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Abstract. We analyze the expansions in terms of the approximate roots
of a Weierstrass polynomial f € C{z}[y], defining a plane branch (C,0), in
the light of the toric embedded resolution of the branch. This leads to the def-
inition of a class of (non-equisingular) deformations of a plane branch (C,0)
supported on certain monomials in the approximate roots of f, which are es-
sential in the study of Harnack smoothings of real plane branches by Risler and
the author. Our results provide also a geometrical approach to Abhyankar’s
irreducibility criterion for power series in two variables and also a criterion to
determine if a family of plane curves is equisingular to a plane branch.

Introduction.

The use of approzimate roots in the study of plane algebraic curves, initiated
by Abhyankar and Moh in [A-M], was essential in the proof of the famous embed-
ding line theorem in [A-M2]. Let (C,0) C (C?,0) be a germ of analytically irre-
ducible plane curve, a plane branch in what follows. Certain approzimate roots of
the Weierstrass polynomial defining (C, 0) are semi-roots, i.e., they define curvettes
at certain exceptional divisors of the minimal embedded resolution. A’Campo and
Oka describe the embedded resolution of a plane branch by a sequence of toric
modifications using approximate roots in [A’C-Ok] and give topological proofs of
some of the results of Abhyankar and Moh. See [Abh3], [PP], [G-P], [As-B],
[Pi] for an introduction to the notion of approximate root and its applications.

We consider canonical local coordinates at an infinitely near point of the
toric embedded resolution, which are defined by the strict transform of a suitable
approximate root (or more generally a semi-root) and the exceptional divisor. In
Section 2 we introduce an injective correspondence between monomials in these
coordinates and monomials in the approximate roots (see Proposition 2.4). From
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this natural correspondence we derive two applications.

The first application, given in Section 3, is based on the relations of the
expansions in terms of semi-roots and Abhyankar’s straight line condition for the
generalized Newton polygons associated to a plane branch. These relations are
better understood by passing through the toric embedded resolution of the branch
(see Theorem 3.1 and Corollary 3.6). In particular, we prove that the generalized
Newton polygons arise precisely from the Newton polygons of the strict transform
of (C,0) at the infinitely near points of the toric embedded resolution of (C,0)
(see Remark 3.9). We have revisited Abhyankar’s irreducibility criterion for power
series in two variables (see [Abh4]). We give a proof of Abhyankar’s criterion by
using the toric geometry tools we have previously introduced. As an application we
obtain an algorithmic procedure to decide if family of plane curves is equisingular
to a plane branch (see Algorithm 3.10). This procedure generalizes the criterion
given by A’Campo and Oka in [A’C-OKk].

The second one is the definition of a class of (non equisingular) multi-
parametric deformations C; of the plane branch, which we call multi-semi-quasi-
homogeneous (msqh). We explain its basic properties in Section 4. The terms
appearing in this deformation are monomials in the semi-roots of f. The deforma-
tion may be seen naturally as a deformation of Teissier’s embedding of the plane
branch C in a higher dimensional affine space (see [T2]). If the deformation C; is
generic the Milnor number of (C,0) is related to the sum of the Milnor numbers
of some curves defined from C at the infinitely near points of the toric resolution
of (C,0) (see Proposition 4.6). As a consequence we obtain a formula for the
Milnor number, which can be seen as a geometrical realization of the delta in-
variant of the singularity in terms of this class of deformations. In a recent joint
work with Risler we apply this class of deformations in the study of the topological
types of smoothings of real plane branches with the maximal number of connected
components (see [GP-R]).

The paper is organized as follows: Section 1 introduce basic results and defi-
nitions. Section 4 only depends on Sections 1 and 2.

1. Plane branches, semi-roots and toric resolution.

See [Z2], [W], [PP], [T2], [Abh3], [C], [Ca], [T3], for references on singu-
larities of algebraic or analytic curves.

NotaTIiON 1.1.  The ring of formal (resp. convergent) power series in x,y
is denoted by CJ[z,y]] (resp. by C{x,y}). The Newton polygon A (h) of a
non zero series h = Y, ca; 'y’ € Clz,y]] is the convex hull of the set
Ua, , 2010, 5) + R%,}. If A C R? the symbolic restriction of h to A is the polyno-

. Z y
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If (C;,0) C (C?,0), i = 1,2 are plane curve germs defined by h;(z,y) = 0, for
h; € C{z,y}, we denote by (Cy,C3)o or by (hy, h2)o the intersection multiplicity
dime C{z,y}/(h1, ha).

1.1. Expansions and approximate roots.

Abhyankar and Moh have applied and developed the expansions using ap-
proximate roots in the study of algebraic curves (see for instance [A-M], [Abh4],
[Abh2], [A-M2]). See the surveys [PP], [Pi], [A’C-Ok], [G-P] on the applica-
tions of the approximate roots in the study of plane curves.

Let A be a integral domain. Let H € Aly] be a monic polynomial in y of
degree deg H > 0. Any polynomial F' € Aly] has a unique H-adic expansion of
the form:

F=as4+as_1H+ - +aH ' +agH®, (1)

where a; € Aly], dega; < deg H and s = [deg F'/ deg H]. The symbol [a] denotes
the integral part of @ € R. This expansion is obtained by iterated Euclidean
division by H (see [Z2]).

PROPOSITION 1.2 (see [Abh2] and [PP]). Let ni,...,ny be integers > 1.
If Fu,...,Fy41 € Aly] are polynomials of degrees 1,m1,n1ng,...,ny---ng respec-
tively, then any polynomial F € Aly] has a unique expansion of the form:

F=> aiF" - FsF5%, withar € A, (2)
I
where the components of the index I = (i1,...,1441) verify that 0 < i <
ni, .., 0 <ig < ng, 0 <igyr < [deg, F/deg, Fyi1]. Moreover, the degrees in
y of the terms Fy' --- F,%%" are all distinct.

PrOOF. Consider the Fji-adic expansion, of the form (1), of the poly-
nomial F'. Iterate the procedure by taking recursively Fj-adic expansions of the
coefficients obtained for 7 = 1,...,¢g in decreasing order. The assertion of the
degrees in y is consequence of the following elementary property of the sequence
of integers (n1,...,ny) (see [PP, proof of Corollary 1.5.4]). O

REMARK 1.3. Let ni,...,n4 be integers greater than 1. We set
%+1 = {I: (ila"'7ig+1) | 0<i; <ng,...,0 Slg <ng70§ig+1}-

The map ;11 — Z, given by I +— g := i1 +nyia+---+n1 - - ngige1, is injective.
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Suppose that the integral domain A contains Q. Denote by %,,, C A[y| the set
of monic polynomials of degree m > 0 in y. Let F' € A[y] be a monic polynomial
of degree N divisible by m. Suppose that N = mk for some integer k > 1.
The Tschirnhausen operator Tp : By, — P, is defined by 7p(H) = H + a1/k
where a; is the coefficient of H*~! in the H-adic expansion (1) of F (in this case
notice that s = k in (1) since deg H = m). For instance, if m = 1, H = y and
y' =y + a1 /N, then the coefficient of ()" ! in the y’-expansion of F is zero.
Setting ¢y’ = 7r(y) defines a change of coordinates, which is classically called the
Tschirnhausen transformation.

DEFINITION 1.4. Let A a domain containing Q. Let F € Afy] a monic
polynomial of degree N and suppose N = mk. An approximate root G of degree m
of the polynomial F is a monic polynomial in A[y] such that deg(F —G¥) < N —m.

The approximate root G of degree m of F' exists and is unique. It is determined

algorithmically in terms of Euclidean division of polynomials by: G = 7po o)

OTF(H), VH S %m

1.2. Local toric embedded resolution of a plane branch.

In this paper (C,0) denotes a germ of analytically irreducible plane curve, a
plane branch for short, defined by an irreducible element in the ring C{z,y} of
germs of holomorphic functions at the origin of C2. We recall the construction of
a local toric embedded resolution of singularities of the plane branch (C,0) by a
sequence of monomial maps. For a complete description see [A’C-Ok]. See [Ok1],
[Ok2], [L-Ok], [G-T] for more on toric geometry and plane curve singularities.

We define a sequence of birational monomial maps 7; : Z;41 — Z;, where
Z;+1 is an affine plane C? for j = 1,...,g, such that the composition II :=
m o ---om, is a local embedded resolution of the plane branch (C,0), that is,
II is an isomorphism over C?\ {(0,0)} and the strict transform C’ of the plane
branch C' (defined as the closure of the pre-image by II~! of the punctured curve
C'\ {0}) is a smooth curve on Z,;; which intersects the exceptional fiber II; ' (0)
transversally. Notice that the map II is not proper. The map II can be seen as an
affine chart of certain sequence of blow-ups of points.

We consider local coordinates (x,y) for (C?,0). We say that ¢/ € C{z,y} is
good with respect to (C,0) and {z = 0} if setting (z1,y1) := (z,y’) defines a pair
of local coordinates at the origin and the germ (C,0) is defined by an equation
f =0 where,

f=(" =) 4 (3)

in such a way that 6, € C*, gcd(ny,m1) = 1 and the terms which are not written
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have exponents (i,5) such that iny + jm; > nymye;, i.e., they lie above the
compact edge T'; := [(0,n1e1), (myeq,0)] of the Newton polygon of f. Notice that
eo = e1nq is the intersection multiplicity of (C,0) with the line {z; = 0}.

Such a choice of y; is not unique. The choice y; := y + 77(y), defined by the
Tschirnhausen transformation, is good with respect to {z; = 0} and (C,0). We
assume without loss of generality that f is a Weierstrass polynomial in y;.

The vector 7 = (n1,m) is orthogonal to I'; and defines a subdivision of the
positive quadrant R2>0, which is obtained by adding the ray p; R>¢. The quadrant
R? is subdivided in two cones, 7; = € R>o + p1R>o for i = 1,2 where {é7,¢>}
is the canonical basis of Z2. We define the minimal reqular subdivision ©1 of R2,
which contains the ray p; R>( by adding the rays defined by those integral vectors
in R? ), which belong to the boundary of the convex hull of the sets (7; 1 Z?)\{0},
for ¢ = 1,2. There is a unique cone o1 = piR>¢ + ¢1 R>¢ in the subdivision ¥
such that ¢1 = (¢1,d1) satisfies that:

cimy — d1n1 =1. (4)
By convenience we denote C? by Z;, the coordinates (z,y) by (z1,%1) and

the origin 0 € C? = Z; by 0. We also denote f by f1) and C by C"). The map
m : Zy — Zj is defined by

x1 = ugtxgt,
. (5)
y1 = uytxy't,

where ug, x5 are coordinates in the affine plane Z, := C?. The components of the
exceptional fiber w;(0) are {x3 = 0} and {uy = 0}. The pull-back of C") by m
is defined by fM) om; = 0. The term f) o m; decomposes as:

fV omy = Exce(fM,m) fP (w2, u2), where f(0,0) # 0, (6)
and Exc(fM),m) = y& om = ul*®zl"°  The polynomial [ (z2,us)

(resp. Exc(f(M, 7)) defines the strict transform C? of C(V) (resp. the excep-
tional divisor). By formula (3) we find that f(*)(z5,0) = 1, hence the exceptional
line {uy = 0} does not meet the strict transform. Since

_ e1 4 .
F&(0,u9) = (1 — Gug ™ ~4m) @ (1 —0ruz)®,

it follows that {zz = 0} is the only component of the exceptional fiber of m
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which intersects the strict transform C®) of C(!)| precisely at the point 0, with
coordinates xo = 0 and uy = 9;1 and with intersection multiplicity equal to e;.
If e; = 1 then the map m; is a local embedded resolution of the germ (C,0). If
e1 > 1 we consider a pair of coordinates (z2,y2) at the point o9, with y» good for
{5 = 0} and (C@),0y). It follows that C'® is defined by a term, which we call
the strict transform function, of the form:

FO (2, 40) = (y3? — O2252) " + -+, (7)

where 0, € C*, ged(n2, m2) = 1 and the terms which are not written have expo-
nents (4, 7) such that ing + jmg > namaey. Notice that e; = eano.

We iterate this procedure defining for j > 2 a sequence of monomial birational
maps ;1 : 4; — Z;_1, which are described by replacing the index 1 by j —1 and
the index 2 by j above. In particular when we refer to a formula, like (4) at level
j, we mean after making this replacement. We denote by Exc(f(l),m o---0m;j)
the exceptional function defining the exceptional divisor of the pull-back of C' by
m o---om;. Notice that

Exc(f(l),m o--romj) = (Y omo--om) - (y;jfl om;). (8)
Since by construction we have that e;lej_1|---|e1]eo (for | denoting divides), at

some step we reach a first integer g such that e; = 1 and then the process stops.
The composition 7 o- - -om, is a local toric embedded resolution of the germ (C,0).

REMARK 1.5.  Given eg = (21, f)o, the sequence of pairs {(m;,n;)}7_, de-
termines and it is determined by the characteristic pairs or the Puiseux exponents
of the plane branch (C,0), which are obtained when the line {21 = 0} is not
tangent to C' at the origin (see [A’C-Ok] and [Ok1]). These pairs classify the
embedded topological type of the germ (C,0) C (C?,0), or equivalently its complex

equisingularity type.

NOTATION 1.6. We set ng := 1. We denote by f]’ the approximate root of
the polynomial f € C{x1}[y1], of degree ng---n;j_1 in y;, for j =1,...,9. The
integers n; are those of Remark 1.5. We consider the sequence of intersection
multiplicities given by:

EO::eO:(mvf)Ov Ej ::(fjl'vf)m fOI‘j:L...,g. (9)

DEFINITION 1.7. A j'-semi-root (C;,0) of (C,0) with respect to the line
{z1 = 0}, is a germ (C},0) of curve such that (C;,C)g = b; and (Cj,z1) =
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ng---n;_1, for 0 < j < g. We convey that Cy41 := C. The sequence {(C}, 0)}?2%

is called the characteristic sequence of semi-roots of (C, 0) with respect to {1 = 0}.

REMARK 1.8. For simplicity we have defined semi-roots in terms of approx-
imate roots, i.e., without passing by Abhyankar and Moh Theorem ([A-M]). For
a definition of semi-roots in terms of Puiseux exponents and related results see
[PP], for instance.

NoOTATION 1.9.  Let us fix a sequence of semi-roots (Cj;, 0) of the plane branch
(C,0) with respect to {x1 = 0}, for j = 1,...,9 + 1. Each curve C; is defined
by a Weierstrass polynomial f; € C{x1}[y1] of degree ng---n;j_1, which we call
also semi-root by a slight abuse of terminology. We will assume that f; = y; and

ngrl :f'

DEFINITION 1.10. Let us fix 2 < j < g. A germ (D,0) C (C?,0) is called
a j'h-curvette for (C,0) and {z; = 0} if it is analytically irreducible and the
strict transform of D by m o---om;_; is smooth and intersects transversally the
exceptional divisor {z; = 0} at the point o; € {z; = 0}. The branch (D,0) is a
gt -curvette with maximal contact if in addition the strict transform of (D, 0) by
mo---om;_y is defined by y; = 0 where y is good with respect to {z; = 0} and

(C9),0).
PROPOSITION 1.11 (see [Z1], [A’C-Ok], [PP] and [GP, Section 3.4]).

(i) If C; is a j™-semi-root of (C,0) with respect to {x1 = 0} then (C;,0) is a

jth-curvette with mazimal contact, for j =2,...,g.

(ii) We denote by C’éz), ce C’s(,z), Céi)l = C@ the strict transforms by the mono-
mial map w1 of the semi-roots Co,...,Cy,Cyy1 = C of the plane branch
(C,0). The sequence 02(2), cee C;i)l is a characteristic sequence of semi-roots
of the branch (C), 0y) with respect to the line {xy = 0}.

REMARK 1.12.  We will assume in the rest of the paper that the local co-
ordinate y;, in the local embedded resolution of (C,0) introduced above, is the
strict transform function of the semi-root f;, for j = 2,...,¢ (we can do this by
Proposition 1.11). This implies that y; is of the form:

y; =1 —0u; + 2;R;(xj,u;) for some R; € C{z;,u;}. (10)

As a consequence of Proposition 1.11 we have the following:

REMARK 1.13.

(i) If 2 < j < g the Newton polygons of f(z1,y1) and of f;j’l(xl, y1) have only
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one compact edge I'1, defined in Section 1.2, and the symbolic restrictions of
f and of f;‘j_l coincide on this edge.

(ii) If 2 < j < g similar statement holds for ) (x5, ) and of (fj(z))ef*1 (22,Y2)
and I's.

DEFINITION 1.14. The semigroup of the plane branch (C,0) is Ac :=
{(fa h)O | h € C{l’,y} - (f)}

The semigroup A¢ is generated by the elements in the sequence (9). The
sequence (9) is called the characteristic sequence of generators of the semigroup
A¢ with respect to the line {z1 = 0}. If the line {x1 = 0} is not tangent to C at
the origin then the set (9) is a minimal set of generators of the semigroup Ac and
the notation, Bj instead of l_yj, is the usual one in the literature. The semigroup
A¢ has the following properties (see [T2], for instance).

LEMMA 1.15.  Any b € Ac has a unique expansion of the form:
b = nobo + 11b1 + - - - + 1gbg, (11)

where 0 < ng and 0 < 1; < nj, for j = 1,...,9. The image of b; in the group
Z/(Zf;& Zb;) is of order nj. We have that:

ndBj S ZZOBO 4+ -4 ZZOBH and nij < 5j+1, forj=1,...,g. (12)

The following proposition states some numerical relations between the se-

quences {(n;,m;)}{_, and (b;)I_, (see for instance [GP, Section 3.4]).

ProrosiTION 1.16.  We have that

(xj,f(j))o =ej_1 =nje; and
J

(yj;f(j))oj =bj —nj_1bj_1 = mje;, for 1 <j<g.

The following proposition shows the relations between the characteristic se-
quences of generators of the semigroups of the plane branch (C,0) and of its
semi-root Cj41.

PROPOSITION 1.17.  Let Cj41 be a (j + 1)™-semiroot of the plane branch
(C,0), for some j =1,...,g (see Definition 1.7). The characteristic sequence of
the semigroup of the plane branch C;y1 with respect to the line {x1 = 0} is equal

to (1/e;)bo, ..., (1/e;)bj, for j=1,...,g (see (9)).
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The normalization map (C,0) — (C,0) of the branch (C,0), which is of the
form 7 — (z1(7),y1(7)), may be defined explicitly in terms of a Newton Puiseux
parametrization of the branch. If h(z1,y1) € C{x1}[y1] defines a plane curve
germ, we have that (f, h)o = ord,(h(z1(7),y1(7))), where ord, denotes the T-adic
valuation of the field C'((7)) of Laurent series. We abuse the notation by denoting
with the same letter the functions u;, z; and y; and their images u;(7), z;(7) and
y;(7), induced by the normalization map, in the field C'((7)).

LEMMA 1.18.  We have that ord,(uj+1) = 0 and ord, (Exc(f,m10---om;)) =
ej_1b; for 1 <j<g.

PrOOF. Notice that ord,(x1) = (a1, f)o = e1ng and ord,(y1) = (y1, f)o =
exmy. We deduce from (5) that ug = 27" y; "*. It follows that ord,(uz) = 0. The
equality ord, (Exc(f, 1)) = egbi, follows from formula (8). We conclude the proof
by an easy induction on j using Proposition 1.16 and formula (8). O

ExaMpPLE 1.19. A local embedded resolution of the real plane branch sin-
gularity (C,0) defined by F = (y — 23)3 — 210 = 0 is as follows. The morphism
w1 of the toric resolution is defined by

1,2
T1 = UgTy,

1..3
Y1 = Uy

We have that fy := y? — 23 is a 2"@-curvette for (C,0) and {z; = 0}. We have
faom = udx§(1 — uz) = udaSys, where yz := 1 — uy defines the strict transform
function of fo, and together with zo defines local coordinates at the point of
intersection op with the exceptional divisor {x3 = 0}. Notice in this case that the
term Ry in (10) is zero. For F we find that:

Fom =udzd®((1 —u2)® — u3a3).

Hence Exc(F,m) := y§ o m; = uSxd® is the exceptional function associated to F,

and F) = y3 — (1 — yp)*22 is the strict transform function. Comparing to (7) we

see that es = 1, no = 3, my = 2 and the restriction to F(z)(xg, y2) to the compact

edge of its local Newton polygon is equal to y3 — 3. The map mo : Z3 — Z is

defined by o = u3r3 and z3 = uszxri. The composition 7 o mp defines a local

embedded resolution of (C,0).
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2. Monomials in the semi-roots from the embedded resolution.

We keep notations of the previous section (cf. Notation 1.9 and Remark 1.5).
For 2 < j < g we consider a sequence of integers of the form

0<1, 01 <ng, ...,Ogij_1<nj_1, OSZ‘J‘<6J’_1.
Notice that by Proposition 1.2 the term

%:xiof}:l f§2f;J (13)
may appear in the (fi, fa,..., fj)-expansion of f. For any integer 2 < j < g we
define below a map which associates to a monomial of the form,

a:;yj, with 0 < 7,5 <ej_1

a monomial in z, fi,..., f; of the form (13). We study conditions for a term of
the form (13) to appear in the (fi,..., fj)-expansion of f. We use these ideas to
analyze equisingular (and non equisingular) classes of deformations of the branch
(C,0) in the following sections.

REMARK 2.1. To avoid cumbersome notations if 2 < j < g + 1 we denote
simply by u; the term u; o m;_y o --- o m;_1, whenever ¢ < j and the integer j is
clear from the context. The function u; o m;_; o--- o m;_; has an expansion as a
series in C{x;,y;} with non-zero constant term (see (10) at level ¢ < j).

The following lemma is an elementary observation which is useful to motivate
our results:

LEMMA 2.2.  Given a monomial M = x'0 fi* f22 - - f;J of the form (13) there
exists unique integers v,s = i; and ko, ..., k; such that

ugz uf’ aiyi = (Momo---omy)(Exc(f,mo--- omi—1)) " (14)

The integer r depends only on 4 and the sequences {(nwml)}{;l1 and {ei}{;&.

2

The term uf’ ug is a unit in C{z;,y,}.

PROOF. By formulas (8) and (5) we have that (Exc(f,m)) (4 om) =
uk2 Pyl ( 352))2’3 (f;g))ij for some integer ko where i(, = niip + mi(—eg + i1 +

nide + -+ + n1---nj_1i;). By Remark 2.1 the term ugz is a unit in the ring
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C{xz2,y2}. The result is proved if j = 2. If j > 2 we find that (Exc(f,m; o
o)) "N M o Ty 0 o) = ubrubi ygi‘(ff))u ...(f](?’))ij for some integer k3 where
i = nai + ma(—eq1 + iz + noiz + -+ - +ng---nj_14;). The assertion follows by an
easy induction on j. O

REMARK 2.3. Notice that the condition » > 0 is not guaranteed by Lemma
2.2. See Example 2.9.

The following key proposition shows that given (r,s) € Z>¢ with s < e;_1
there is a unique way to determine a suitable monomial .#;(r,s) in z; and the
semi-roots y1 = fi1, fo, ..., fj, such that the composite .#;(r,s) om o---omj_q is
equal to the product of the exceptional divisor function Exc(f, 7 0---om;_1) by
the monomial 2%y times a unit in the ring C{x;,y;}.

PROPOSITION 2.4.  Let us fix a real plane branch (C,0) together with a local
toric embedded resolution m o ---om, (cf. notations of Section 1.2). If2<j<g
and (r,s) € Z%, with s < ej_1 then there exists unique integers

0<ig, 0<i1<nq, ...,Ogij,1<nj,1, ij:S, (15)

and ko, ..., k; > 0 such that (14) holds.
Recall that the integers ¢y, d; are defined by (4) in terms of the pair (my, n1).

LEMMA 2.5. If_r > 0,1 > 0 are integers there exist unique integers k,ig, i1
such that ukzh = ((z0y) o 1) (yi™ o m) =" with 0 < ig, k and 0 < iy < ny. We
have that:

k=14 [cir/n1], io=kmy—rdy and iy = cir — nyfeir/nq]. (16)
In particular, i1 = 0 if and only if r = pny for some integer p.

PROOF. By (5) we deduce that ug = 2"y, ™ and zo = 27 “y§*. The term

kmi—rd, rcit+(I—k)ni
Ly Y1 )

(" o m)usas = ( om

is the transform of a holomorphic monomial by 7, if and only if:
0 <ig:=kmq —rdy; and 0 <4} :=rcy + (I — k)ny,

or equivalently, (di/mi)r < k < (c¢1/n1)r + 1. By (4) we have that mic; —
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diny; = 1. This implies that di/m; < ¢1/n1, thus the interval of the real line
[(dy/mq)r, (cyny)r + 1] is of length greater than [ > 1. Any integer k lying on this
interval is convenient to define a holomorphic monomial. The condition i} < n, is
equivalent to (¢q/n1)r+1—k < 1, and it is verified if and only if k& = [(¢1/n1)r+1] =
I+ [(c1/n1)r] > 0. We denote the integers i{, and 4} corresponding to this choice
of k by ip and iy respectively. We have that:

io = (ClrJrl)ml'rdl > <clr+ll)mlrd1
ny ni

d
:rml(cl - 1) +(—-1)my >({—-1)my >0.
ni1 miq

For the last assertion, we have that iy = ¢17 — ny[eir/ny] = 0 if and only if
ny divides r, since ged(cq,n1) = 1 by (5). O

LEMMA 2.6. If (r,s) € Zso with s < ey there exist unique integers
k,ig,11 with 0 < k,ig and 0 < i1 < ny such that: u’fxg"ygs = ((z1foyhr f5) o
71)(Exc(f, 1))~ . These integers are

k=ey —s+[cir/m], io=kmi—rdy, and i1 = c1r —nyfeir/n). (17)

In particular, 11 = 0 if and only if r = pny for some integer p.

PROOF. We use that Exc(f,m1) =y} omy by (8) and that f5om = (yi"' o
m1)y2®. Hence we deduce that Exc(f,m)y2® = (y " f5) om1. Since s < e;
we have that n — sn; = ny(e; — s). Then we apply Lemma 2.5 for » > 0 and
l=e1—s>0. O

PROOF OF PROPOSITION 2.4. We prove the result by induction on the
number g of monomial maps in the local toric embedded resolution, with respect
to the line {z; = 0}. The case ¢ = 1 is proved in Lemma 2.6. By induction
using (8), we have that if (r,s) € Z2, and if s < e;_; there exist unique integers
k3,. .. kjyibyia, ...y with 0 < i, 0 < iy < ng, ..., 0 < ij_; < nj, i; = s such
that

kj r s ig q 1)\i 1)v\is
u’§3---uj Zhys = ((x20922(f§ ))3...(fj( )).7)O7T2O...O7Tj_1)

. (Exc(f(2),7rzo~~~o7rj_1))_1. (18)

We show that there exist unique integers 0 < ko, 79 and 0 < i; < nj such that
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—1

’U,IQCQLU;&]J;Q (ngQ))Z3 o (fj(Q))ZJ _ ((leo yil 52 . f;a) o 71—1) (EXC(f(l), 771)) (19)

By (8) we have that: v (f”)" - ({)% = ((y1f3* - [ Jom) (Exe(fD), m)) 7",
where the integer

q:=na (61 — ig — n2i3 —MNg--- nj,1ij)

=mni(n2(- (nj-1(ej—1 = 45) = 4j-1) - ++) —i2) (20)

is a positive multiple of n; by the inequalities (15). Then we apply Lemma 2.5. [J

REMARK 2.7. Given the integer e;_; and the pairs (ni,mi), ...,
(nj—1,m;_1) then a pair (r,s) with » > 0 and s < ej_1, and the integers (15)
such that (14) holds, determine each other by Lemma 2.2 and the proof of Propo-
sition 2.4.

DerFINITION 2.8. If 0 < r and if 0 < s < ej—; we define a monomial in
wvflw"afj by:

Mj(r,s) = fit e f] (21)
by relation (14) in Proposition 2.4. We use the notation .#(r,s) for zjy;. We
denote the term f;7~" by .#;(0,e;-1). We denote the term .#;(r, s) by .4; f(r, s)
to emphasize the dependency with the series f(x1,y1) defining the plane branch
(C,0).

EXAMPLE 2.9. The following table indicates some terms .#5(r, s) in the case
of Example 1.19.

(r,s) (0,0) | (0,1) | (0,2) | (1,1) | (1,0)

My(r,s) | 2} | aSfe | ¥ f5 | 2ufe | adn

For instance, we have that #(1,1) = afyifs, since ajy1fo o m =
Exc(FM | m)ulxays, where Exc(FW, 7)) = uSzl® by Example 1.19. Notice also
that the analytic function xsysExc(F,m1) on Zs is equal to (mflyi’fg) oy, Le., it
is the transform by m; of a meromorphic function. Both of the following formulas

ySom = Exc(FM 7)) and 2 o 1 = Exc(FM, 7p)ud

seem to correspond to (14) in the case (r,s) = (0,0), however the term ¢ is not
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of the form prescribed by the inequalities (15), hence the first formula is not the
one considered by Lemma 2.4.

LEMMA 2.10. If0 <r and s < ej_1, we have that:
(%j(’l’, S), f)o = ej_gl_)j_l + 7’6]'_1 + S (l_)j+1 — nij), fO’I’j = 2, .oy g + 1
Proor. By Lemma 2.4 we have that:

Mi(r,s)omo---omj_y = Exc(f,m o---omj_1)ub*- uf’x;yjs

By Proposition 1.16 and Lemma 1.18 we deduce that:

(A;(r,s), f)o =ord,(Exc(f,m 0---omj_1)) +rej_1+s(bj+1 —nb;). O

LEMMA 2.11. If0 < r and 0 < s < ej_1 the Newton polygon of a term
M(r, s), with respect to the coordinates (x1,y1), is contained in the Newton poly-
gon N (f(x1,y1)) for2 < j < g+1. It is contained in the interior of N (f(x1,y1))
unless 7 =2, r=0and 0 < s <ej.

PROOF. If j = 2 we have that .#(r,s) = zy' f5 by Lemma 2.6. The
vector U = (ig + smq,i1) is a vertex of the Newton polygon of .#5(r,s) and
W := (b1,0) is a vertex of the only compact edge I'y of A (f(x1,1)). Notice that
if s = 0 then Newton polygon of .#5(r, s) has only one compact face {7}, otherwise
it has only one compact edge which is parallel to I'; (see Subsection 1.2). The
vector p1 = (n1,mq) is orthogonal to I'; hence we deduce the inequality:

niby = (p1, W) < (P, 7) = niig + snimy +maia

4 _
=eynimy + r(micy —nidy) @ niby +r,

using (17). Equality holds in formula above if and only if » = 0.

If j > 2 we follow the proof of Proposition 2.4: there exist integers 0 < i; < nq,
0 < i, k2 such that (19) holds. By Lemma 2.5 we have that ko = I + [c1i)/n1]
where the integer [ is [ := e; — i3 — ngiz — -+ — na---n;_1%;. The vector ¥ :=
(to +mi(er —1),41) is a vertex of A (#;(r,s)). By the construction the Newton
polygon of .#;(r, s) has at most one compact edge, which is in addition parallel
to I';. We deduce from a simple calculation using (16) that:

niby < (p1, ¥) = niby + ip. (22)
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By the proof of Proposition 2.4 we have that i, > 0, hence the inequality (22) is
strict. (]

REMARK 2.12. By induction using the same arguments as in Lemma 2.11
we check that if 1 <7 < j, 0<r,and 0 < s < e;j_; that the Newton polygon of
(Mj(r,s)omo0---om_1) (Exc (f,m0---om_1))"! with respect to the coordinates
(,vi), is contained in A (f). Tt is contained in the interior of 4 (f*)) unless
7=1it+1,r=0and 0 <s <e;.

3. Irreducibility and equisingularity criterions.

Abhyankar’s irreducibility criterion gives an affirmative answer to a question
of Kuo mentioned in [Abh4]: “Can we decide the irreducibility of a power series
F(z,y) without blowing up and without getting into fractional power series ?” We
have revisited the Abhyankar’s criterion in the light of toric geometry methods.
In particular, our proof explains that if F' is irreducible, some information on the
Newton polygons of the strict transform of F' at the infinitely near points of the
toric resolution can be read from the expansions in certain semi-roots of F. See
[C-M2] and [C-M1], for an extension of this criterion to the case of base field of
positive characteristic. As an application we give an equisingularity criterion for
an equimultiple family of plane curves to be equisingular to a plane branch (See
Section 3.3).

3.1. Straight line conditions in the toric resolution.

We consider a plane branch (C, 0) together with its local toric resolution. We
keep notations of Section 1.2 (see also Notation 1.9). We give some precisions on
the (f1,..., fj)-expansion of f (see Proposition 1.2). We have that the (f1,..., f;)-
expansion of f is of the form:

F=F704 0 > ag()fit - ff, with ag(z) € Clx}, (23)

I=(i1,...,i;)

with 0 < i <ng,...,0<40 <mj—q, 0545 <ejoq, for2<j<g.
By expanding the coefficients of the terms in (23), as series in 21, we obtain
the following expansion

F=570 0 > Bral fir fy with By € C, (24)
J=(i0,..i5)
which we call the (z1, f1,..., fj)-ezpansion of f. The main result of this section

is the following (see Definition 2.8).
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THEOREM 3.1.  The (z, f1,..., fj)-expansion of f, for j =2,...,g, is of the
form:

= fjejil + Z Crs Mj(1,8),
(r:s)

where ¢, s € C and the pairs (r,s) € Z? verify that
0< r, 0 S s < €j—-1, ej,l(l;j - nj,llaj,l) S rej—1 + S(Bj — ’I’Ljflli)jfl).

Among the terms of this expansion with minimal intersection multiplicity with f
there exist fjej’1 and M;(bj11 — njb;,0). Moreover, if j = g — 1 these two terms
are exactly the terms with minimal intersection multiplicity with f.

Before entering into the proof of Theorem 3.1 we discuss the following propo-
sitions.

PROPOSITION 3.2.  If j > 1 and the coefficient ar(z1) in (23) does not vanish
then the Newton polygon of the term ay(x1)f1* f;] is contained in the interior
of the Newton polygon of f.

Proor. Since deg f = e;_1 deg f; and both are monic polynomials we have
that the term fjej’1 appears in the (fi,..., f;)-expansion of f with coefficient one.

For an index I = (i1,...,4;) appearing in (23) we denote by .#; the term
ag(z)fir f]“ By Remark 1.13, the Newton polygon A4 () of .#; has only
one compact face I'; of maximal dimension which is parallel to the compact face
Iy of A (f(x1,y1)). The vector pi = (n1,m1), which was defined in Section 1.2,
is orthogonal I';.

We set also the numbers

By = min{(p1,d) | @ € N (A7)} and q; := ordyl( o "'sz'j)\;m:o’

for I appearing in the expansion (23) with non-zero coefficient. The numbers ¢;
defined above, are all distinct by Remark 1.3 applied to 0 < 73 < ny,...,0 <
ij_l <mnj-1 and 0 < ij <e€j—1.

Suppose that there exists an index I = (t1,...,7;) with a; # 0, such that
the polygon A (.#7) is not contained in .4 (f(z1,y1)). This holds if and only if
By < min{(p1,d) | @ € A (f)}. Hence .#; is not equal to f;“l, since A (f) =
N fje ’~") by Remark 1.13. We can suppose in addition that Bj is the minimal
number of this form. Moreover, we can assume that I has the following property:
if the index I = (47,...,i}) # I, which appears in (23) with non zero coefficient,
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verifies that B; = By then g; > q;. If (r,s) € I'; N Z?, the sum K, ; of the
coefficients of the term 2"y® in a;.#;, for those indices I with B; = Bj, must
vanish. But if (r, s) is the vertex of I'; with s = ¢; then we obtain that K, , is the
initial coefficient of the series a7, a contradiction. Thus, for all index I appearing
in (23) we have the inclusion A (A7) C A (f(z1,91))-

By Remark 1.13 the symbolic restrictions of f and of fjej’l7 to the compact
face I'; of the Newton polygon coincide. Suppose that there exists an index [
appearing in the expansion (23) with non zero coefficient such that .#; # f;j_l
and By = min{(pi,u) | u € A (f)}. In this case for any (r,s) € I'1 N Z? the
sum of the coefficients of the terms x"y® in .#}., for those I’ with By = By and
My F f; 771 must vanish. We argue as in the previous case to prove that this
cannot happen. O

LEMMA 3.3. Let .4y = x'° fI! f;] be a term in the expansion (24) with
non-zero coefficient corresponding to the index J = (ig,...,i;). Set q5 := i1 +
nitg + -+ ny---nj_1i;. We can factor My om as:

(Mg o) (Exc(f,m)) ™" = uf? D aip™ (722 (527, (25)

where ig(J) = n1ig — mi(eg — qy) > 0 and ko(J) = crig — d1(eg — q5) > 0.

PROOF. Notice that ¢; is the degree in y of the term .#;. By Proposition
3.2 the Newton polygon of the term .#; is contained in the interior of the Newton
polygon of f. This implies that ¥y = (ig,qy) is a vertex of the Newton polygon of
My and (p1,V;) > egmq. This implies that i((J) > 0. We deduce from this that
ko(J) > 0 and (25) holds. O

We obtain the following expansion from (24), by factoring out Exc(f, 71) from
fom:

FO = (D) Y k) ) (2 e (fPYE (26)

J=(10,-+15)

The following expansion is obtained from (26) by collecting the terms with
the same index I’ = (ig,...,%;):

FO= (DS aP (s (£2)2 - (£ (27)

I'=(i2,...,i;)

By (10) the coefficient oz(ﬁ)(xg,ug), viewed in C{z2,y2}, is of the form:
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a(ﬁ) = eg)xgzul) with 7o(I") > 0 and eg) a unit in C{xza,ya}. (28)

DEFINITION 3.4. We call the expansion (26) (respectively (27)) the (ug,x2,
f2(2), ce ff))—expansion (respectively ( 2(2), ce, f;Q))—expansion) of f2),

PROPOSITION 3.5.  Suppose that 2 < j < g. Let us consider an index
I' = (ig,...,1;) appearing in the expansion (27) with coefficient ag%)(xg,ug) # 0.
Denote by qp the order in yo of the series (( 2(2))i2 (f;z))if)|z2:o.

(i) For any pair I # I, of indexes in (27) with aﬁ)a(lz) # 0 we have that
qar; # a-

(ii) If j > 2 and OZ(I?)(J;Q,UQ) # 0 the Newton polygon of the term a(ﬁ)(mg,uQ)
.(f2(2))i2 ...(fJ@))iﬂ' (with respect to the coordinates (x2,ys)) is contained in
the interior of N (P (z2,y2)).

PrROOF. The assertion on the orders in y, of the series ((f2(2))i2-~-
(f;z))iﬂ')m:o is consequence of Remark 1.3 with respect to the integers
ng,...,Nj—1 > 1.

For the second assertion notice that the Newton polygon with respect to
the coordinates (z3,%2) of a term .27 = o2 (29, uy) (f2(2))i2...(f;2))ij, ap-
pearing in the expansion (27), has at most one compact face which is parallel
to I's. We deduce that the Newton polygon of .# ;,2 ) is contained in the interior
of N (f®(24,y2)) by repeating the argument of Proposition 3.2 combined with
Remark 1.13 (ii). O

PROOF OF THEOREM 3.1.  Let .#; = x™f{'--- f be a monomial ap-
pearing in (24). Using Proposition 3.2, Proposition 3.5 and Lemma 3.3 we
deduce inductively that (.#; o m o -+ o mj_1) (Exc(f,m o -+ o mj_1))”t =
u;”(])~-~u§j(1)x§(1)y;(1)7 where ko(I),...,k;(I),r(I) > 0 and s(I) = i;. It fol-
lows that we have an expansion:

f(j) _ y;_j—l + Z ¢ u§2(1) o ufj(l) x;(f) yJS'(I). (29)
I

By the unicity statement in Proposition 2.4 it follows that .#; = .# (r(I),s(I)),
hence, if I # I’ are two different indices appearing in (24), then (r(I),s(I)) #
(r(I'),s(I")). By (10) the term u§2(1)~~~u§j(1) is a unit viewed in C{z;,y;},
therefore the Newton polygon of f) (xj,y;) is equal to the convex hull of the set,
U;(r(1),s(I)) + R%,. By Proposition 1.16 this polygon has vertices (0,e;_1) and
(I_)j — nj,ll_)j,h 0). ffj = g, these two vertices are the unique integral points in the



Approzimate roots, toric resolutions and deformations of a plane branch 993

Newton polygon. By Lemma 2.10, the exponents (r,s) € I'; correspond to terms
A (r,s) with minimal intersection multiplicity with f at the origin. O

We deduce from Theorem 3.1 the following Corollary, where the coefficient 6;
is the same as the one appearing in formula (7) at level j.

COROLLARY 3.6. Ifj € {2,...,9}, the (z, f1,..., fj)-expansion of fji1 is
of the form (cf. Definition 2.8)

fj+1 = fgnj - ej'//fj,fjﬂ (mj7 O) + Z Cr,s '//47.fj+1 (T’ 3)’ (30)
(r,s)

where (r,s) above verify that 0 <r, 0 < s < n; and n;m; < njr+ m;s.

REMARK 3.7. In some cases it may be useful to have 6; = .-+ =
6, = 1. We can reduce to this case by replacing the terms (z1, f1,..., fg) by
(Mox1,m fi,...,ngfq) for some suitable constants 7o, ...,n, € C*.

To see this, by a change of coordinates of this form, we can assume that the
image of z1, f1,..., fy in the integral closure C{r} of the algebra of (C,0) are
series with constant term equal to one. By Lemma 2.10 we have that b4, =

ord- fj1(21(7),91(7)) > n;b; = ord-(f;" (z1(7),1(7))) = ord- (A} ,,, (m;,0))
and njb; < ord. (4} y,,,(r,s)), for those pairs (r, s) appearing in (30). We deduce
by a standard valuative argument that in this case 6; = 1.

3.2. Abyankar’s generalized Newton polygons, straight line condi-
tion and irreducibility criterion.
We follow the presentation given by Assi and Barile in [As-B] of results in
[Abh4].

3.2.1. Generalized Newton polygons.

Given a sequence B := (By, By, ..., Bg) of positive integers with B; < --- <
B, we associate to them sequences E; = ged(By, By, . . ., Bj) and Ng =1, N; =
E;_1/Ej, for j =0,...,G. Notice that if B a characteristic sequence of generators
of the semigroup A¢ associated to a plane branch (C,0), we set ¢ = G and we have
with the notations of the first section that E; = e; and N; = n; , for j =0,...,g.

Let F be a Weierstrass polynomial of the form:

F=yV+ Z Ai(z)yN =" € C{z}y] (31)
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We assume that y is an approximate root of F since the coefficient of 3™V ~! is
equal to zero. We denote by F}; the approximate root of F' of degree Ny--- N;_1,
and by F; the sequence (F1,...,Fj) for j=1,...,G+1and F = Fg,.

Let P € C{z}[y] be a monic polynomial. The (F1,..., Fgi1)-expansion of P
is of the form P = >, ay(z)F}* - FEEFGH (see Proposition 1.2). The formal
intersection multiplicity of P and F, with respect to the sequence B is defined as

G
formal z(P,F) := min { > iB; | 1= (i, ...,ig,0),ar(x) # o}. (32)
§=0
Notice that when this value is < 400, it is reached at only one coefficient.
Let P,@Q € C{x}[y] be two monic polynomials of degrees p,q with p = mgq.
We have the Q-adic expansion of P is of the form: P = Q™ + o1 Q™ 1+ - + ayy,.
The generalized Newton polygon A (P,Q, B, F) of P with respect to @ and the
sequences B and F is the convex hull of the set:

m

| (formal z(ax, F), (m — k)formal 5(Q, F)) + R%,. (33)
k=0

3.2.2. Abhyankar’s irreducibility criterion.

To a monic polynomial F of the form (31) it is associated a sequence B as
follows: Set By = Ey := N, F| = y, By = (F1,F)o, E1 = gcd (By, B1) and
N; := Ey/E;. Then, for j > 2 the integers Ey,...,E; = ged (By,...,B;) and
Ni,...,N;_; are defined by induction. We set Bj1 = (F, Fj)o, where F; denotes
the approximate root of F' of degree Ny ---IN;_;.

THEOREM 3.8 ([Abh4]). With the above notations the polynomial F €
C{z}y] is irreducible if and only if the following conditions hold:

(1) there exists an integer G € Z~o such that Eg =1,

(11) Bj+1 > Nij fO?”j = 1,...,G— 1,

(iii) (straight line condition) the generalized Newton polygon N (Fjiq,F;,
(1/E;)B;, F;) has only one compact edge with vertices ((1/E;)N;B;,0) and
(0, (1/E;)N;B;).

PrROOF. We prove first that if F' verifies the conditions of the theorem then
F is irreducible. By the straight line condition the vertices of the generalized
Newton polygon, A (Fji1, F}, (1/Ej)Bj,Ej), correspond to the terms F;Lj and

; (€ < .
agj)(m)Ffl - -F;Sl of the (F1,..., F;)-expansion of Fjiq, where ordwaéj)(x) =
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77(()0) >0and 0 < nfj) < N; fori=1,...,j—1. The straight line condition implies
longs to the semigroup generated by By, ..., B;_1. By Lemma 1.15 this numerical
condition together with (i) and (ii) guarantee that the semigroup generated by
By, ..., B¢ is the semigroup of a plane branch. Let 0 # F' € C{z}[y] be any
polynomial of degree < N = deg F. We consider the (Fy,..., Fg)-expansion of
F'

F''=Y " ap(@)F - F with a;(z) € C{a}. (34)

Set i9p = ord,ar(xz). The intersection multiplicities (F, aI(a:)Ffl ~-~FéG)0 =
ZJ.G:O i;B; obtained for the different terms in the expansion (34) are all differ-
ent (this reduces to an arithmetical property which can be proved similarly as
Lemma 1.15). We deduce that (F, F')y = min{Z?ZO i;Bj | ar(z) # 0} < 4o0.
The polynomial F is irreducible, otherwise there is an irreducible factor of F’ of
F of degree < deg F' and then (F, F")y = 400, a contradiction.

Suppose now that F is irreducible. Then By,..., Bg are the generators of
the semigroup of the branch F' = 0 with respect to the line {z = 0}. By
Lemma 1.15, the first two conditions in the statement of the theorem hold au-
tomatically. By Proposition 1.17 the approximate root Fj,; is irreducible and
define a plane branch with semigroup generated by (1/E;)By,...,(1/E;)B;. By
Theorem 3.1 the Newton polygon of Fjgi)l(:rj,yj) has only two vertices (0, N;)
and (M;,0) which correspond respectively to the terms Fij and .Zj r,,, (0, M;)
of the (x,Fi,..., F;)-expansion of Fji; (see Definition 2.8). By Proposition
1.16 and induction the vertices of the Newton polygon of the strict transform
function FU)(z;,y;) are (B; — N;j_1B;_1,0) and (0,E;N;). It follows that
M; = (1/E;)(Bj — N;—1B;_1). By Lemma 1.18 we have that ord;(Exc(F}41,m o

-0 7Tj_1)) = (Ej_Q/Ej) (Bj—l/Ej) = (I/Ej)Nj_leBj. By Lemmas 2.10 and
1.18 we deduce the equality:

1 . Ej-1
(Fy1s #5710, My))o = - Nj 1N Bjoa + ——= M
j J
) i i _
= g (NiNj-1Bjo1 + Ny (B = Ny-1Bj-1)
1 _
= g NiB)

= (Fj+1’FJNj)0'
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A similar computation using Lemmas 2.10 and 1.18 proves that if . r, (1, s)
appears in the (xz,Fy,..., Fj)-expansion of Fjii then (Fji1,.#;F,,  (r,8))o >
(1/E;j)N;Bj. =

REMARK 3.9. We keep notations of the proof of Theorem 3.8. Suppose that
F is irreducible. Let ¢; : R* — R? be the linear function given by ¢;(r,s) =
(rN;,sM;). We denote by R; the number R; := (1/E;)N;_1N;B;. Then we have
that:

1

c/V<Fj+1’Fj7 T BjaFj) = (R}, Ry) + 6 (N (F, (5,9,)))-

3.3. Equisingularity criterions.
Let F € C{t,z}[y] be a Weierstrass polynomial in y. We suppose that y is
an approximate root of F', i.e., F'is of the form:

N

F=yN 4+ A(2)y" ™" € Cla, t}]y). (35)
=2

Set Fi(x,y) = F(t,x,y) and consider the family of germs (C, 0) defined by F; = 0.
We assume that (z, Fi)o = eo > 1, for 0 < [{| < 1.

We give an algorithm to check whether a family of curves (Ct,0) of the form
(35) is equisingular at t = 0 to a plane branch (irreducible and reduced). If the
answer of the algorithm is no, then either (Cp,0) is not analytically irreducible
or (C4,0) is not equisingular at ¢ = 0. The proof follows from the discussion in
Section 3.1.

ALGORITHM 3.10.
Step 1:  Set A the Newton polygon of F = Za,(ﬂ’ls) (t)x"y*® (with respect to

(#,9))-

(1.a) Check that A1 has only one edge T'y with vertices (e;m1,0) and (0,e1nq)
with e; > 1, ged(ny,m1) =1 and e; > 1. If e; = 1 answer yes, otherwise
verify that min{ny,m1} > 1. Notice that eg = e1n.

(1.b) Check that the polynomial y ;' ot (t) 2% € C{t}[2] is of the

elml—k:ml,k:nl

form (z — 61(¢))%* for some series 01(t) € C{t} with 61(0) # 0.

Step 2: If e; > 1 and conditions (1.a) and (1.b) hold, set Fy for the
approzimate root of F of degree my. Compute the (y, Fy)-expansion F =
> finite AP (t,z)y™ Fi2. From the data (ny,m1) and e each triple

11,12
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(i0,%1,12), forig:= ordw(A(-z)- (t, 1)),

11,22

determines (r,s) with r >0 and s < ey or (r,s) = (0,e1) (36)

and the converse also holds. (This follows by Remark 2.7 and the method given
in the proof of Lemma 3.3). For (r,s) and (ig,i1,i2) in (36) denote x0yt Fy2 by
Mo(T, S).

(2.a) Denote by A5 for the convex hull of the set |, o {(r,s) + R}, for (r,s)
those of (36). Check that A5 has only one edge T's with vertices (eams,0)
and (0, eamns) with ged(ng,me) = 1 and e > 1. Verify that ne > 1 and
mao Z 1.

(2.b) Ifig = ordg;Al(-i)i2 (t,x) we denote by a,(@zs) (t) the coefficient of x' in the ex-

pansion ofAZ(-IQ?i2 (t,x) as a series in x, where (1, s) is determined by (ig, i1, i2)

in terms of (36). Set

€2Mm2 —kmz ,]i)nz

€2
F'2 .= Z a? (t) Mo (eamo — kg, kns).
k=0

Compute the approzimate root Fs of degree ning of F. Check that F3?
is of the form F5* = F'2 43 @~ conams %@s,) (t) As(r,s), for some
2
3 (t) € C{t}.
(2.c) Check that the polynomial » ;2 al? (t) 2% € C{t}[z] is of the

€My 7]@7’77,2 ,k}ng

form (z — 02(¢))°2, for some series 02(t) € C{t} with 02(0) # 0.

Step j > 2: If the conditions (j-1.a), (j-1.b) and (j-1.c), corresponding to
(2.a), (2.b) and (2.c) respectively are verified and e;_y > 1 compute (y, Fs, ..., F;)-
expansion of F and check the conditions (j.a), (j.b) and (j.c), corresponding to
(2.a), (2.b) and (2.c) respectively.

The algorithm stops whenever some condition is not verified, answering NO,
or when all conditions are verified and e, = 1 for some integer g, answering then

YES.

REMARK 3.11.  Our criterion extends the one given by A’Campo and Oka
in [A’C-Ok]. They assume that certain approximate roots of F; do not depend
on t. We do not need this hypothesis. We do not compute intersection numbers
as in Abhyankar’s irreducibility criterion [Abh4] nor resultants as in [GB-G] (see
Subsection 3.3.1.).

EXAMPLE 3.12.  We consider F' of the form (35).
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F =y + (=623 + 6tat)y'® + (1525 — 30t27)y® + (=202 + (60t — 2)x'%)yS
+ (152" + (6 — 60t)2™® + (=6t + N)x'*)y* — 2103
+ (=62 + (=6 + 30t)2'0 + (=2\ + 12t)2' T)y® + 2%y + 28
+ (2 = 6t)z" + (1 — 6t + Nz,

The approximate roots of F of degrees 2 and 6 are Iy := 3% — 23 + tz* and F3 :=
F$ — (15/2)t228 Fy + 2'°(—1 + 20t322). Notice that both polynomials depend on
the parameter ¢ hence we cannot apply the equisingularity criterion of [A’C-Ok].
We check that the Newton polygon of F' has only two vertices (0,12) and (18,0).
We set e; = 6, ny = 2 and my = 3. The conditions (1.a) and (2.a) are verified for
F5. We compute the (y, Fp)-expansion of F' and we find:

F = F9 —15t°2%F) + (=2 + 40632%)2'OFJ + (A — 452?21 Ff — 2'5yFy

+ (=20t + 612 + 2452228 Fy + ta?y 4+ (1 + (M2 — 48%)2? + 5t02%) 220,

With the notations introduced above we have that .45 only two vertices (0, 6)
and (4,0), hence ey = 2, ny = 3 and my = 2. We have that F'2 = .#,(0,6) —
2.M5(3,2) + Mo(0,4), where #5(0,6) = FS, M>(3,2) = x'°F5 and #5(0,4) =
229, We check that the conditions (2.b) and (2.c) are satisfied. We compute the
(y, Fo, F3)-expansion of F', for F3 the approximate root of degree 6 of F. We
obtain that

405
F=F]+ ()\ - 4t4x2):c14F22 — 20y Fy + (=20t — 9t? 4 324t°22) '8 F,
+ ta?0y 4+ (M2 + 3613 — 405t522) 2?2,

In order to compute the polygon .43 we consider the leading terms in the expan-
sion above and we use the method of Lemma 3.3. We have that x’oy’ Fi* Fy® =
//lg(rl,sl)F?ff‘ where s1 = iy and r1 = igny + mi(—ep + i1 + nyia + Ningis).
We have then that //{g(rl,sl)ng = M5(r,s) where s = iy and r = nor; +
my(—e1 + 81 +ngiz). For instance, we have that 24 F§ = .#5(4,2) = .#3(4,0) and
2Oy Fy = M5(5,1) = #3(5,0). We distinguish two cases in terms of the constant
reC.

(a) If A # 0 then we check that .45 is a polygon with vertices (0, 2) and (4,0). We
have that e3 = 2, n3 = 1 and mgz = 2 hence {F; = 0} is not equisingular at
t=0.
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(b) If A = 0 then .45 is a polygon with vertices (0,2) and (5,0). We have that
es = 1 and the conditions (2.a), (2.b) and (2.c) are verified, hence {F; = 0} is
equisingular at ¢t = 0.

3.3.1. Equisingularity criterion by Jacobian Newton polygons.

Let f € C{z}[y] be a Weierstrass polynomial. The Jacobian Newton polygon
of f with respect to the line {z = 0} is the Newton polygon of #¢(s,z) :=
Resy(s — f,0f/0y) € C{x,s}, where Res, denotes the resultant with respect to
y. The Jacobian Newton polygon appears in more general contexts related to
invariants of equisingularity (see [T1]). Garcia Barroso and Gwozdziewicz have
proved that if f' € C{x}[y] is irreducible and Z¢(s,x) = (s, x) then f is
irreducible. They have given two methods which characterize Jacobian polygons of
plane branches among other Newton polygons by a finite number of combinatorial
operations on the polygons (see [GB-G, Theorems 1, 2 and 3]). The following
algorithm is consequence of their work.

ALGORITHM 3.13.  Input: A family Fy(x,y) of the form (35).

(a) Compute 7, (s,x).

(b) Compute the Newton polygon N; of Fr,(s,x). Check that N = .

(¢) Test if A is a Jacobian Newton polygon of a plane branch by using Theorem
2 or 3 in [GB-G].

If all the steps of the algorithm give a positive answer then Fy = 0 is equisingular
att =0 to a plane branch.

4. Multi-semi-quasi-homogeneous deformations.

In this Section we introduce a class of (non equisingular) deformations of a
plane branch (C,0) and we study some of its basic properties which are essential
for the applications in the real case (see [GP-R)).

We keep notations of Section 1.2. The resolution is described in terms of a
fixed sequence f1,..., f, of semi-roots. For simplicity we assume that 01,...,0, =
1 (see Remark 3.7). We introduce the following notations:

NotAaTION 4.1. For j =1,...,g we set:

(i) I = [(mje;,0),(0,n;e;)] the compact edge of the local Newton polygon of
19 (@5,15) (see (7). |

(ii) A; the triangle bounded by the Newton polygon of f(J)(xj,yj) and the co-
ordinate axis; we denote by A" the set A7 = A; \ T';.

(ili) Let w; : AjN Z? — Z be defined by wj(r, s) = ej(ejnjm; —rn; — sm;).

The symbol ¢; denotes the parameters (t;,...,t;) for any 1 < j < g. We
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consider sequences of multiparametric deformations Cy , ..., Czy of (C,0) defined
by Py ,..., P, of the form (see Definition 2.8):

Pzg = F + Z a&?s(tg) Mg(r» s)
(r,s)eEAgNZ2
(37)
Py=P, + Y. alll(t) Mi(r,s),
(r,s)eAT NZ?2

where a(J)( tj) € C{t;} for (r,s) € Ay N Z% and j = 1,...,9. Notice that P,
determines any of the terms Pt for 1 < j < g, by substituting t; = =tj_1=0
in P, . The multiparametric deformatmn Cy, is multi-semi-quasi- homogeneous
(msqh) if in addition aPQ = AQQ twj (rs) for1<j<gand(r,s) € A7 N Z2, where
w;(r,8) € Z>¢ is defined in Notation 4.1, Ans € C and A((JJ’()) #0, for i=1,...,g

REMARK 4.2. In the real case we have studied the topological types of
the msqh-deformations with real part with the maximal number of connected
components. The hypothesis of being msqgh is related in that paper to the study
of the asymptotic scales of the ovals when the parameters tend to zero (joint work
with Risler [GP-R)).

We denote by Cl(i) C Z; the strict transform of Cj; by the composition of
toric maps 7 o ---om;j_; and by P;Lj)(acj, y;) the polynomial defining Cg) in the
coordinates (xj,y;) for 2 < j <1 < g. These notations are analogous to those
used for C' in Section 1.2, see (6).

ProPOSITION 4.3. If 1 <5 <1< g the curves C(J) and CY) meet the
exceptional divisor of my o ---om;_1 only at the point o; € {xj =0} and with the
same intersection multipliczty €j—1.

PROOF. If j =1 we have that f and P, have the same Newton polygon and
moreover the symbolic restrictions of these two polynomials to the compact face
I'; of the Newton polygon coincide by Lemma 2.11. If j > 1 we show the result
by induction using Remark 2.12. O

ProposITION 4.4. If1 < j < g then {z; = 0} is the only irreducible
component of the exceptional divisor of myo---om;_1 which intersects C’t@ at ej_q
t; :
points counted with multiplicity. More precisely, we have that:

(J) (

(i) The symbolic restriction of P xj,y;) to the edge T'; of its local Newton
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(4) 6L T (J)

polygon is of the form: a; [[2, ( — (147"t S ) ), with o, s
C*, fors=1,...,¢;.
(ii) The points of intersection of {x;11 = 0} with C’gjll) are those with coordi-
nates 41 =0 and

uj = (1+ W(J)te’“mﬁl) , fors=1,...¢e;. (38)

Proor. If j = 2 we have that the terms of the expansion of P, which have
exponents on the compact face of the Newton polygon A4(f) are f and M(0, )
for 0 < s < e; by Lemma 2.11. By Proposition 2.4 we have that .#5(0,s) =

mi(e1—s) ps e1—1 4(2) Leamo(e1—s)
x f5. The restriction of the polynomial f + > 1 A(o s)t2
-le(el_s)ff to the face I'; is equal to:

611

(" =)+ 3 A (7)™ =) (39)

Let us consider the polynomial Q1 (Vi, V2) := V™ + >0 ! Agg)s)VfV;l_s. By hy-

pothesis A(o 0) # 0 hence the homogeneous polynomial @1 factors as: Q1(V1,V2) =

L, (v — mg )Vg) for some v{” € C*. The expression (39) is of the form:
Q1 (yyt — 2, ey ™) = [[L, (y™ — (1 +’y£1)tm262) ). This proves the first
assertion in thls case. The second follows from this by the discussion of Section
1.2.

If 5 > 2 we deduce by induction, by using Remarks 2.12 and 2.1, that the
restriction of P(J+ Y to the compact face of N (fU=1) is of the form (y;” -

IR IR Sy A%S (L5 e sy — 27")s. The result follows by

the same argument O

4.1. Milnor number and generic msqh-smoothings.

If (D,0) C (C?,0) is the germ of a plane curve singularity, defined by h = 0,
for h € C{x,y} reduced, we denote by u(h)o or by u(D)o the Milnor number
dime C{z,y}/(he, hy). We have the following formula (see [R] and [Z2]):

pu(h)o = <h ggj) — (hy2)o + 1. (40)

The Milnor number of the plane branch (C,0) expresses also in terms of the gen-
erators of the semigroup A¢ with respect to the coordinate line {z = 0} (see [M],
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[GB] and [Z2]) by using:

<f7 Zj)o = i(ng‘ — 1)b;. (41)

Jj=1

DEFINITION 4.5.  We say that the deformation P; of the plane branch (C,0)

is generic if the numbers {fygj )}?':1 appearing in Proposition 4.4 are all distinct,
for 1 <j<g.

The following proposition provides a geometrical incarnation in terms of
the sequence of generic msqgh-deformations of the Milnor’s formula pu(C)y =
(1/2)6(C)g, for §(C)o the delta invariant of (C,0) (see [W], [Ca, Ex. 5.6], see
also [G]).

PROPOSITION 4.6.  Let P, be a generic msqh-deformation of a plane branch
(C,0), then we have that

w(Co =Y (H(C )o, +e;—1).

j=1

PrROOF. We prove the result by induction on g. If g = 1 the assertion is triv-
ial. We suppose the assertion true for branches with g — 1 characteristic exponents
with respect to some system of coordinates. By Proposition 1.11 and the induction
hypothesis it is easy to check that u(C®),, = ?zz(u(Cg}rl)oj +e; —1).

By Proposition 4.4 and the definition of generic msqﬁ—deformation, we have
that the curve Ct(;), defined by the polynomial Pt(;) (z1,v1), is non-degenerate with
respect to its Newton polygon. By (40) we have that ;A(C’t(zl))o1 = egby —eg—b1 + 1.
By (41) we have that: ;(C),, *U(O(Z))sz = (f,0f/9y)o— (f(Q), 3f(2)/3y2)02 te1—
eo. The assertion holds if and only if (f,df/0y)o—(f,0f3 /dys)0, = b1(eg—1).
Using (41) and Lemma 1.18 we verify that (f,0f/0y)o—(f®,0f® /dys)., is equal
to: Y7 (= 1)bj =37 o (n,—1)(bj—bieo/ej—1) = (m—1)br1+29_,bieo/ej—1 =
(n1 -1+ (ng - 1)711 + -4 (ng — 1)7”&1 . --ng_l)Bl = (60 — l)bl O

COROLLARY 4.7.

I
-

uC=2( X (#3022 + ep21 - 1) ).

<.
I
o
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