaker function W(g) of
type (7, X - ¥3,7(1,0)) satisfies the equations (6.2) and (6.3) with v; = 0. Hence
the assertions in Theorem 7.1 follow from our computation in Section 6.

REMARK. It can be easily checked that D o) is equivalent to a (go, Ko)-
submodule of I(P;;1 ® Di,0). Tt is likely that D1,y is equivalent to I(Py;1®
Dy, 0) itself. But it is not necessary to verify this for our purpose.

8. Multiplicity free theorems for GSp(2, R).

In this section we derive the multiplicity free results for the case of det(3) < 0
from Theorems 5.1, 6.1, and 7.1. Also we reformulate the multiplicity free results
for the case of det(83) > 0 in [Mi-1] in the setting of this paper.

8.1. The transition from G to Gy.

First we clarify the relation between the generalized Whittaker functions on G
and those on Gy. For a quasi-character x of Mg, we denote the restriction of x to
T’ by the same letter. If det(8) > 0, then we have G = RgGoU Rgy0Go with vy =
diag(—1,—-1,1,1) € G. Therefore, the assignment of W(g) to (W(go0), W(v090)),
(g0 € Go) gives the following isomorphism

C®(Rs\G; x - hg) = C™(RE\Go; x - 1) ® C°(RE\Go; X - —p). (8.1)

Next we suppose that det() < 0. Then we have G = RgGy and Rg N Gy =
{1} R};. Hence the restriction map gives the following isomorphism

C*=(Rs\G; x - ¢p)
= {W e C™(R\Go; x - ¥s) | W((=14)g) = x(=1s)W(g)}. (8.2)

Let (m,.74;) be an admissible smooth representation of G whose central character
Wyt Zr(= R*) — C* coincides with the restriction of x to Zg. Suppose that %,
is a direct sum J7; = J#;, @ ;_ of two smooth representations of G satisfying
I = m(Y0) 5, . Then it follows from (8.1), (8.2), and x(—14) = wx(—1) that
the following isomorphism holds

GWGO (7T+7X : 1/%) D GWGO (7T_, X wﬁ) if det(ﬁ) > 0;

GWGO (7T+7 X d)ﬂ) if det(ﬁ) <0.
(8.3)

GWG(’R—aX . wﬁ) = {
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We also note that
GWGO (71’+, X - w*ﬁ) = GWGO (7(77 X ¢ﬁ) (84)

8.2. The multiplicity free results for the case of det(3) < 0.
Now we can prove the following the multiplicity free results for G =

GSp(2, R).

THEOREM 8.1.  Let (m; ;) be an irreducible (g, K)-module which is equiv-
alent to either I(P1; Dy, ® €,v)[c] (n > 1,6 = £1,v € C) or Dy, a)[] (1 = A1 <
Ao < 0). Fiz a symmetric matriz 8 € Sym(2)g with det(3) < 0 and take an
arbitrary quasi-character x of Mg r. Then we have

(1) dime GW Y (m, x - ¢g) < 1.

(ii) If 7 is equivalent to the representation I(Py;o,v)[c] (n > 1,e = £1,v € C),
then we have

dime GWq(m, x - ¥g) < 4.

PROOF. We may assume that x(zI4) = w.(z) (V2 € R*), because otherwise
we have GW¢ (7, x - ¥3) = {0}. Then in view of (8.3), we know that both of our
assertions are direct consequences of Theorems 5.1, 6.1, and 7.1. O

8.3. The multiplicity free results for the case of det(3) > 0.

The multiplicity free problem (Problem (A) in the introduction) is discussed in
[Mi-1] for the representations considered in this paper. Although the formulation
in [Mi-1] is different from ours, we can paraphrase the results of [Mi-1] as follows:

THEOREM 8.2.  Let (m, ;) be an irreducible (g, K)-module which is equiv-
alent to either I(P1; Dy, @ €,v)[c] (n > 1,e = £1,v € C) or Dy, a)[] (1 = A1 <
A2 <0, A\ — Ao > 4). Fiz a symmetric matriz 8 € Sym(2)g with det(8) > 0 and
take an arbitrary quasi-character x of Mg r. Then we have

dime GW L (m, x - g) < 1.

PRrROOF. As in the proof of Theorem 8.1, we may suppose the compatibility
condition x(z) = wx(2) (Vz € R*). Then we have

GW (m,x - vp) = GWEI (my, x - ) ® GW G (T4, x - ¥_p).

Here 7 is equivalent to I(Py; D, ® €,v) with n > 1, e = 1, v € C or Dy, »,)
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with 1 — Ay < A2 < 0. From now on, we consider the case where 7 is equivalent
to an even Pj-principal series representation I(Pi;D,, ® (—1)",v). The other
cases can be treated in the same way. In view of (8.4), we may suppose that
[ is positive definite. Further we may suppose that § = I, without any loss of
generality. Recall that there exists a unique vector vg € 7 such that m(ka g)vo =
det(A + v/=1B)"vy (kap € Ko) (cf. Proposition 2.1). Take an intertwining
operator & € GW¢(my, x - ¢¥+p) and set Wi(g) := ®+(vo)(g). By [Mi-1,
p. 261], we can expand each of the functions Wi (diag(a1, az,ay’,a;?)) as follows:

W (diag (a1,a2,a7 ", a7?%))

= (alag)”+1e¢”(“§+a§) Zpiw% (a% + a%) (a% — a%)mﬁ%, a; > 0.
£>0

Here my is a non-negative integer. It is shown in [Mi-1, (7.8), p. 261] that pi5_(y)
satisfies a second-order ordinary differential equation. Moreover the other coef-
ficient functions pZ (y) (m > my) are determined recursively from p (y). By a
simple calculation, we have

Wi

(Hl HQ),”OUO(diag(a,a7a*17a71))

= mp!(2a%)™ x a2(”+1)e¢2m2pfno(2a2). (8.5)
On the other hand, it is easy to check that

W(ill Hy)™0vg ( diag(a, a, G_la G_l); EQ,O)

=21/ — QQW(iH — Ha)™0w (diag(a,a,a™",a™1)).

Hence, as in the proof of Lemma 3.3, we conclude that for each N > 0 there exists
a constant C' > 0 such that

’ (Hl Hy) mOUO(diag(a,a,a—l,a—l))‘ < Ca_N, Ya > 0.

This combined with the asymptotic behavior of the solutions of the ordi-
nary differential equations for pt (y) (cf. [Mi-1, p.261-262]) implies that
dimg GW{Y (14, x-bp) < 1. Similarly we can conclude that dime GW &Y (4, x-
Y_g)=0 due to the factor e*27% in the right hand side of (8.5). This proves the
theorem. (]
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REMARK. We impose the condition A\; — Ay > 4, because the computation
in [Mi-1, Sections 10-11] is carried out under this assumption. On the other hand,
since the computation in [Mi-1, Section 7] for I(P; Dy, ® €,v) (n > 2) remains
valid for n = 1, we do not exclude the case of n = 1 from Theorem 8.2.

9. Rapidly decreasing solutions of a certain generalized hyperge-
ometric differential equation.

In this section we prove a result on generalized hypergeometric differential
equations. In order to state it, we recall the definition of the Meijer G-functions
(cf. [Er], [Me]).

DEFINITION 9.1. Suppose that m,n,p, and ¢ are integers with ¢ > 1, 0 <
n < p<gq and 0 < m < ¢; suppose further that the number z satisfies the
inequality 0 < |z] < 1if ¢ = p, 2 # 0 if ¢ > p, moreover that the numbers a;
(1 <i<p)andb; (1 <j<gq) fulfill the condition

Then the function G};"(2) is defined as follows

al,ag,...,ap>
by, by, ..., by

[hcjcm T =) [licic, Tl —ai+s) ds
/H o

z )
mi1<j<q LA =05 +8) [i1<ic, Tlai—s) 7 2my/—1

where the path L of integration is a loop starting and ending at +oc and encircling
all the poles of I'(b; — s) (1 < j < m) once in the negative direction, but none of
the poles of I'(1 — a; + s) (1 <i<mn).

What we need in this paper is the following proposition, which characterizes
the function Gg:g(z) up to a constant multiple.

ProprosITION 9.2.  Consider the following ordinary differential equation
2 4
P00 = {T[0: 0+ 1) =TT -0 Jo) =0, antyeC. ©02)
i=1 j=1

Let ¢(z) be a solution of (9.2) on (0,400). Suppose that ¢(z) is rapidly decreasing
in the sense that for each N > 0 there exists a constant C' > 0 such that



Generalized Whittaker functions 1255

|p(2)] < C x 2=V, Vze (0,400). (9.3)

ai, az

Then ¢(z) is a constant multiple of the G-function Gé:g (z ’ by by be. by )-

REMARK.

(1) As can be seen from the proof below, under the conditions a; — as ¢ Z and
a; —b; & Zso (Vi,j € Z), Proposition 9.2 is an easy consequence of the
asymptotic expansion of G-functions due to Barnes.

(ii) If we want to extend Proposition 9.2 to the higher order hypergeometric
differential equations, it seems better to use the general theory of asymptotic
expansions ([Was, Chapters IV-V]).

PROOF. We shall prove the proposition by constructing a basis {¢r(z) | 1 <
k < 4} for the solution space of the differential equation (9.2). We set

aip, az
blv an b3; b4 .

Then it is easy to see that ¢3(z) and ¢4(z) are solutions of (9.2). Moreover it is
known that they satisfy the following estimates due to Barnes ([Ba], see also [Me,
p.131]):

o3(2) == G;:g (z

a1, a2 4,0 27/ —1
=G
blv b2a b37 b4>7 ¢4(2) 2.4 (Ze

¢3(2) = exp(—2v/2)2" (V7 + O(z1/?)), z—+00,zE€R,  (94)
b4(2) = exp(2V/2) (ze%r) (VT +0(z 71/2)), z — 400,z € R. (9.5)
Here we put ¥ :=1/2(—=1/2 =3 ,_; ya; + 32, < j<, bj). We have to find two other

solutions of (9.2) to make a basis. First we consider the case where a —as ¢ Z.
To each a; (i = 1,2), we shall attach a solution ¢;(z) of (9.2) having the property

bi(2) =C; x 2% 114+ 0(z7Y), 2z€R, z— 40 (9.6)

for some constants C; € C* (i =1,2). If a1 — b; ¢ Z~ for every 1 < j < 4, then
the function

01(2) == G;l 411 (ze’r\/i1

ai, az
bla b2; b37 b4
is a solution of (9.2) on (0,00). By shifting the path L to the left and computing
the residue, we know that ¢1(z) satisfies (9.6). Next suppose that a1 —b; € Z¢
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for some 1 < j < 4. We may assume that

a1 —b; € Zso (1<j<m), ar—bj¢ Zso (m<j<A);

(9.7)
Re(b1) > Re(bs) > - -+ > Re(bm).

Put I = a; — by — 1(> 0). Then there exists a solution of (9.2) of the form
Zic:() cp 2P TF with ¢ # 0 for all 0 < k < [, which we denote by ¢;(z). Then
(9.6) holds for ¢1(z) in this case, too. Interchanging the roles of a1 and ag, we
have a solution ¢2(z) of (9.2) satisfying (9.6). It follows from the asymptotic
behavior of ¢;(z) (1 < ¢ < 4) given above that the set {¢;(z) | 1 < i < 4} is
linearly independent and that any rapidly decreasing solution ¢(z) of (9.2) must
be a constant multiple of ¢3(z). Hence the proposition follows when ay —as &€ Z.
From now on we consider the case where a; — ay € Z. Without any loss of

generality, we may and do assume that

ai,az € Z and as > aj. (9.8)

We divide our construction of a basis for the solution space of (9.2) into the
following four cases:

Case 1: aifbj ¢Z>0 (1§Vl§2, 1§Vj§4),

Case 2: b; € [a1,a2 — 1] N Z and b, € (—o0,a1 — 1] N Z for some 1 < j, k <4 ;
Case 3: b; € [a1,a2 —1]N Z for some 1 < j <4 and b; ¢ (—o0,a; — 1] N Z for all
1<j<4

Case 4: bj ¢ [a1,a2 —1]NZ for all 1 < j <4 and b; € (—o0,a; — 1] N Z for some
I<j<4

Case 1: It is easy to see that

o(2) = 634 (sem T

ai, a2 4,2 ai, a2
= G ’
bla b27 b3) b4)7 ¢2(Z) 2,4 (Z bla b27 b37 b4)
are solutions of (9.2). If as > a1, then ¢1(2) and ¢2(z) satisfy the estimates (9.6).

This proves the proposition in this case. If a; = ag, then the estimate (9.6) is still
valid for ¢1(z) and

B2(2) = Co x 27 (=27 +1log(2)) + O(2727¢), 2 € R, z — 400, € >0, (9.9)

for some constant Cy € C*. Here v = lims_,o(1/s — I'(s)) is Euler’s constant.
Hence the proposition holds for a; = asg, too.
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Case 2: The condition implies that as > a;. Then there exist two solutions
¢1(z) and ¢2(z) of (9.2) of the form

a;—1 as—1
1(2) = ¢zt with ¢q,—1 £ 0,  ¢a(2) = ¢zt with ¢, _, #0.
¢ ( ) Z 1 ) az—1
i=by, i=b;

The set {¢;(z) | 1 < i < 4} of functions on (0,00) forms a basis for the solution
space of (9.2). It is then easy to see that the proposition is valid in this case.
Case 3: The condition implies that as > a; and allows us to define a solution

ai, a2
b17 b27 b3a b4
of (9.2) on (0, 00) satisfying (9.6). Moreover, as in Case 2, there exists a solution
@2(z) of (9.2) of the form

01(2) = 63 (sem T

azfl

pa(z) = Z 2" with ¢, _; #0.

i:bj

The set {¢;(z) | 1 < i < 4} of functions on (0, 00) forms a basis for the solution
space of (9.2). Now it is easy to see that the proposition is valid in this case, too.

Case 4: We enumerate b; (1 < j < 4) so that the condition (9.7) holds. Then,
as in Case 2, there exists a solution ¢;(z) of (9.2) of the form

a1—1
d1(z) = Z cizt with ¢; 20 (b <Vi<ap —1).

i=by

We seek for another solution ¢2(2) of (9.2). Put ¢g(z) := ¢2(z) — ¢1(2) - log(2).
We express the differential operator P(z,0,) as P(z,d,) = Z?:o pi(2)d* with some
polynomials p;(z) (0 < i < 4) in z. We define another differential operator P(z,d,)
by

4
P(z,0.) =Y ipi(2)0it.
=1

Then it is easy to see that

P(2,6.)p2(2) = P(2,0.)d0(2) + P(2,8.)¢1(2).
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First we consider the case of m > 2. Then P(z,4,)¢1(z) belongs to
Cz»1gCz»2g...0C» .
Hence we can find
bo(z2) €Cz2 1@ C2x 2. @ C2™

such that P(z,0,)¢o(z)+ P(z,8.)¢1(z) = 0. Hence we have a basis for the solution
of (9.2) and the proposition follows in this case.

Next we suppose that m = 1. In this case, we have

as—1
P(2,8.)1(z) = Z !z for some ¢/ € C.

i=by

By using m = 1, we have ¢; # 0. Consider the following function

o I'l—a;+s) ) (VT ds
o) = [ St T =950

where the path L’ of integration is a loop starting and ending at +o0o and encircling
all the poles of H?:l I'(b; — s) once in the negative direction, but none of by — k
(k € Z~(). By shifting the path of integration to the left, we know that

_ [Ti<j<aT'(bj — b1 +1)
F((ZQ — bl + 1)

d(z) Resg—p, —a, D(s)(ze¥"T)1=1 L O(z"72), (9.10)

when z — 00,z € R. By a simple computation, we have

P(z,6,)®(z) = (/ _ / ) Pd-a+ ?(1;12?:1:)(% —s541) (Zeﬁﬂ)s%c\zsﬁ

where the path L” is given by L :={s+ 1| s € L'}. Hence we have
P(2,0,)®(2) = az™

with
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4
Ty —b+1
a= H]_ll‘(o(b;— bll) ) X Resg—p, ['(1 — ay + 5) x ™71,

Note that a # 0. If az — 1 = by, then P(2,6.){ — (¢} /a)®(z) + ¢1(z)log(z)} = 0.
If ap — 1 > by, then

/!
P(z,éz){ - %é(z) + ¢1(2) log(z)} €eC: 'aC g o C

Hence we can find a function
P(z) €Cz> 1 HC2 2 ... @ C !

such that

/!

~ c
P(2,6.)6(2) = P(z, 52){21@(2) — ¢1(2) log(z)}.
Summing up, we know that the function

_%q’(z) + ¢1(2) log(2) if ag — 1 =1by,
P2(z) =

/!

3(2) — %q)(z) 4 é1(2)log(z) ifas—1> b

is a solution of (9.2). Hence we have a basis for the solution space of (9.2). Now
our assertion follows from (9.4), (9.5), and (9.10). O

10. A concluding remark.

In this section, we propose a way of constructing a non-zero element ® €
GWI(m, x - ), which might be useful for finding the values of the generalized
Whittaker function on the whole group S. This is also an interesting problem from
the representation theoretic point of view ([G-P]). First we recall the Whittaker
function on Gy = Sp(2,R). A maximal unipotent subgroup of Gq is given by
No := Ny r. Any character of Ny can be written as

Yeg.es - No D n(xo, 1, T2, T3) — €Xp (277\/—1(cox0 + Cg(Eg)) ecW
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with some cg,c3 € R. We assume that 9, ., is non-degenerate, that is cocs #
0. We denote by Cp° (No\Go;%ey,c;) the space of C*-functions W : Gy — C
satisfying two conditions

b W(”Q) = w00,63<n)W(g)7 V(nag> € No x Go,

e W (g) is of moderate growth.

The group Go acts on the space Cpy (No\Go;cy,c;) by right translation. Let
(m, ;) be an irreducible (go, Ko)-module. Suppose that there exists a non-zero

intertwining operator
U A — Cory(No\Go; Yeg e5)

for some (co, c3). We assume that ¢g = ¢3 = 1, which is not an essential restriction.
It is known that ¥ is unique up to a constant multiple ([Wal, Theorem 8.8]). We
call the whole image ¥(5%;) the Whittaker model of 7. For a Whittaker function
W(g) € () and p € C, we consider the following integral

Zn(g; u, W) ::/ dxu/ dz W | — wag | uHT, g € Go.
0 R

NG

As we noted in [Is-Mo, p. 5706] (see also [G-P]), this is a variant of Novodvorsky’s
local zeta integral for GSp(2, R). It seems not difficult to show that the integral

Zn(g; b, W) converges absolutely and defines a function in C;‘jq(Rb\Go; Xu - V)
for g = (132 162) when Re(p) < 0. Indeed, it is readily seen that our evaluation
[Mo, Proposition 8] of Novodvorsky’s local zeta integrals is compatible with the
explicit formula obtained in Theorem 7.1. On the other hand, in order to get a
non-zero element in GWZ;(? (m,xp - ¥g) for every p € C, we have to prove the
meromorphic continuability of Zx(g;u, W). We hope to discuss it in a future

paper.

REMARK. The assignment W (g) — W (w;g) gives an isomorphism

Crey (RE\Gos X - ¥5) = Crvy (RE\Go; X—pu - ¥g).

Hence we have GW ¢ (m, X, - 3) = GW G (1, Xy - ¥p)-
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