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Abstract. In this paper, we study the reproducing formula with frac-
tional orders on the parabolic Bloch space. As an application of the repro-
ducing formula, we characterize the dual and pre-dual spaces of parabolic
Bergman spaces. Furthermore, we generalize the integral pairing, which gives
the duality between the parabolic Bloch space and the parabolic Bergman
space.

1. Introduction.

Let H be the upper half-space of the (n + 1)-dimensional Euclidean space
Rn+1(n ≥ 1), that is, H = {(x, t) ∈ Rn+1;x ∈ Rn, t > 0}. For 0 < α ≤ 1, the
parabolic operator L(α) is defined by

L(α) = ∂t + (−∆x)α,

where ∂t = ∂/∂t and ∆x is the Laplacian with respect to x. A continuous function
u on H is said to be L(α)-harmonic if L(α)u = 0 in the sense of distributions (for
details, see section 2). The parabolic Bloch space Bα is the set of all C1 class and
L(α)-harmonic functions u on H which satisfy

‖u‖Bα
:= sup

(x,t)∈H

{
t

1
2α |∇xu(x, t)|+ t|∂tu(x, t)|} < ∞,

where ∇x denotes the gradient operator with respect to x. Moreover, we denote
by B̃α the set of functions u ∈ Bα such that u(0, 1) = 0. We remark that B̃α is a
Banach space with the norm ‖ · ‖Bα , and when α = 1/2, B̃1/2 coincides with the
harmonic Bloch space of Ramey and Yi [5].
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Our aim of this paper is the study the reproducing formula on the parabolic
Bloch space. Ramey and Yi [5] studied basic properties of the harmonic Bloch
space on H. In [4], Nishio, Shimomura, and Suzuki introduce the parabolic Bloch
space and also study basic properties of the space. In this paper, we introduce the
fractional derivatives of parabolic Bloch functions, and establish the reproducing
formula with fractional orders on the parabolic Bloch space. As an application of
the reproducing formula, we characterize the dual and pre-dual spaces of parabolic
Bergman spaces.

To state our main results, we describe some notations. For a real number
κ, a fractional differential operator is given by Dκ

t = (−∂t)κ, and W (α) is the
fundamental solution of the parabolic operator L(α) (for the explicit definitions
of Dκ

t and W (α), see Section 2). First, we present the reproducing formula with
fractional orders on parabolic Bergman spaces bp

α(λ) (for the explicit definitions,
see also Section 2), which was studied in [1]. We note that bp

α(λ) = {0} whenever
λ ≤ −1.

Theorem A (Theorem 5.2 of [1]). Let 0 < α ≤ 1, 1 ≤ p < ∞, and λ > −1.
And let ν > −λ+1

p and κ > λ+1
p be real numbers. Then, the reproducing formula

u(x, t) = Cν+κ

∫

H

Dν
t u(y, s)Dκ

t W (α)(x− y, t + s)sν+κ−1dV (y, s)

holds for all u ∈ bp
α(λ) and (x, t) ∈ H, where Cκ = 2κ/Γ(κ), Γ(·) is the gamma

function, and dV is the Lebesgue volume measure on H.

We present our main result in this paper. A function ωκ
α on H ×H is defined

by

ωκ
α(x, t; y, s) = Dκ

t W (α)(x− y, t + s)−Dκ
t W (α)(−y, 1 + s) (1.1)

for all (x, t), (y, s) ∈ H. Theorem 1 gives the reproducing formula with fractional
orders on the parabolic Bloch space.

Theorem 1. Let 0 < α ≤ 1. And let ν ≥ 0 and κ > 0 be real numbers.
Then, the reproducing formula

u(x, t) = Cν+κ

∫

H

Dν
t u(y, s)ωκ

α(x, t; y, s)sν+κ−1dV (y, s) (1.2)

holds for all u ∈ B̃α and (x, t) ∈ H, where Cκ is the constant defined in Theorem
A.
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As an application of Theorem 1, we show that the dual space of b1
α(λ) is

isomorphic to the parabolic Bloch space.

Theorem 2. Let 0 < α ≤ 1 and λ > −1. Then, (b1
α(λ))∗ ∼= B̃α under the

pairing

〈u, v〉λ = Cλ+2

∫

H

u(y, s)Dtv(y, s)sλ+1dV (y, s), u ∈ b1
α(λ), v ∈ B̃α.

We also show that a pre-dual space of b1
α(λ) is isomorphic to the subspace of

the parabolic Bloch space. The parabolic little Bloch space Bα,0 is the set of all
functions u ∈ Bα such that

lim
(x,t)→∂H∪{∞}

{
t

1
2α |∇xu(x, t)|+ t|∂tu(x, t)|} = 0.

Moreover, we denote by B̃α,0 the set of all functions u ∈ Bα,0 such that u(0, 1) = 0.

Theorem 3. Let 0 < α ≤ 1 and λ > −1. Then, b1
α(λ) ∼= (B̃α,0)∗ under the

pairing

〈u, v〉λ = Cλ+2

∫

H

u(y, s)Dtv(y, s)sλ+1dV (y, s), u ∈ b1
α(λ), v ∈ B̃α,0.

In the following theorem, we show that the integral pairing 〈·, ·〉λ can be
generalized.

Theorem 4. Let 0 < α ≤ 1 and λ > −1. If ν > −(λ + 1) and κ > 0, then

Θν,κ
λ (u, v) = 〈u, v〉λ, u ∈ b1

α(λ), v ∈ B̃α,

where

Θν,κ
λ (u, v) = Cν+κ+λ+1

∫

H

Dν
t u(x, t)Dκ

t v(x, t)tν+κ+λdV (x, t).

This paper is constructed as follows. In Section 2, we present preliminary
results. In Section 3, we study properties of fractional derivatives of parabolic
Bloch functions. In Section 4, we show the reproducing formula on the parabolic
Bloch space of Theorem 1. As an application of Theorem 1, we characterize the
dual and pre-dual spaces of parabolic Bergman spaces b1

α(λ) in Section 5. In
Section 6, we give a generalization of the integral pairing defined in Theorems 2
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and 3. Furthermore, we discuss Banach space isomorphisms on parabolic Bergman
spaces.

Throughout this paper, we will denote by C a positive constant whose value
may not necessarily be the same at each occurrence.

2. Preliminaries.

First, we recall the definition of L(α)-harmonic functions. We describe the
operator (−∆x)α. Since the case α = 1 is trivial, we only describe the case
0 < α < 1. Let C∞c (H) be the set of all infinitely differentiable functions on H

with compact support. For 0 < α < 1, (−∆x)α is the convolution operator defined
by

(−∆x)αψ(x, t) = −cn,α lim
δ→0+

∫

|y−x|>δ

(ψ(y, t)− ψ(x, t))|y − x|−n−2αdy (2.1)

for all ψ ∈ C∞c (H) and (x, t) ∈ H, where cn,α = −4απ−n/2Γ((n+2α)/2)/Γ(−α) >

0. A continuous function u on H is said to be L(α)-harmonic on H if u satisfies
the following condition: for every ψ ∈ C∞c (H),

∫

H

|u · L̃(α)ψ|dV < ∞ and
∫

H

u · L̃(α)ψdV = 0, (2.2)

where L̃(α) = −∂t + (−∆x)α is the adjoint operator of L(α). By (2.1) and
the compactness of supp(ψ) (the support of ψ), there exist 0 < t1 < t2 <

∞ and a constant C > 0 such that supp(L̃(α)ψ) ⊂ S = Rn × [t1, t2] and
|L̃(α)ψ(x, t)| ≤ C(1+ |x|)−n−2α for all (x, t) ∈ S. Thus, the integrability condition∫

H
|u · L̃(α)ψ|dV < ∞ is equivalent to the following: for any 0 < t1 < t2 < ∞,

∫ t2

t1

∫

Rn

|u(x, t)|(1 + |x|)−n−2αdV (x, t) < ∞. (2.3)

We introduce the fundamental solution of L(α). For x ∈ Rn, the fundamental
solution W (α) of L(α) is defined by

W (α)(x, t) =





1
(2π)n

∫

Rn

exp(−t|ξ|2α +
√−1 x · ξ) dξ t > 0

0 t ≤ 0,

where x · ξ denotes the inner product on Rn. It is known that W (α) is L(α)-
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harmonic on H and W (α) ∈ C∞(H), where C∞(H) is the set of all infinitely
differentiable functions on H.

Next, we present definitions of fractional integral and differential operators.
Let C(R+) be the set of all continuous functions on R+ = (0,∞). For a positive
real number κ, let FC−κ be the set of all functions ϕ ∈ C(R+) such that there
exists a constant ε > 0 with ϕ(t) = O(t−κ−ε) as t → ∞. We remark that
FC−ν ⊂ FC−κ if 0 < κ ≤ ν. For ϕ ∈ FC−κ, we can define the fractional
integral of ϕ with order κ by

D−κ
t ϕ(t) =

1
Γ(κ)

∫ ∞

0

τκ−1ϕ(t + τ)dτ, t ∈ R+. (2.4)

Furthermore, let FC κ be the set of all functions ϕ ∈ C(R+) such that d
dκe
t ϕ ∈

FC−(dκe−κ), where dt = d/dt and dκe is the smallest integer greater than or equal
to κ. In particular, we will write FC 0 = C(R+). For ϕ ∈ FC κ, we can also
define the fractional derivative of ϕ with order κ by

Dκ
t ϕ(t) = D

−(dκe−κ)
t (−dt)dκeϕ(t), t ∈ R+. (2.5)

Also, we define D0
t ϕ = ϕ. We may often call both (2.4) and (2.5) the fractional

derivative of ϕ with order κ. Moreover, we call Dκ
t the fractional differential

operator with order κ. Here, we give an example of the fractional derivative of an
elementary function. Let κ > 0 be a real number. And let ν be a real number
such that −κ < ν. Then, we have

Dν
t t−κ =

Γ(κ + ν)
Γ(κ)

t−κ−ν . (2.6)

The following proposition shows that fractional differential operators hold the
commutative and exponential laws under some conditions.

Proposition 2.1 (Proposition 2.1 of [1]). Let κ, ν > 0 be real numbers.
Then, the following statements hold.

(1) If ϕ ∈ FC−κ, then D−κ
t ϕ ∈ C(R+).

(2) If ϕ ∈ FC−κ−ν , then D−κ
t D−ν

t ϕ = D−κ−ν
t ϕ.

(3) If dk
t ϕ ∈ FC−ν for all integers 0 ≤ k ≤ dκe − 1 and d

dκe
t ϕ ∈ FC−(dκe−κ)−ν ,

then Dκ
t D−ν

t ϕ = D−ν
t Dκ

t ϕ = Dκ−ν
t ϕ.

(4) If d
k+dνe
t ϕ ∈ FC−(dνe−ν) for all integers 0 ≤ k ≤ dκe − 1, d

dκe+`
t ϕ ∈

FC−(dκe−κ) for all integers 0 ≤ ` ≤ dνe − 1, and d
dκe+dνe
t ϕ ∈

FC−(dκe−κ)−(dνe−ν), then Dκ
t Dν

t ϕ = Dκ+ν
t ϕ.
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We also need the following result.

Proposition 2.2. Let κ > 0 be a real number. If d
dκe
t ϕ ∈ FC−dκe and

limt→∞ dk
t ϕ(t) = 0 for all integers 0 ≤ k ≤ dκe − 1, then D−κ

t Dκ
t ϕ = ϕ.

Proof. First, we show the case κ ∈ N by the induction. If κ = 1, then by
the condition limt→∞ ϕ(t) = 0, we have

D−1
t Dtϕ(t) = −

∫ ∞

0

dtϕ(t + τ)dτ = − lim
τ→∞

ϕ(t + τ) + ϕ(t) = ϕ(t) (2.7)

for all t ∈ R+. Next, assume that the statement holds for some κ ∈ N . Suppose
dκ+1

t ϕ ∈ FC−(κ+1) and limt→∞ dk
t ϕ(t) = 0 for all integers 0 ≤ k ≤ κ. Since

limt→∞ dk
t ϕ(t) = 0 for all integers 0 ≤ k ≤ κ − 1, by the assumption of the

induction κ, it is sufficient to show dκ
t ϕ ∈ FC−κ and D

−(κ+1)
t Dκ+1

t ϕ = D−κ
t Dκ

t ϕ.
Since dκ+1

t ϕ ∈ FC−(κ+1) ⊂ FC−1 and limt→∞ dκ
t ϕ(t) = 0, (2.7) implies that

D−1
t Dκ+1

t ϕ = D−1
t DtD

κ
t ϕ = Dκ

t ϕ. (2.8)

Also by (2.6) and the condition dκ+1
t ϕ ∈ FC−(κ+1), there exists ε > 0 such that

|dκ
t ϕ(t)| = |Dκ

t ϕ(t)| = |D−1
t Dκ+1

t ϕ(t)| ≤ C

∫ ∞

0

|Dκ+1
t ϕ(t + τ)|dτ

≤ C

∫ ∞

0

(t + τ)−(κ+1)−εdτ = Ct−κ−ε

for t sufficiently large. Hence we have dκ
t ϕ ∈ FC−κ. Moreover, (2) of Proposition

2.1 and (2.8) imply that

D
−(κ+1)
t Dκ+1

t ϕ = D−κ
t D−1

t Dκ+1
t ϕ = D−κ

t Dκ
t ϕ.

Thus we obtain the statement in case κ ∈ N .
Let κ ∈ R+ \N . Suppose that d

dκe
t ϕ ∈ FC−dκe and limt→∞ dk

t ϕ(t) = 0 for
all integers 0 ≤ k ≤ dκe − 1. Then (2) of Proposition 2.1 implies that

D−κ
t Dκ

t ϕ = D−κ
t D

−(dκe−κ)
t D

dκe
t ϕ = D

−dκe
t D

dκe
t ϕ.

Since dκe is a positive integer, we get the desired result. This completes the proof.
¤
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The following proposition gives basic properties of fractional derivatives of
the fundamental solution W (α). Let N0 = N ∪ {0}. For a multi-index β =
(β1, . . . , βn) ∈ Nn

0 , let ∂β
x = ∂|β|/∂xβ1

1 . . . ∂xβn
n , where |β| = β1 + β2 + · · ·+ βn.

Proposition 2.3 (Theorems 1 and 3.1 of [1]). Let 0 < α ≤ 1, β ∈ Nn
0 ,

and κ > −n/2α be a real number. Then the following statements hold.

(1) The derivative ∂β
xDκ

t W (α) is well-defined. Moreover, there exists a constant
C > 0 such that

∣∣∂β
xDκ

t W (α)(x, t)
∣∣ ≤ C(t + |x|2α)−

n+|β|
2α −κ

for all (x, t) ∈ H.
(2) If 0 < q < ∞ and θ > −1 satisfy the condition n/2α + θ + 1 − ((n + |β|)/2α

+κ)q < 0, then there exists a constant C > 0 such that

∫

H

∣∣∂β
xDκ

t W (α)(x− y, t + s)
∣∣qsθdV (y, s) ≤ Ct

n
2α +θ+1−(

n+|β|
2α +κ)q

for all (x, t) ∈ H.
(3) Let ν be a real number such that κ + ν > −n/2α. Then,

Dν
t ∂β

xDκ
t W (α)(x, t) = ∂β

xDκ+ν
t W (α)(x, t)

for all (x, t) ∈ H.
(4) ∂β

xDκ
t W (α) is L(α)-harmonic on H.

Here, we present the following lemma, which is frequently used in later argu-
ment.

Lemma 2.4 (Lemma 3.3 of [3]). Let θ and c be real numbers such that θ > −1
and n/2α + θ + 1− c < 0. Then, there exists a constant C > 0 such that

∫

H

sθ

(t + s + |x− y|2α)c
dV (y, s) = Ct

n
2α +θ+1−c

for all (x, t) ∈ H.

Finally, we present the definition of the parabolic Bergman space bp
α(λ). And

we also present properties about parabolic Bergman functions. For 1 ≤ p < ∞
and λ > −1, Lp(λ) is the set of all Lebesgue measurable functions f on H which
satisfy
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‖f‖Lp(λ) =
( ∫

H

|f(x, t)|ptλdV (x, t)
) 1

p

< ∞.

The parabolic Bergman space bp
α(λ) is the set of all L(α)-harmonic functions u

on H which belong to Lp(λ). Here we denote Lp = Lp(0) and bp
α = bp

α(0). As a
remark, bp

α(λ) = {0} whenever λ ≤ −1 (see Proposition 4.3 of [2]). And let b∞α
be the set of all L(α)-harmonic functions u on H which satisfy

‖f‖L∞ = ess sup
(x,t)∈H

|f(x, t)| < ∞.

We remark that b∞α ⊂ Bα by Theorem 5.4 of [4]. In order to prove our reproducing
formula, we need the following lemma.

Lemma 2.5 (Lemma 3.1 of [6] and Theorem 7.4 of [4]). Let 0 < α ≤ 1,
1 ≤ p < ∞, and λ > −1. If u ∈ bp

α(λ), then u satisfies the Huygens property, that
is,

u(x, t) =
∫

Rn

u(x− y, t− s)W (α)(y, s)dy

holds for all x ∈ Rn and 0 < s < t < ∞. If u ∈ Bα, then u also satisfies the
Huygens property.

Proposition 2.6 gives the basic properties of fractional derivatives of parabolic
Bergman functions.

Proposition 2.6 (Proposition 4.1 of [1]). Let 0 < α ≤ 1, 1 ≤ p < ∞,
λ > −1, β ∈ Nn

0 , and κ > −(n/2α + λ + 1)1/p be a real number. If u ∈ bp
α(λ),

then the following statements hold.

(1) The derivatives ∂β
xDκ

t u and Dκ
t ∂β

xu are well-defined, and

∂β
xDκ

t u(x, t) = Dκ
t ∂β

xu(x, t)

for all (x, t) ∈ H. Moreover, there exists a constant C > 0 such that

∣∣∂β
xDκ

t u(x, t)
∣∣ ≤ Ct−

|β|
2α−κ−( n

2α +λ+1) 1
p ‖u‖Lp(λ)

for all (x, t) ∈ H.
(2) Let ν be a real number such that κ + ν > −(n/2α + λ + 1)1/p. Then,
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Dν
t ∂β

xDκ
t u(x, t) = ∂β

xDκ+ν
t u(x, t)

for all (x, t) ∈ H.
(3) ∂β

xDκ
t u is L(α)-harmonic on H.

In order to characterize the dual and pre-dual spaces of b1
α(λ), we need the

following proposition.

Proposition 2.7 (Corollary 3.2 of [2]). Let 0 < α ≤ 1, 1 ≤ p < ∞, and
λ > −1. Then, the following statements hold.

(1) For κ > (λ + 1)/p, the operator Pκ
α defined by

Pκ
αf(x, t) =

∫

H

f(y, s)Dκ
t W (α)(x− y, t + s)sκ−1dV (y, s)

is a bounded projection from Lp(λ) onto bp
α(λ).

(2) Let 1 < p < ∞ and q be the exponent conjugate to p. Then, (bp
α(λ))∗ ∼= bq

α(λ)
under the pairing

〈u, v〉λ =
∫

H

u(x, t)v(x, t)tλdV (x, t), u ∈ bp
α(λ), v ∈ bq

α(λ).

(3) For a real number ν > −(λ + 1)/p, there exists a constant C =
C(n, p, α, λ, ν) > 0 such that

C−1‖u‖Lp(λ) ≤
∥∥tνDν

t u
∥∥

Lp(λ)
≤ C‖u‖Lp(λ)

for all u ∈ bp
α(λ).

3. Fractional derivatives of parabolic Bloch functions.

In this section, we study fractional derivative of parabolic Bloch functions.
First, we generalize the definition of the function ωκ

α, and give basic properties.
For a multi-index β ∈ Nn

0 and a real number κ > −n/2α, a function ωβ,κ
α on

H ×H is defined by

ωβ,κ
α (x, t; y, s) = ∂β

xDκ
t W (α)(x− y, t + s)− ∂β

xDκ
t W (α)(−y, 1 + s)

for all (x, t), (y, s) ∈ H. Here we remark that ωκ
α = ω0,κ

α .

Proposition 3.1. Let 0 < α ≤ 1, β ∈ Nn
0 , and κ > −n/2α be a real
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number.

(1) For any compact set K ⊂ Rn and T > 1, there exist constants C1, C2 > 0
such that

∣∣ωβ,κ
α (x, t; y, s)

∣∣ ≤ C1|x|
(1 + s + |y|2α)

n+|β|+1
2α +κ

+
C2|t− 1|

(1 + s + |y|2α)
n+|β|

2α +κ+1

for all (x, t) ∈ K × [T−1, T ] and (y, s) ∈ H.
(2) Let (x, t) ∈ H be fixed. Then, there exists a constant C > 0 such that

∣∣ωβ,κ
α (x, t; y, s)

∣∣ ≤ C(1 + s + |y|2α)−
n+|β|

2α −κ−σ

for all (y, s) ∈ H, where σ = min{1, 1/2α}.
(3) Let (x, t) ∈ H be fixed. Then, ωκ

α(x, t; ·, ·) ∈ B̃α,0.
(4) Moreover, let |β|/2α + κ > 0. Then, there exists a constant C > 0 such that

∫

H

∣∣ωβ,κ
α (x, t; y, s)

∣∣s |β|2α +κ−1dV (y, s) ≤ C(1 + log(1 + |x|) + | log t|)

for all (x, t) ∈ H.

Proof.

(1) The chain rule implies that

∣∣ωβ,κ
α (x, t; y, s)

∣∣ ≤ ∣∣∂β
xDκ

t W (α)(x− y, t + s)− ∂β
xDκ

t W (α)(−y, t + s)
∣∣

+
∣∣∂β

xDκ
t W (α)(−y, t + s)− ∂β

xDκ
t W (α)(−y, 1 + s)

∣∣

=
∣∣∣∣
∫ 1

0

x · ∇x∂β
xDκ

t W (α)(rx− y, t + s)dr

∣∣∣∣

+
∣∣∣∣
∫ t

1

∂β
xDκ+1

t W (α)(−y, τ + s)dτ

∣∣∣∣. (3.1)

Since x ∈ K, there exists a constant M > 0 such that |rx| ≤ M for all 0 < r < 1.
If |y| ≥ 2M , then we have

|y| ≤ |rx− y|+ |rx| ≤ |rx− y|+ M ≤ |rx− y|+ 1
2
|y|.

Therefore, we have |y| ≤ 2|rx− y|. If |y| < 2M , then since T−1 ≤ t ≤ T , we have
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|y| < 2MTT−1 ≤ 2MTt ≤ 2MT (t + |rx− y|).

Therefore, we have t + |y| ≤ (2MT + 1)(t + |rx− y|). Hence by (1) of Proposition
2.3, there exist constants C1, C2 > 0 such that the right-hand side of (3.1) is less
than or equal to

C1|x|
∫ 1

0

(t + s + |rx− y|2α)−
n+|β|+1

2α −κdr + C2

∣∣∣∣
∫ t

1

(τ + s + |y|2α)−
n+|β|

2α −κ−1dτ

∣∣∣∣

≤ C1|x|
(1 + s + |y|2α)

n+|β|+1
2α +κ

+
C2|t− 1|

(t + s + |y|2α)
n+|β|

2α +κ(1 + s + |y|2α)

{
1 +

(
t + s + |y|2α

1 + s + |y|2α

)n+|β|
2α +κ−1}

.

Since T−1 ≤ t ≤ T , we get the desired result.
(2) Let (x, t) ∈ H be fixed. Then, we can get the desired result by (1), directly.
(3) Let (x, t) ∈ H be fixed. Then by (4) of Proposition 2.3, ωκ

α(x, t; ·, ·) is
L(α)-harmonic on H. And by (2) of Proposition 3.1, there exists a constant C > 0
such that

∣∣∂yj
ωκ

α(x, t; y, s)
∣∣ ≤ C(1 + s + |y|2α)−

n+1
2α −κ−σ,

∣∣Dsω
κ
α(x, t; y, s)

∣∣ ≤ C(1 + s + |y|2α)−
n
2α−κ−1−σ

for all (y, s) ∈ H and 1 ≤ j ≤ n, where σ = min{1, 1/2α}. Hence we have

s
1
2α

∣∣∇yωκ
α(x, t; y, s)

∣∣ → 0, s
∣∣Dsω

κ
α(x, t; y, s)

∣∣ → 0

as (y, s) → ∂H ∪ {∞}.
(4) Let κ > 0 be a real number. And put ρ = ((1 + |x|)/(1 + log(1 + |x|)))2α.

Then,

∫

H

∣∣ωβ,κ
α (x, t; y, s)

∣∣s |β|2α +κ−1dV (y, s)

≤
∫

H

∣∣∂β
xDκ

t W (α)(x− y, t + s)− ∂β
xDκ

t W (α)(x− y, ρ + s)
∣∣s |β|2α +κ−1dV (y, s)

+
∫

H

∣∣∂β
xDκ

t W (α)(x− y, ρ + s)− ∂β
xDκ

t W (α)(−y, ρ + s)
∣∣s |β|2α +κ−1dV (y, s)
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+
∫

H

∣∣∂β
xDκ

t W (α)(−y, ρ + s)− ∂β
xDκ

t W (α)(−y, 1 + s)
∣∣s |β|2α +κ−1dV (y, s).

(3.2)

By (2) of Proposition 2.3, the first term of the right-hand side in (3.2) is less than
or equal to

∣∣∣∣
∫ t

ρ

∫

H

∣∣∂β
xDκ+1

t W (α)(x− y, τ + s)
∣∣s |β|2α +κ−1dV (y, s)dτ

∣∣∣∣

≤ C

∣∣∣∣
∫ ρ

t

τ−1dτ

∣∣∣∣ ≤ C(| log t|+ log ρ).

By the chain rule and (2) of Proposition 2.3, the second term is less than or equal
to

∫ 1

0

|x|
∫

H

∣∣∇x∂β
xDκ

t W (α)(rx− y, ρ + s)
∣∣s |β|2α +κ−1dV (y, s)dr ≤ C|x|ρ− 1

2α .

Also, by (2) of Proposition 2.3, the third term is less than or equal to

∫ ρ

1

∫

H

∣∣∂β
xDκ+1

t W (α)(−y, τ + s)
∣∣s |β|2α +κ−1dV (y, s)dτ ≤ C log ρ.

Thus by the definition ρ, we complete the proof. ¤

Next, we give basic properties of fractional derivatives of the parabolic Bloch
functions. We present properties of ordinary derivatives of parabolic Bloch func-
tions. Let (β, k) ∈ (Nn

0 ×N0) \ {(0, 0)}. The following estimate is established in
Theorem 7.3 of [4]: if u ∈ Bα, then u ∈ C∞(H), ∂β

xDk
t u is L(α)-harmonic on H,

and there exists a constant C > 0 such that

|u(x, t)| ≤ C(1 + log(1 + |x|) + | log t|), (3.3)
∣∣∂β

xDk
t u(x, t)

∣∣ ≤ Ct−
|β|
2α−k‖u‖Bα (3.4)

for all (x, t) ∈ H. In the following proposition, we give basic properties of fractional
derivatives of parabolic Bloch functions.

Proposition 3.2. Let 0 < α ≤ 1, β ∈ Nn
0 , and κ ≥ 0 be a real number. If

u ∈ Bα, then the following statements hold.
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(1) The derivatives ∂β
xDκ

t u and Dκ
t ∂β

xu are well-defined, and

∂β
xDκ

t u(x, t) = Dκ
t ∂β

xu(x, t) (3.5)

for all (x, t) ∈ H. Moreover, for (β, κ) 6= (0, 0), there exists a constant C > 0
such that

∣∣∂β
xDκ

t u(x, t)
∣∣ ≤ Ct−

|β|
2α−κ‖u‖Bα

(3.6)

for all (x, t) ∈ H.
(2) Let ν ≥ 0 be a real number. Then,

Dν
t ∂β

xDκ
t u(x, t) = ∂β

xDκ+ν
t u(x, t) (3.7)

for all (x, t) ∈ H. If ν < 0 is a real number such that κ + ν ≥ 0 and
(β, κ + ν) 6= (0, 0), then (3.7) also holds.

(3) ∂β
xDκ

t u is L(α)-harmonic on H.

Proof.

(1) Let u ∈ Bα. Since u ∈ C∞(H), we have ∂β
xD

dκe
t u = D

dκe
t ∂β

xu. And
by (3.4), we have ∂β

xD
dκe
t u(x, ·) ∈ FC−(dκe−κ) for all x ∈ Rn. These imply

that derivatives ∂β
xDκ

t u and Dκ
t ∂β

xu are well-defined. Also, since u ∈ C∞(H),
differentiating through the integral, (3.4) implies that

∂β
xDκ

t u = ∂β
xD

−(dκe−κ)
t D

dκe
t u = D

−(dκe−κ)
t ∂β

xD
dκe
t u

= D
−(dκe−κ)
t D

dκe
t ∂β

xu = Dκ
t ∂β

xu.

We show the estimate of ∂β
xDκ

t u. By (2.5), (2.6), and (3.4), there exists a constant
C > 0 such that

∣∣Dκ
t ∂β

xu(x, t)
∣∣ =

∣∣D−(dκe−κ)
t D

dκe
t ∂β

xu(x, t)
∣∣

≤ C
(
D
−(dκe−κ)
t t−

|β|
2α−dκe

)‖u‖Bα
= Ct−

|β|
2α−κ‖u‖Bα

.

(2) First, we assume ν ≥ 0. By (3.5) and (4) of Proposition 2.1, we have

Dν
t ∂β

xDκ
t u = Dν

t Dκ
t ∂β

xu = Dκ+ν
t ∂β

xu = ∂β
xDκ+ν

t u. (3.8)

Let ν < 0 such that κ + ν ≥ 0 and (β, κ + ν) 6= (0, 0). This implies that |β|/2α +
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κ + ν > 0. Therefore, (3.6) implies that ∂β
xDκ

t u(x, ·) ∈ FC ν for all x ∈ Rn. By
(3.8), we have

Dν
t ∂β

xDκ
t u = Dν

t ∂β
xDκ+ν−ν

t u = Dν
t D−ν

t ∂β
xDκ+ν

t u.

Thus, Proposition 2.2 implies that

Dν
t D−ν

t ∂β
xDκ+ν

t u = ∂β
xDκ+ν

t u.

(3) Let (β, κ) 6= (0, 0). For any 0 < t1 < t2 < ∞, it is easy to show that

∫ ∞

0

τ dκe−κ−1

∫ t2

t1

∫

Rn

(t + τ)−
|β|
2α−dκe(1 + |x|)−n−2αdxdtdτ < ∞.

Thus by (2.6), (3.6), and (2.3), ∂β
xDκ

t u satisfies the integrability condition (2.2).
Moreover, for all ψ ∈ C∞c (H), the Fubini theorem implies that

∫

H

∂β
xDκ

t u(x, t)L̃(α)ψ(x, t)dV (x, t)

=
1

Γ(dκe − κ)

∫ ∞

0

τ dκe−κ−1

∫

H

∂β
xD

dκe
t u(x, t + τ)L̃(α)ψ(x, t)dV (x, t)dτ = 0.

This completes the proof. ¤

The following estimate is used in the proof of the reproducing formula for
parabolic Bloch functions.

Proposition 3.3. Let 0 < α ≤ 1, β ∈ Nn
0 , and κ ≥ 0 be a real number.

(1) For any T > 1, there exists a constant C > 0 such that

∣∣∂β
xDκ

t u(x, t + s)− ∂β
xDκ

t u(0, 1 + s)
∣∣

≤ C‖u‖Bα

{ |x|
(1 + s)

|β|+1
2α +κ

+
|t− 1|

(1 + s)
|β|
2α +κ+1

}
(3.9)

for all u ∈ Bα, (x, t) ∈ Rn × [T−1, T ], and s ≥ 0.
(2) Let (x, t) ∈ H be fixed. Then there exists a constant C > 0 such that

∣∣∂β
xDκ

t u(x, t + s)− ∂β
xDκ

t u(0, 1 + s)
∣∣ ≤ C(1 + s)−

|β|
2α−κ−σ,
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for all u ∈ Bα and s ≥ 0, where σ = min{1, 1/2α}.

Proof.

(1) By (1) of Proposition 3.2, there exist constants C1, C2 > 0 such that

∣∣∂β
xDκ

t u(x, t + s)− ∂β
xDκ

t u(0, 1 + s)
∣∣

≤
∣∣∂β

xDκ
t u(x, t + s)− ∂β

xDκ
t u(0, t + s)

∣∣

+
∣∣∂β

xDκ
t u(0, t + s)− ∂β

xDκ
t u(0, 1 + s)

∣∣

≤
∫ 1

0

|x|∣∣∇x∂β
xDκ

t u(rx, t + s)
∣∣dr +

∣∣∣∣
∫ t

1

∂β
xDκ+1

t u(0, τ + s)dτ

∣∣∣∣

≤ C1

∫ 1

0

|x|(t + s)−
|β|+1
2α −κdr + C2

∣∣∣∣
∫ t

1

(τ + s)−
|β|
2α−κ−1dτ

∣∣∣∣

≤ C1|x|(t + s)−
|β|+1
2α −κ + C2|t− 1|(t + s)−

|β|
2α−κ−1.

Since T−1 < t < T , we get the estimate (3.9).
(2) Let (x, t) ∈ H be fixed. Then, we can get the desired result by (1). This

completes the proof. ¤

4. The reproducing formula on the parabolic Bloch space.

In this section, we give the reproducing formula with fractional orders on
the parabolic Bloch space. First, we prepare the following lemma, which is an
important tool for the proof of the reproducing formula.

Lemma 4.1. Let 0 < α ≤ 1, σ > 0, 0 ≤ δ < 1, and c1, c2 > 0. Then the
following statements hold.

(1) If u ∈ Bα, then for each ε > 0, there exists a constant C > 0 such that

|u(y, s)| ≤ C(1 + sε + s−ε + |y|2αε)

for all (y, s) ∈ H.
(2) If κ ≥ 0 and 0 < ε < σ, then for every y ∈ Rn,

(1 + (c1s + δ)ε + (c1s + δ)−ε + |y|2αε)sκ

(1 + c2s + |y|2α)
n
2α +κ+σ

→ 0

as s →∞.
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(3) If κ > 0 and 0 < ε < min{κ, σ}, then

∫

H

(1 + (c1s + δ)ε + (c1s + δ)−ε + |y|2αε)sκ−1

(1 + c2s + |y|2α)
n
2α +κ+σ

dV (y, s) < ∞.

Proof.

(1) By (3.3), there exists a constant C > 0 such that

|u(y, s)| ≤ C(1 + log(1 + |y|) + | log s|)

for all (y, s) ∈ H. Also, for each ε > 0, there exists a constant C > 0 such that

log(1 + |y|) ≤ C|y|2αε, | log s| ≤ C(sε + s−ε). (4.1)

(2) Since 0 ≤ δ < 1, there exists a constant C = C(c1, c2, n, α, κ, σ) > 0 such
that

1 + (c1s + δ)ε + (c1s + δ)−ε + |y|2αε

(1 + c2s + |y|2α)
n
2α +κ+σ

≤ C
1 + (s + δ)ε + (s + δ)−ε + |y|2αε

(1 + s + |y|2α)
n
2α +κ+σ

=
1 + sε + |y|2αε

(1 + s + |y|2α)
n
2α +κ+σ

+
s−ε

(1 + s + |y|2α)
n
2α +κ+σ

≤ C
1

(1 + s + |y|2α)
n
2α +κ+σ−ε

+
s−ε

(1 + s + |y|2α)
n
2α +κ+σ

. (4.2)

Since 0 < ε < σ, we have

(1 + (c1s + δ)ε + (c1s + δ)−ε + |y|2αε)sκ

(1 + c2s + |y|2α)
n
2α +κ+σ

≤ C

{
1

(1 + s + |y|2α)
n
2α +σ−ε

+
s−ε

(1 + s + |y|2α)
n
2α +σ

}
→ 0

as s →∞.
(3) By (4.2), there exists a constant C > 0 such that
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∫

H

(1 + (c1s + δ)ε + (c1s + δ)−ε + |y|2αε)sκ−1

(1 + c2s + |y|2α)
n
2α +κ+σ

dV (y, s)

≤ C

∫

H

{
sκ−1

(1 + s + |y|2α)
n
2α +κ+σ−ε

+
sκ−ε−1

(1 + s + |y|2α)
n
2α +κ+σ

}
dV (y, s).

Since κ− 1 > κ− ε− 1 > −1 and −σ − ε < −σ + ε < 0, Lemma 2.4 implies that

∫

H

{
sκ−1

(1 + s + |y|2α)
n
2α +κ+σ−ε

+
sκ−ε−1

(1 + s + |y|2α)
n
2α +κ+σ

}
dV (y, s) < ∞.

This completes the proof. ¤

For δ > 0 and a function u on H, we define uδ by uδ(x, t) = u(x, t+ δ). First,
we show the reproducing formula for fractional derivatives of uδ.

Proposition 4.2. Let 0 < α ≤ 1 and δ > 0. And let ν, κ ≥ 0 be real
numbers with ν + κ > 0. Then,

uδ(x, t)− uδ(0, 1) = Cν+κ

∫

H

Dν
t uδ(y, s)ωκ

α(x, t; y, s)sν+κ−1dV (y, s) (4.3)

holds for all u ∈ Bα and (x, t) ∈ H, where Cκ is the constant defined in Theorem
A.

Proof. Let u ∈ Bα and δ > 0. And let m, k ∈ N0 such that m + k > 0.
First, we show that

uδ(x, t)− uδ(0, 1)

=
(c1 + c2)m+k

Γ(m + k)

∫

H

Dm
t uδ(y, c1s)ωk

α(x, t; y, c2s)sm+k−1dV (y, s) (4.4)

for all (x, t) ∈ H and real numbers c1, c2 > 0. We prove the equality (4.4) for
m ∈ N and k = 0. By (2) of Proposition 3.1, (1) of Proposition 3.2, and Lemma
2.4, we obtain

∫

H

∣∣Dm
t uδ(y, c1s)

∣∣∣∣ω0
α(x, t; y, c2s)

∣∣sm−1dV (y, s) < ∞.

Since Dm
t uδ ∈ b∞α ⊂ Bα by (1) and (3) of Proposition 3.2, the Fubini theorem

and Lemma 2.5 imply that
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∫

H

Dm
t uδ(y, s)ω0

α(x, t; y, c2s)sm−1dV (y, s)

=
∫ ∞

0

∫

Rn

Dm
t uδ(y, c1s)

(
W (α)(x− y, t + c2s)−W (α)(−y, 1 + c2s)

)
dysm−1ds

=
∫ ∞

0

(
Dm

t uδ(x, t + (c1 + c2)s)−Dm
t uδ(0, 1 + (c1 + c2)s)

)
sm−1ds. (4.5)

Integrating by parts m−1 times, (2) of Proposition 3.3 implies that the right-hand
side of (4.5) is equal to

− 1
c1 + c2

[(
Dm−1

t uδ(x, t + (c1 + c2)s)−Dm−1
t uδ(0, 1 + (c1 + c2)s)

)
sm−1

]∞
0

+
m− 1
c1 + c2

∫ ∞

0

(
Dm−1

t uδ(x, t + (c1 + c2)s)

−Dm−1
t uδ(0, 1 + (c1 + c2)s)

)
sm−2ds

=
Γ(m)

(c1 + c2)m−1

∫ ∞

0

Dtuδ(x, t + (c1 + c2)s)−Dtuδ(0, 1 + (c1 + c2)s)ds

=
Γ(m)

(c1 + c2)m
[uδ(x, t + (c1 + c2)s)− uδ(0, 1 + (c1 + c2)s)]∞0

=
Γ(m)

(c1 + c2)m
(uδ(x, t)− uδ(0, 1)).

Therefore, we obtain (4.4) in the case of m ∈ N and k = 0.
We show (4.4) in the case of m ∈ N0 and k ∈ N by induction on k. Let

k = 1. If m = 0, then by (1) of Lemma 4.1, for each 0 < ε < σ, there exists a
constant C > 0 such that

|uδ(y, c1s)| ≤ C
(
1 + (c1s + δ)ε + (c1s + δ)−ε + |y|2αε

)
(4.6)

for all (y, s) ∈ H, where σ = min{1, 1/2α}. By (3) of Lemma 4.1, we obtain

∫

H

|uδ(y, c1s)|
∣∣ω1

α(x, t; y, c2s)
∣∣dV (y, s) < ∞.

Hence, the Fubini theorem implies that
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∫

H

uδ(y, c1s)ω1
α(x, t; y, c2s)dV (y, s)

= − 1
c2

∫

Rn

[
uδ(y, c1s)

(
W (α)(x− y, t + c2s)−W (α)(−y, 1 + c2s)

)]∞
0

dy

− c1

c2

∫

H

Dtuδ(y, c1s)
(
W (α)(x− y, t + c2s)−W (α)(−y, 1 + c2s)

)
dV (y, s).

By (4.6) and (2) of Proposition 3.1, (1) of Lemma 4.1 and Lemma 2.5 imply that

− 1
c2

∫

Rn

[
uδ(y, c1s)

(
W (α)(x− y, t + c2s)−W (α)(−y, 1 + c2s)

)]∞
0

dy

=
1
c2

∫

Rn

uδ(y, 0)
(
W (α)(x− y, t)−W (α)(−y, 1)

)
dy

=
1
c2

(uδ(x, t)− uδ(0, 1)).

Therefore, (4.5) implies that

∫

H

uδ(y, c1s)ω1
α(x, t; y, c2s)dV (y, s)

=
1
c2

(uδ(x, t)− uδ(0, 1))− c1

c2(c1 + c2)
(uδ(x, t)− uδ(0, 1))

=
1

c1 + c2
(uδ(x, t)− uδ(0, 1)).

If m ≥ 1, then (2) of Proposition 3.1, (1) of Proposition 3.2, and (4.5) imply that

∫

H

Dm
t uδ(y, c1s)ω1

α(x, t; y, c2s)smdV (y, s)

= − 1
c2

∫

Rn

[
Dm

t uδ(y, c1s)ω0
α(x, t; y, c2s)sm

]∞
0

dy

− c1

c2

∫

H

Dm+1
t uδ(y, c1s)ω0

α(x, t; y, c2s)smdV (y, s)

+
m

c2

∫

H

Dm
t uδ(y, c1s)ω0

α(x, t; y, c2s)sm−1dV (y, s)

= − c1Γ(m + 1)
c2(c1 + c2)m+1

(uδ(x, t)− uδ(0, 1)) +
Γ(m + 1)

c2(c1 + c2)m
(uδ(x, t)− uδ(0, 1))
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=
Γ(m + 1)

(c1 + c2)m+1
(uδ(x, t)− uδ(0, 1)).

Therefore, (4.4) holds for all m ∈ N0 whenever k = 1.
Let k ≥ 1 and suppose that (4.4) holds for all m ∈ N0. Then by (2) of

Proposition 3.1, (4.6), (1) of Proposition 3.2, and (2) of Lemma 4.1, we have

Dm
t uδ(y, c1s)ωk

α(x, t; y, c2s)sm+k → 0

as s →∞. Therefore, the assumption of the induction implies that

∫

H

Dm
t uδ(y, c1s)ωk+1

α (x, t; y, c2s)sm+kdV (y, s)

= − 1
c2

∫

Rn

[
Dm

t uδ(y, c1s)ωk
α(x, t; y, c2s)sm+k

]∞
0

dy

− c1

c2

∫

H

Dm+1
t uδ(y, c1s)ωk

α(x, t; y, c2s)sm+kdV (y, s)

+
m + k

c2

∫

H

Dm
t uδ(y, c1s)ωk

α(x, t; y, c2s)sm+k−1dV (y, s)

= − c1Γ(m + k + 1)
c2(c1 + c2)m+k+1

(uδ(x, t)− uδ(0, 1)) +
Γ(m + k + 1)

c2(c1 + c2)m+k
(uδ(x, t)− uδ(0, 1))

=
Γ(m + k + 1)

(c1 + c2)m+k+1
(uδ(x, t)− uδ(0, 1)).

Therefore, we obtain (4.4) in case m, k ∈ N0 with m + k > 0.
Next, we show the equality (4.3). Let ν, κ ∈ R+ \N0 with ν + κ > 0. Then,

by (2.4) and (2.5), we have

∫

H

Dν
t uδ(y, s)ωκ

α(x, t; y, s)sν+κ−1dV (y, s)

=
∫

H

1
Γ(dνe − ν)

∫ ∞

0

τ
dνe−ν−1
1 D

dνe
t uδ(y, s + τ1)dτ1

× 1
Γ(dκe − κ)

∫ ∞

0

τ
dκe−κ−1
2 ωdκeα (x, t; y, s + τ2)dτ2s

ν+κ−1dV (y, s).

By (4.4), the Fubini theorem implies that
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∫

H

Dν
t uδ(y, s)ωκ

α(x, t; y, s)sν+κ−1dV (y, s)

=
1

Γ(dνe − ν)
1

Γ(dκe − κ)

∫ ∞

0

τ
dνe−ν−1
1

∫ ∞

0

τ
dκe−κ−1
2

×
∫

H

D
dνe
t uδ(y, (1 + τ1)s)ωdκeα (x, t; y, (1 + τ2)s)sdνe+dκe−1dV (y, s)dτ2dτ1

= (uδ(x, t)− uδ(0, 1))

× Γ(dνe+ dκe)
Γ(dνe − ν)Γ(dκe − κ)

∫ ∞

0

τ
dνe−ν−1
1

∫ ∞

0

τ
dκe−κ−1
2

(τ1 + τ2 + 2)dνe+dκe
dτ2dτ1.

Furthermore, it is easy to show that

Γ(dνe+ dκe)
Γ(dνe − ν)Γ(dκe − κ)

∫ ∞

0

τ
dνe−ν−1
1

∫ ∞

0

τ
dκe−κ−1
2

(τ1 + τ2 + 2)dνe+dκe
dτ2dτ1 =

Γ(ν + κ)
2ν+κ

.

Therefore, we obtain (4.3) in case ν, κ ∈ R+ \ N . The remaining cases can be
proved similarly. This completes the proof. ¤

Now, we give the reproducing formula with fractional orders on the parabolic
Bloch space. Theorem 1 is an immediate consequence of Theorem 4.3.

Theorem 4.3. Let 0 < α ≤ 1. And let ν ≥ 0 and κ > 0 be real numbers.
Then, the reproducing formula

u(x, t)− u(0, 1) = Cν+κ

∫

H

Dν
t u(y, s)ωκ

α(x, t; y, s)sν+κ−1dV (y, s) (4.7)

holds for all u ∈ Bα and (x, t) ∈ H, where Cκ is the constant defined in Theorem
A.

Proof. Let u ∈ Bα and (x, t) ∈ H. For 0 < δ < 1, Proposition 4.2 implies
that

uδ(x, t)− uδ(0, 1) = Cν+κ

∫

H

Dν
t uδ(y, s)ωκ

α(x, t; y, s)sν+κ−1dV (y, s).

First, we show (4.7) in the case of ν = 0. Let σ = min{1, 1/2α} and 0 < ε <

min{κ, σ}. By (1) of Lemma 4.1, there exists a constant C > 0 (independent of
δ) such that
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|uδ(y, s)| ≤ C(1 + (s + δ)ε + (s + δ)−ε + |y|2αε) ≤ C(1 + sε + s−ε + |y|2αε).

Therefore (3) of Lemma 4.1 implies that

C

∫

H

|uδ(y, s)| · ∣∣ωκ
α(x, t; y, s)

∣∣sκ−1dV (y, s)

≤ C

∫

H

(1 + sε + s−ε + |y|2αε)sκ−1

(1 + s + |y|2α)
n
2α +κ+σ

dV (y, s) < ∞.

Thus, the Lebesgue dominated convergence theorem implies the equality (4.7) with
ν = 0.

Next, we show (4.7) in the case of ν > 0. By (1) of Proposition 3.2, there
exists a constant C > 0 (independent of δ) such that

sν |Dν
t uδ(y, s)| ≤ C‖u‖Bα

for all (y, s) ∈ H. Therefore by (4) of Proposition 3.1, the Lebesgue dominated
convergence theorem implies the equality (4.7) with ν > 0. This completes the
proof. ¤

In the rest of this section, we give the estimate of the normal derivative norm
with fractional orders on the parabolic Bloch space. Let 0 < α ≤ 1 and κ > 0 be
a real number. For f ∈ L∞, the integral operator P̃κ

α is defined by

P̃κ
αf(x, t) =

∫

H

f(y, s)ωκ
α(x, t; y, s)sκ−1dV (y, s) (4.8)

for all (x, t) ∈ H. In the following proposition, we show that P̃κ
α is a bounded

linear operator from L∞ onto B̃α.

Proposition 4.4. Let 0 < α ≤ 1 and κ > 0 be a real number. Then the
following statements hold.

(1) For each (β, k) ∈ (Nn
0 ×N0) \ {(0, 0)},

∂β
xDk

t P̃κ
αf(x, t) =

∫

H

f(y, s)∂β
xDκ+k

t W (α)(x− y, t + s)sκ−1dV (y, s)

for all f ∈ L∞ and (x, t) ∈ H.
(2) P̃κ

α is a bounded linear operator from L∞ onto B̃α.
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Proof.

(1) Let f ∈ L∞ and (x, t) ∈ H. By (4) of Proposition 3.1, we obtain

∫

H

|f(y, s)|∣∣ωκ
α(x, t; y, s)

∣∣sκ−1dV (y, s) < ∞.

Also by (2) of Proposition 2.3 and the condition W (α) ∈ C∞(H), differentiating
through the integral, (3) of Proposition 2.3 implies that

∂β
xDk

t P̃κ
αf(x, t) =

∫

H

f(y, s)
(
∂β

xDk
t ωκ

α(x, t; y, s)
)
sκ−1dV (y, s)

=
∫

H

f(y, s)∂β
xDκ+k

t W (α)(x− y, t + s)sκ−1dV (y, s).

(2) First, we show that P̃κ
α is a bounded linear operator from L∞ to B̃α.

Let f ∈ L∞. By the definition of ωκ
α, we have P̃κ

αf(0, 1) = 0. Also by (2) of
Proposition 2.3 and (1) of Proposition 4.4, for each (β, k) ∈ (Nn

0 ×N0) \ {(0, 0)},
we obtain

∣∣∂β
xDk

t P̃κ
αf(x, t)

∣∣ ≤ Ct−
|β|
2α−k‖f‖L∞ .

Therefore we have ‖P̃κ
αf‖Bα

≤ C‖f‖L∞ . We show that P̃κ
αf is L(α)-harmonic on

H. By (4) of Proposition 3.1, for any 0 < t1 < t2 < ∞, there exists a constant
C > 0 such that

∫ t2

t1

∫

Rn

∫

H

|f(y, s)|∣∣ωκ
α(x, t; y, s)

∣∣sκ−1dV (y, s)(1 + |x|)−n−2αdxdt

≤ C‖f‖L∞

∫ t2

t1

∫

Rn

(1 + log(1 + |x|) + | log t|)(1 + |x|)−n−2αdxdt

≤ C

∫ ∞

0

rn−1(1 + log(1 + r))
(1 + r)n+2α

dr < ∞.

Therefore P̃κ
αf holds the integrability condition (2.3) for all f ∈ L∞. Hence P̃κ

αf

is L(α) -harmonic on H. Thus, we obtain P̃κ
α is a bounded linear operator from

L∞ to B̃α.
Next, we show that P̃κ

α is onto. In fact, for each u ∈ B̃α, (1) of Proposi-
tion 3.2 implies that tDtu ∈ L∞. Furthermore by Theorem 4.3, we have u =
Cκ+1P̃

κ
α (tDtu). This completes the proof. ¤
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Now, we give the estimates of the normal derivative norm of parabolic Bloch
functions.

Theorem 4.5. Let 0 < α ≤ 1. And let ν > 0 be a real number. Then there
exists a constant C > 0 such that

C−1‖u‖Bα
≤ ∥∥tνDν

t u
∥∥

L∞ ≤ C‖u‖Bα

for all u ∈ B̃α.

Proof. Let ν > 0 be a real number and u ∈ B̃α. By (1) of Proposition
3.2, there exists a constant C > 0 such that

∥∥tνDν
t u

∥∥
L∞ ≤ C‖u‖Bα

.

On the other hand, Theorem 4.3 implies that u = Cν+1P̃
1
α(tνDν

t u). Hence by
Proposition 4.4, there exists a constant C > 0 such that

‖u‖Bα
= C

∥∥P̃ 1
α(tνDν

t u)
∥∥

Bα
≤ C

∥∥tνDν
t u

∥∥
L∞ .

This completes the proof. ¤

5. Dual and pre-dual spaces of parabolic Bergman spaces.

In this section, we give the proofs of Theorems 2 and 3, that is, we show dual
and pre-dual spaces of b1

α(λ) are isomorphic to B̃α and B̃α,0, respectively. For
u ∈ b1

α(λ) and v ∈ B̃α, we define

〈u, v〉λ = Cλ+2

∫

H

u(x, t)Dtv(x, t)tλ+1dV (x, t). (5.1)

Then, we clearly have

|〈u, v〉λ| ≤ C‖u‖L1(λ)‖v‖Bα . (5.2)

Now, we show that the dual space of b1
α(λ) is isomorphic to B̃α.

Theorem 5.1. Let 0 < α ≤ 1 and λ > −1. Then (b1
α(λ))∗ ∼= B̃α under the

pairing

Φv(u) = 〈u, v〉λ, u ∈ b1
α(λ),



The reproducing formula on the parabolic Bloch space 1243

where Φv is a linear functional on b1
α(λ) induced by v ∈ B̃α. Moreover, there

exists a constant C > 0 such that

C−1‖v‖Bα ≤ ‖Φv‖ ≤ C‖v‖Bα

for all v ∈ B̃α.

Proof. We define a map ι = ιλ : B̃α → (b1
α(λ))∗ by ι(v) = Φv. Then by

(5.2), ι is bounded, that is, ‖Φv‖ ≤ C‖v‖Bα
for some C > 0.

We show that ι is injective. Let Φv = ι(v) = 0. We show v = 0. In fact,
by (2) of Proposition 3.1, for each (x, t) ∈ H, ωλ+1

α (x, t; ·, ·) ∈ b1
α(λ). Therefore

Theorem 4.3 implies that

v(x, t) = Cλ+2

∫

H

Dtv(y, s)ωλ+1
α (x, t; y, s)sλ+1dV (y, s) = Λv(ωλ+1

α (x, t; ·, ·)) = 0.

Thus ι is injective.
We show that for Φ ∈ (b1

α(λ))∗, there exists v ∈ B̃α such that ι(v) = Φ and
‖v‖Bα ≤ C‖Φ‖ for some C > 0. Let Φ ∈ (b1

α(λ))∗. Since (L1(λ))∗ ∼= L∞, by
the Hahn-Banach extension theorem and the Riesz representation theorem, there
exists f ∈ L∞ such that

Φ(u) =
∫

H

u(x, t)f(x, t)tλdV (x, t)

for all u ∈ b1
α(λ) with ‖Φ‖ = ‖f‖L∞ . Let v = P̃λ+1

α f , where P̃λ+1
α is the operator

defined in (4.8). Then by (2) of Proposition 4.4, v ∈ B̃α and there exists a
constant C > 0 such that ‖v‖Bα

≤ C‖f‖L∞ = C‖Φ‖. We claim ι(v) = Φ. By (1)
of Proposition 4.4, we obtain

DtP̃
λ+1
α f(x, t) =

∫

H

f(y, s)Dλ+2
t W (α)(x− y, t + s)sλdV (y, s).

Therefore, the Fubini theorem and Theorem A imply that

Φv(u) = Cλ+2

∫

H

u(x, t)Dtv(x, t)tλ+1dV (x, t)

= Cλ+2

∫

H

u(x, t)
(
DtP̃

λ+1
α f(x, t)

)
tλ+1dV (x, t)
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= Cλ+2

∫

H

u(x, t)
∫

H

f(y, s)Dλ+2
t W (α)(x− y, t + s)sλdV (y, s)tλ+1dV (x, t)

=
∫

H

Cλ+2

∫

H

u(x, t)Dλ+2
t W (α)(y − x, s + t)tλ+1dV (x, t)f(y, s)sλdV (y, s)

=
∫

H

u(y, s)f(y, s)sλdV (y, s) = Φ(u)

for all u ∈ b1
α(λ). Thus we obtain ι(v) = Φ. This completes the proof. ¤

In the rest of this section, we show that the pre-dual space of b1
α(λ) is iso-

morphic to B̃α,0. The following lemma is useful to the proof of Theorem 5.3. Let
C0(H) be the set of all continuous functions on H which vanish continuously at
∂H ∪ {∞}.

Lemma 5.2. Let 0 < α ≤ 1 and κ > 0 be a real number. Then,

B̃α,0 =
{
u ∈ B̃α; tDtu ∈ C0(H)

}
=

{
P̃κ

αf ; f ∈ C0(H)
}
.

Proof. The first equality is established in Lemma 9.2 of [4]. Therefore
we only show the second equality. Let f ∈ C0(H). Then we show that u ∈ B̃α

and tDtu ∈ C0(H) where u = P̃κ
αf . Indeed, by (2) of Proposition 4.4, we have

u = P̃κ
αf ∈ B̃α. For any ε > 0, there is a compact set K in H such that

|f(x, t)| < ε for all (x, t) ∈ H \K. By (1) of Proposition 4.4, we have

t
∣∣DtP̃

κ
αf(x, t)

∣∣ = t

∣∣∣∣
∫

H

f(y, s)Dκ+1
t W (α)(x− y, t + s)sκ−1dV (y, s)

∣∣∣∣

< tε

∫

H\K

∣∣Dκ+1
t W (α)(x− y, t + s)

∣∣sκ−1dV (y, s)

+ t

∫

K

∣∣f(y, s)Dκ+1
t W (α)(x− y, t + s)

∣∣sκ−1dV (y, s). (5.3)

The first term of the right-hand side of (5.3) is less than Cε by (2) of Proposition
2.3. Also, since K is compact, (1) of Proposition 2.3 implies that the second
term of the right-hand side of (5.3) tends to 0 as (x, t) → ∂H ∪ {∞}. Therefore
we obtain tDtu ∈ C0(H). On the other hand, we can easily prove the converse
inclusion by Theorem 4.3. This completes the proof. ¤

Finally, we show that the pre-dual space of b1
α(λ) is isomorphic to B̃α,0.
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Theorem 5.3. Let 0 < α ≤ 1 and λ > −1. Then, b1
α(λ) ∼= (B̃α,0)∗ under

the pairing

Ψu(v) = 〈u, v〉λ, v ∈ B̃α,0,

where Ψu is a linear functional on B̃α,0 induced by u ∈ b1
α(λ). Moreover, there

exists a constant C > 0 such that

C−1‖u‖L1(λ) ≤ ‖Ψu‖ ≤ C‖u‖L1(λ).

Proof. We define a map π = πλ : b1
α(λ) → (B̃α,0)∗ by π(u) = Ψu. Then

by (5.2), π is bounded, that is, ‖Ψu‖ ≤ C‖u‖L1(λ).
We show that π is injective. Let Ψu = π(u) = 0. We show u = 0. By Theorem

A and (3) of Proposition 3.1, we obtain

u(x, t) = Cλ+2

∫

H

u(y, s)Dλ+2
t W (α)(x− y, t + s)sλ+1dV (y, s)

= Cλ+2

∫

H

u(y, s)Dt

(
ωλ+1

α (x, t; y, s)
)
sλ+1dV (y, s)

= Ψu

(
ωλ+1

α (x, t; ·, ·)) = 0

for all (x, t) ∈ H. Thus π is injective.
We show that for each Ψ ∈ (B̃α,0)∗, there exists u ∈ b1

α(λ) such that Ψ = π(u)
and ‖u‖L1(λ) ≤ C‖Ψ‖ for some C > 0. Let Ψ ∈ (B̃α,0)∗. And let Λ be a
functional on C0(H) with Λ(f) = Cλ+2Ψ(P̃λ+1

α f). Then by (2) of Proposition
4.4 and Lemma 5.2, Λ is a bounded linear functional on C0(H). Therefore by the
Riesz representation theorem, there exists a bounded signed measure µ on H such
that

Λ(f) =
∫

H

f(x, t)dµ(x, t)

for all f ∈ C0(H) and ‖µ‖ = ‖Λ‖ ≤ C‖Ψ‖ for some C > 0. We define a function
u on H such that

u(x, t) =
∫

H

Dλ+2
t W (α)(x− y, t + s)sdµ(y, s).

Then by (2) of Proposition 2.3 and the Fubini theorem, we have
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‖u‖L1(λ) ≤
∫

H

∫

H

∣∣Dλ+2
t W (α)(x− y, t + s)

∣∣sd|µ|(y, s)tλdV (x, t)

=
∫

H

∫

H

∣∣Dλ+2
t W (α)(x− y, t + s)

∣∣tλdV (x, t)sd|µ|(y, s)

≤ C

∫

H

s−1 · sd|µ|(y, s) = C‖µ‖.

Therefore we obtain ‖u‖L1(λ) ≤ C‖Ψ‖. Furthermore, since Dλ+2
t W (α)(x−y, t+s)

is L(α)-harmonic with respect to (x, t) by (4) of Proposition 2.3, u is also L(α)-
harmonic on H, that is, u ∈ b1

α(λ). We claim Ψ = π(u). Let v ∈ B̃α,0. Then by
Theorem 4.3, we have v = Cλ+2P̃

λ+1
α (sDsv). Therefore by the definition of Λ, we

obtain

Ψ(v) = Cλ+2Ψ(P̃λ+1
α (sDsv)) = Λ(sDsv) =

∫

H

Dsv(y, s)sdµ(y, s). (5.4)

Also since v = Cλ+2P̃
λ+1
α (tDtv) by Theorem 4.3, (1) of Proposition 4.4 implies

that the right-hand side of (5.4) is equal to

Cλ+2

∫

H

∫

H

Dtv(x, t)Dλ+2
t W (α)(y − x, s + t)tλ+1dV (x, t)sdµ(y, s).

Therefore by (2) of Proposition 2.3, the Fubini theorem implies that

Ψ(v) = Cλ+2

∫

H

∫

H

Dλ+2
t W (α)(x− y, t + s)sdµ(y, s)Dtv(x, t)tλ+1dV (x, t)

= Cλ+2

∫

H

u(x, t)Dtv(x, t)tλ+1dV (x, t) = Ψu(v).

Thus we obtain Ψ = π(u). This completes the proof. ¤

6. Bilinear forms on b1
α(λ) × B̃α.

In this section, we generalize the integral pairing 〈·, ·〉λ of (5.1). Let 0 < α ≤ 1
and λ > −1. For real numbers ν and κ, a bilinear form Θν,κ

λ on b1
α(λ) × B̃α is

defined by

Θν,κ
λ (u, v) = Cν+κ+λ+1

∫

H

Dν
t u(x, t)Dκ

t v(x, t)tν+κ+λdV (x, t),

u ∈ b1
α(λ), v ∈ B̃α. (6.1)
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Here we remark that 〈u, v〉λ = Θ0,1
λ (u, v). In the following theorem, we show that

the integral pairing 〈·, ·〉λ can be generalized.

Theorem 6.1. Let 0 < α ≤ 1 and λ > −1. If ν > −(λ+1) and κ > 0, then

Θν,κ
λ (u, v) = 〈u, v〉λ, u ∈ b1

α(λ), v ∈ B̃α.

Proof. Let u ∈ b1
α(λ) and v ∈ B̃α. Then by Theorem 4.3 and (1) of

Proposition 4.4, we have

D
dκe
t v(x, t) = Cλ+2D

dκe
t P̃λ+1

α (sDtv)(x, t)

= Cλ+2

∫

H

Dtv(y, s)Ddκe+λ+1
t W (α)(x− y, t + s)sλ+1dV (y, s).

Furthermore, (2) of Proposition 2.3 and (2.6) imply that

∫ ∞

0

τ dκe−κ−1

∫

H

|Dtv(y, s)|∣∣Ddκe+λ+1
t W (α)(x− y, t + τ + s)

∣∣sλ+1dV (y, s)dτ

≤ C‖v‖Bα

∫ ∞

0

τ dκe−κ−1(t + τ)−dκedτ = Ct−κ.

Therefore by the Fubini theorem and (3) of Proposition 2.3, we obtain

Dκ
t v(x, t) = D

−(dκe−κ)
t D

dκe
t v(x, t)

=
Cλ+2

Γ(dκe − κ)

∫ ∞

0

τ dκe−κ−1

×
∫

H

Dtv(y, s)Ddκe+λ+1
t W (α)(x− y, t + τ + s)sλ+1dV (y, s)dτ

= Cλ+2

∫

H

Dtv(y, s)D−(dκe−κ)
t D

dκe+λ+1
t W (α)(x− y, t + s)sλ+1dV (y, s)

= Cλ+2

∫

H

Dtv(y, s)Dκ+λ+1
t W (α)(x− y, t + s)sλ+1dV (y, s).

Hence we have
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Θν,κ
λ (u, v) = Cν+κ+λ+1

∫

H

Dν
t u(x, t)Dκ

t v(x, t)tν+κ+λdV (x, t)

= Cν+κ+λ+1Cλ+2

∫

H

Dν
t u(x, t)

×
∫

H

Dtv(y, s)Dκ+λ+1
t W (α)(x− y, t + s)sλ+1dV (y, s)tν+κ+λdV (x, t).

By (1) of Proposition 3.2, (2) of Proposition 2.3, and (3) of Proposition 2.7, there
exists a constant C > 0 such that

∫

H

∣∣Dν
t u(x, t)

∣∣
∫

H

|Dtv(y, s)|

× ∣∣Dκ+λ+1
t W (α)(x− y, t + s)

∣∣sλ+1dV (y, s)tν+κ+λdV (x, t)

≤ C‖v‖Bα

∫

H

∣∣Dν
t u(x, t)

∣∣tν+λdV (x, t) ≤ C‖v‖Bα
‖u‖L1(λ) < ∞.

Therefore the Fubini theorem and Theorem A imply that

Θν,κ
λ (u, v) = Cλ+2

∫

H

(
Cν+κ+λ+1

∫

H

Dν
t u(x, t)Dκ+λ+1

t

×W (α)(y − x, s + t)tν+κ+λdV (x, t)
)

Dtv(y, s)sλ+1dV (y, s)

= Cλ+2

∫

H

u(y, s)Dtv(y, s)sλ+1dV (y, s) = 〈u, v〉λ.

This completes the proof. ¤

By Theorem 6.1, we give a generalization of the integral pairing 〈·, ·〉λ. By
(2) of Proposition 2.7, the relation of the duality (bp

α(λ))∗ ∼= bq
α(λ) is given by the

pairing (6.1) with ν = κ = 0. However, we do not know whether our generalization
(6.1) holds in case κ = 0. In Theorem 6.5 below, we show the generalization of the
integral pairing (6.1) holds for κ = 0 on a dense subspace of b1

α(λ). We introduce
a function space S (η), which will be a dense subspace of bp

α(λ). For a real number
η, let

S (η) :=
{
u ∈ b∞α ; (1 + t + |x|2α)

n
2α +ηu(x, t) is bounded on H

}
.

Proposition 6.2. Let 0 < α ≤ 1, 1 ≤ p < ∞ and λ > −1. If η > (λ+1)/p,
then S (η) is dense in bp

α(λ).
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Proof. First, we show that S (η) ⊂ bp
α(λ). Let u ∈ S (η). Then, u is

L(α)-harmonic on H. Moreover by Lemma 2.4, there exists a constant C > 0 such
that

∫

H

|u(x, t)|ptλdV (x, t) ≤ C

∫

H

tλ

(1 + t + |x|2α)(
n
2α +η)p

dV (x, t) < ∞.

Thus we have u ∈ bp
α(λ).

Next, we show that S (η) is dense in bp
α(λ). Let u ∈ bp

α(λ). Taking an
exhaustion {Kj} of H, we define a function uj such that

uj(x, t) := Cη

∫

H

u · χKj
(y, s)Dη

t W (α)(x− y, t + s)sη−1dV (y, s),

where χKj
is the characteristic function of Kj . Then by (1) of Proposition 2.7, we

obtain

‖u− uj‖Lp(λ) =
∥∥P η

α(u− u · χKj
)
∥∥

Lp(λ)
≤ C‖u− u · χKj

‖Lp(λ) → 0, (j →∞).

Finally, we show uj ∈ S (η). By (1) of Proposition 2.6 and (1) of Proposition
2.3, there exists a constant C > 0 such that

∣∣∣∣
∫

H

u · χKj
(y, s)Dη

t W (α)(x− y, t + s)sη−1dV (y, s)
∣∣∣∣

≤
∫

Kj

|u(y, s)|∣∣Dη
t W (α)(x− y, t + s)

∣∣sη−1dV (y, s)

≤ C

∫

Kj

s−( n
2α +λ+1) 1

p +η−1

(t + s + |x− y|2α)
n
2α +η

dV (y, s).

Since Kj is compact, we obtain

∫

Kj

s−( n
2α +λ+1) 1

p +η−1

(t + s + |x− y|2α)
n
2α +η

dV (y, s) ≤ C

(1 + t + |x|2α)
n
2α +η

.

This completes the proof. ¤

In order to prove Theorem 6.5, we need the following proposition. We remark
that the proof of Proposition 6.3 is similar to that of Proposition 5.8 of [4]. Thus
we omit the proof.
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Proposition 6.3. Let 0 < α ≤ 1 and λ > −1. Then for every u ∈ b1
α(λ)

and t > 0,

∫

Rn

u(x, t)dx = 0.

In order to prove Theorem 6.5, we also prepare the following lemma.

Lemma 6.4. Let 0 < α ≤ 1, λ > −1, η > λ + 1, and ν > −(λ + 1). If
u ∈ S(η), then

∫

H

∣∣Dν
t u(x, t)

∣∣(1 + log(1 + |x|) + | log t|)tν+λdV (x, t) < ∞. (6.2)

Proof. Let u ∈ S(η). First, we show the case ν ≤ 0. By the definition of
S(η) and (2.6), there exists a constant C > 0 such that

∣∣Dν
t u(x, t)

∣∣ ≤ C(1 + t + |x|2α)−
n
2α−η−ν .

Therefore by (4.1) and (3) of Lemma 4.1, we obtain (6.2) in the case of ν ≤ 0.
Next, we show the case ν > 0. Since u ∈ S(η) ⊂ b1

α(λ) by Proposition 6.2,
differentiating through the integral, Theorem A and the Fubini theorem imply
that

Dν
t u(x, t) = Cλ+2

∫

H

u(y, s)Dν+λ+2
t W (α)(x− y, t + s)sλ+1dV (y, s).

Hence by the Fubini theorem and the definition of S(η), there exists a constant
C > 0 such that

∫

H

∣∣Dν
t u(x, t)

∣∣(1 + log(1 + |x|) + | log t|)tν+λdV (x, t)

≤ C

∫

H

∫

H

|u(y, s)|
∣∣Dν+λ+2

t W (α)(x− y, t + s)
∣∣

× sλ+1dV (y, s)(1 + log(1 + |x|) + | log t|)tν+λdV (x, t)

≤ C

∫

H

sλ+1

(1 + s + |y|2α)
n
2α +η

∫

H

∣∣Dν+λ+2
t W (α)(x− y, t + s)

∣∣

× (1 + log(1 + |x|) + | log t|)tν+λdV (x, t)dV (y, s). (6.3)
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Here by (4.1), we can choose ε > 0 small enough, and

1 + log(1 + |x|) + | log t| ≤ C(1 + t−ε + tε + |x|2αε)

for some C > 0. Therefore, (1) of Proposition 2.3 and Lemma 2.4 imply that

∫

H

∣∣Dν+λ+2
t W (α)(x− y, t + s)

∣∣(1 + log(1 + |x|) + | log t|)tν+λdV (x, t)

≤ C

∫

H

(1 + t−ε + tε + |x|2αε)tν+λ

(t + s + |x− y|2α)
n
2α +ν+λ+2

dV (x, t)

≤ C

( ∫

H

tν+λ + tν+λ−ε + tν+λ+ε

(t + s + |x− y|2α)
n
2α +ν+λ+2

dV (x, t)

+
∫

H

|x|2αεtλ

(t + s + |x− y|2α)
n
2α +λ+2

dV (x, t)
)

≤ C

(
s−1 + s−1−ε + s−1+ε +

∫

H

|x|2αεtλ

(t + s + |x− y|2α)
n
2α +λ+2

dV (x, t)
)

. (6.4)

Furthermore, we consider

∫

H

|x|2αεtλ

(t + s + |x− y|2α)
n
2α +λ+2

dV (x, t)

=
∫ ∞

0

∫

|x|≤2|y|

|x|2αεtλ

(t + s + |x− y|2α)
n
2α +λ+2

dV (x, t)

+
∫ ∞

0

∫

|x|>2|y|

|x|2αεtλ

(t + s + |x− y|2α)
n
2α +λ+2

dV (x, t).

If |x| > 2|y|, then we have |x − y| ≥ |x| − |y| > |x|/2. Hence Lemma 2.4 implies
that

∫

H

|x|2αεtλ

(t + s + |x− y|2α)
n
2α +λ+2

dV (x, t)

≤ C

∫ ∞

0

∫

|x|≤2|y|

|y|2αεtλ

(t + s + |x− y|2α)
n
2α +λ+2

dV (x, t)

+ C

∫ ∞

0

∫

|x|>2|y|

|x|2αεtλ

(t + s + |x|2α)
n
2α +λ+2

dV (x, t).
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≤ C

(
|y|2αεs−1 +

∫ ∞

0

∫

|x|>2|y|

|x|2αεtλ

(t + s + |x|2α)
n
2α +λ+2

dV (x, t)
)

≤ C

(
|y|2αεs−1 +

∫ ∞

0

∫

|x|>2|y|

tλ

(t + s + |x|2α)
n
2α +λ+2−ε

dV (x, t)
)

≤ C
(|y|2αεs−1 + s−1+ε

)

for some C > 0. Thus by (6.4), there exists a constant C > 0 such that

∫

H

∣∣Dν+λ+2
t W (α)(x− y, t + s)

∣∣(1 + log(1 + |x|) + | log t|)tλdV (x, t)

≤ Cs−1(1 + s−ε + sε + |y|2αε).

Therefore by (6.3) and (3) of Lemma 4.1, we have

∫

H

∣∣Dν
t u(x, t)

∣∣(1 + log(1 + |x|) + | log t|)tν+λdV (x, t)

≤ C

∫

H

sλ(1 + s−ε + sε + |y|2αε)
(1 + s + |y|2α)

n
2α +η

dV (y, s) < ∞.

Thus we obtain (6.2) in the case of ν > 0. This completes the proof. ¤

Now, we show Θν,0
λ (·, ·) = 〈·, ·〉λ on S(η)× B̃α.

Theorem 6.5. Let 0 < α ≤ 1, λ > −1, and η > λ + 1. If ν > −(λ + 1),
then

Θν,0
λ (u, v) = 〈u, v〉λ, u ∈ S(η), v ∈ B̃α.

Proof. Let v ∈ B̃α. Then by Theorem 4.3, we have

v(x, t) = Cλ+2

∫

H

Dtv(y, s)ωλ+1
α (x, t; y, s)sλ+1dV (y, s).

Therefore we obtain

Θν,0
λ (u, v) = Cν+λ+1

∫

H

Dν
t u(x, t)v(x, t)tν+λdV (x, t)
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= Cν+λ+1Cλ+2

∫

H

Dν
t u(x, t)

∫

H

Dtv(y, s)

× ωλ+1
α (x, t; y, s)sλ+1dV (y, s)tν+λdV (x, t).

Here by (3.6) and (4) of Proposition 3.1, there exists a constant C > 0 such that

∫

H

∣∣Dtv(y, s)
∣∣∣∣ωλ+1

α (x, t; y, s)
∣∣sλ+1dV (y, s) ≤ C(1 + log(1 + |x|) + | log t|).

Hence Lemma 6.4 and the Fubini theorem imply that

Θν,0
λ (u, v) = Cν+λ+1Cλ+2

∫

H

∫

H

Dν
t u(x, t)ωλ+1

α (x, t; y, s)

× tν+λdV (x, t)Dtv(y, s)sλ+1dV (y, s).

By (3) of Proposition 2.6 and (3) of Proposition 2.7, we have Dν
t u ∈ b1

α(ν + λ).
Therefore Proposition 6.3 implies that

∫

H

Dν
t u(x, t)Dλ+1

t W (α)(−y, 1 + s)tν+λdV (x, t) = 0.

Thus by Theorem A, we obtain

Cν+λ+1

∫

H

Dν
t u(x, t)ωλ+1

α (x, t; y, s)tν+λdV (x, t)

= Cν+λ+1

∫

H

Dν
t u(x, t)Dλ+1

t W (α)(y − x, s + t)tν+λdV (x, t) = u(y, s).

Therefore we have

Θν,0
λ (u, v) = Cλ+2

∫

H

u(y, s)Dtv(y, s)sλ+1dV (y, s) = 〈u, v〉λ.

This completes the proof. ¤

Finally, we discuss isomorphisms on parabolic Bergman spaces. We recall the
definition of the map π from b1

α(λ) to (B̃α,0)∗ in the proof of Theorem 5.3. For
λ > −1, π = πλ : b1

α(λ) → (B̃α,0)∗ is defined by π(u) = Ψu, where

Ψu(v) = 〈u, v〉λ, v ∈ B̃α,0. (6.5)
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Hence, b1
α(λ1) ∼= b1

α(λ2) under the Banach space isomorphism

π−1
λ2
◦ πλ1 : b1

α(λ1) → b1
α(λ2).

We study the isomorphism π−1
λ2
◦ πλ1 .

Theorem 6.6. Let 0 < α ≤ 1. And let λ1, λ2 > −1. Then, π−1
λ2
◦ πλ1(u) =

Dλ2−λ1
t u for all u ∈ b1

α(λ1).

Proof. Let u ∈ b1
α(λ1). Then we have πλ1(u) ∈ (B̃α,0)∗. Therefore there

exists a function U ∈ b1
α(λ2) such that πλ2(U) = πλ1(u). It follows that

〈U, v〉λ2 = 〈u, v〉λ1 (6.6)

for all v ∈ B̃α,0. By Theorem 6.1 with ν = λ2 − λ1, we obtain

〈u, v〉λ1 = Θλ2−λ1,1
λ1

(u, v) =
〈
Dλ2−λ1

t u, v
〉

λ2
(6.7)

for all v ∈ B̃α,0. Hence by (6.6) and (6.7), we have

〈
U −Dλ2−λ1

t u, v
〉

λ2
= 0

for all v ∈ B̃α,0. Since U −Dλ2−λ1
t u ∈ b1

α(λ2) by (3) of Proposition 2.6 and (3) of
Proposition 2.7, we obtain U −Dλ2−λ1

t u = 0 on H. This completes the proof. ¤
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