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Abstract. Given a compact Riemannian manifold M with boundary
(possibly empty), we consider the eigenvalues of the biharmonic operator with
weight on M, proving a general inequality involving them. Using this inequal-
ity, we consider these eigenvalues when M is a compact domain of one of the
following three spaces: 1) a complex projective space, 2) a minimal submani-
fold of a Euclidean space and 3) a minimal submanifold of a unit sphere.

1. Introduction.

Let ©Q be a connected bounded domain with smooth boundary in an n-
dimensional Euclidean space R"™. The so called Dirichlet eigenvalue problem or
the fixred membrane problem is stated as:

Au = —Au in Q, U‘@Q =0. (1.1)

It is well known that this problem has a real and purely discrete spectrum {A;}52,
where

O<>\1<)\2§)\3S"'—>OO.

Here each eigenvalue is repeated according to its multiplicity. In 1955 and 1956,
Payne, Pélya and Weinberger [PPW1], [PPW2], proved that

QSS for Qc R?
A1

and conjectured that
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)\2<)\2

AT A disk

with equality if and only if Q2 is a disk. For general dimension n > 2, the analogous
statements are

ﬁ§1+é for QC R",
)\1 n
and the PPW conjecture
A2 < A2

At T M nfball,
with equality if and only if Q is an n-ball. This important PPW conjecture was

proved by Ashbaugh and Benguria (see [AB1], [AB2], [AB3]).
In [PPW2], Payne, Pdlya and Weinberger also proved the bound

for 2 C R2. This result easily extends to 2 C R" as
4k
Mt =M< —STN, k=1,2,..., 1.3
sy i)

Extending (1.3), Hile and Protter [HP] proved

k
Yy kn

— = > fork=12,.... 1.4

;)‘kH*)\i_‘l’ . Y (14)

In 1991, Yang proved the following much stonger inequality:

k

4
> (kg1 — /\i)(AkH - (1 + ))\Z) <0, fork=1,2,.... (1.5)
n

i=1

The inequalities for eigenvalues of the Laplacian on connected bounded do-
mains in R™ obtained by Payne-Pdlya-Weinberger, Hile-Protter, Yang have also
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been extended to some other Riemannian manifolds (cf. [CY1], [CY2], [H1],
[HS], [HM1], [HM2], [Leu], [Li], [YY]). Ashbaugh [A2] considered Schrodinger
operators with weight on bounded domains in R™ and obtained universal eigen-
value bounds for them. In [CY1], Cheng and Yang studied eigenvalues of the
Laplacian on either a bounded connected domain in an n-dimensional unit sphere
S™(1), or a compact homogeneous Riemannain manifold, or an n-dimensional com-
pact minimal submanifold in a unit sphere and proved universal upper bounds for
the (k + 1)-th eigenvalue in terms of the first & eigenvalues. Cheng-Yang [CY2]
also obtained a general inequality involving the eigenvalues of the Laplacian on
an arbitrary compact manifold with boundary (possibly empty) and used it to
derive universal inequalities for these eigenvalues when the manifold is a compact
domain or a closed complex hypersurface in a complex projective space. It has
been shown by Harrell [H2] and El Soufi et al. [EHI] that eigenvalue inequalities
of similar kinds for Schrodinger operators on some special Riemannian manifolds
also hold. The work by Ashbaugh, Cheng-Yang in [A2], [CY1], [CY2] has also
been extended to Schrodinger operators with weight (see [WX2]).

On the other hand, Payne-Pélya-Weinberger [PPW2]| also considered the
eigenvalue problem for the Dirichlet biharmonic operator or the clamped plate
problem which describes the characteristic vibrations of a clamped plate. This
problem is given by

0
A’u=nu in QCR", ulon = au

5| =0 (1.6)

Payne-Pdlya-Weinberger proved in [PPW2] that the eigenvalues {n;}$2; of (1.6)
satisfy

k
8(n+2)1
M1 — M < %% E - (1.7)
i=1

As a generalization of (1.7), Hile-Yeh obtained [HY]

k 1/2 27.3/2 k —1/2
Y n°k ( )

> i . 1.8

;%ﬂ—m*S(n-i-?) ;77 ()

Hook [H], Chen-Qian [CQ] proved, independently, the following inequality

soia < () (Sat) 49

=1 77k+1
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Answering a question by Ashbaugh [A1], Cheng-Yang [CY 3] proved

(n+2)\"*1 k
Me+1 — Zm > ( n? )> EZ i (M1 — i)' /2. (1.10)

As a consequence of (1.10), Cheng and Yang obtained the following upper bound
for the (k+1)-th eigenvalue in terms of its first k-eigenvalues of the problem (1.6):

The above inequality has been improved and universal eigenvalue inequalities for
the biharmonic operator on compact domains either in a sphere or in a minimal
submanifold of a Euclidean space have also been obtained in [WX1].

The purpose of this paper is to extend the work of [CY3] and [WX1] to
the biharmonic operator with weight on Riemannian manifolds. Let (M, (,)) be
a compact Riemannian manifold with boundary OM (possibly empty) and denote
by v be the outward unit normal vector field of M. Let V be a nonnegative
continuous function on M, and p a weight function which is positive and continuous
on M. Denote by A the Laplacian of M and consider the eigenvalue problem

A2u+Vu=npu in M,
(1.12)

_ Ou —
U|8M— o OM—O.

We prove a general inequality involving the eigenvalues of this problem. Using
this inequality, we consider these eigenvalues when M is a compact domain of
one of the following three spaces: 1) a complex projective space, 2) a minimal
submanifold of a Euclidean space and 3) a minimal submanifold of a unit sphere.
In these cases we give an explicit upper bound for the (k 4 1)-th eigenvalue in
terms of the first k eigenvalues.

2. A general inequality involving the eigenvalues of the biharmonic
operator with weight on a compact manifold.

In this section, we will prove a general result involving the eigenvalues of the
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biharmonic operator with weight on a compact Riemannian manifold. Namely, we
have

THEOREM 2.1.  Let n; be the i-th eigenvalue of (1.12) and u; be the orthonor-
mal eigenfunction corresponding to m;, that is,

Ouy
A2ui+Vui:n,;pu,; in M, wulom = 31; =0, (2.1)
oM

/ PU; U5 :51‘]‘, V’L',jZLQ,.... (22)
M

Then for any function h € C*(M) N C3(OM) and any integer k, we have

k
S (s — m0)? / hus (A AR) + 2A(Vh, V) + 2(Vh, V(Aw;)) + AhAu,)
M

=1

2
L (A(wAR) + 2A(Vh, Vui) + 2(Vh, V(Au)) + AhAu,) ‘

k
= Z(nk+1 — 1)
i=1

N
(2.3)
and
k
> (1 — ni)Q/ (— huAh — 2hu; (Vh, Vu;))
i=1 M
k
<63 (s —m)? / huus (A(w:AR) + 2A(Vh, V)
i=1 M
k u; Ah |12
—Mn; Vh,V i ——
+ Z (77k+1 771) ’ < , VU > + 2 ’ (24)
i=1 Y VP

where || f||* = fM f2.

REMARK 2.2. One can check that when OM # (), the first eigenvalue 7; of
the problem (1.12) is always positive and when OM = 0, ; > 0 with equality
holding if and only if V' = 0. In both cases, we will use the same notations
n <m2 < --- — 00 to represent the set of the eigenvalues of this problem.
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PROOF OF THEOREM 2.1. Set S = A2 +V and consider the inner product
given by ((f,9)) = [,; pfg. If a nontrivial function ¢ on M satisfying @lons =

)l
o |8M
then the Rayleigh-Ritz inequality says that

P(So)
Ne+1 < f]\fMW

Consider the functions ¢; : M — R, given by

k
qbi:hui—Zaijuj, Z:].,,k
j=1
where
aij :/ phuiuj = ajl-.
M
Since
0¢i
bilonr = =0
o |on
and

/ pu]qb?,:ou Vi7j:17"’>ka
M

it follows that

®i(Séi)
Nt1 < foM ;@2 .

We have

/M ¢i(Se:)

_ / 6:(A(usAR) + 2A(Vh, Vus) + 2(Vh, V(Au;)) + AhAu; + nihpu;)
M

= 0 is orthogonal to w1, us, ..., ux with respect to the above inner product,

(2.5)

(2.6)

(2.9)

(2.10)
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— / P2 + / 6i (A(wsAR) + 2A(Vh, Vay) + 2(Vh, V(Au)) + AhAu,)
M M

M M

k
—Zaijbi]’, (2.11)
7j=1

where

by = / (A(uiAR) + 2A(Vh, Vus) + 2(Vh, V(Au;)) + AhAu;)u;.
M

Since
ou; ou
uilom = —— =0, ujlom =22 =0,
o | oum ! o |onr
we have
O(huy) O(huy)
hul-|3M = :0, hu-|3M: J :0
oV \om J o |om

and so we can use the divergence theorem to derive that
bij = / (uiAh + 2(Vh,Vui>)Auj — 2/ Au,;div(u;Vh) —l—/ u; AhAu;
M M M
M

M
M M

2/ uihAQUj—/ UjhAQUi
M M

= (nj — ni)aij, (2.12)

where div(X) denotes the divergence of X. Set
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then

2
/M ¢iqi(h) = /M huiqi(h) + Z(m —15)a;;

Jj=1

and we have from (2.10) and (2.11) that

(M1 — )/ pd; < [¢z’6h'(h)

which implies that

(o1 — ni)(/M $iqi(h) > (Mhet1 — i </ Vpoi

(g1 — ( MP¢2)
(s

J

_ibgj).

j=1

Hence, we have
2k

=Y (i —my)’al;.

J=1

qi(h)
NG

(M1 — M) /M $iqi(h) <

Multiplying (2.13) by (7541 — 7;)? and summing on i, we get

k
— N 2 iqdi
> (ke =m0 | ain
k
(M1 — mi)° /M huigi(h) + Y (1 —n:)* (0 — mj)a;

ij=1

"Mw

I
—

K2

k

(77k+1_771 /huqu h) — Z(nk+1_77i)(771 nj)’az;.

i,j=1

M»

.
Il

(2.13)

(2.14)

<q > bij\/ﬁ%‘>>2

(k41— i ( p¢2) ( < Z) - ibu /Mj)z)
2 k

(g )

(2.15)

(2.16)

(2.17)



Inequalities for eigenvalues of the biharmonic operator

On the other hand, one obtains by multiplying (2.16) by (951 —7;) and summing

on ¢ that
k
2
— iqi(h
;(nkﬂ 7i) /M¢q()
k (h) 2 k
an S| = 22 (e =) = my)a.

ij=1

Combining (2.17) and (2.18), we obtain (2.3).

Now set
AR
M 2

then ¢;; + ¢;; = 0 and

k
i Ah
uz2 ) = w; + QZaijcij,
j=1

| 20 (<Vh, Vug) +

where

w; = / ( — hu?Ah — 2hu;(Vh, Vu;)).
M

Multiplying (2.20) by (nx+1 —7:)? and using Schwarz inequality and (2.14), we get

k
(Mh+1 —m:)° (wz +2) aijcij>

j=1

NG ]z; Cij\/PU;

— Vh, Vu) + ulh
< Y 2, (e Uz)/ (Vh, Vu,
< 01 — m)° [[Vpdill” + ; 75

”2 + (77k+1 — 772) <H <Vh7vul> wuEt Ah
5 vp

= (M1 —m)” /M(—2)¢i\/ﬁ<<

2

= 6(ne+1 — i) |V/Poi

Vh, Vu;) + 4ph )

605

(2.18)

(2.19)

(2.20)

(2.21)

Z Cij/Pu;

)

2
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< 0(Mg1 — Th‘)2(/M hu;qi(h) + Zk:(ﬂi - Uj)a?j)

j=1

— ;) (|| (Vh, Vu,) + @bz F
MUEEL) (H< ) s chj)_ (2.22)
VP o
Summing over ¢ and noticing a;; = aj;, ¢;j = —c;;, we obtain
k
Z(nk-H - 777 -2 Z M1 — 1) (1 — Ny )a”c”
=1 7,7=1
k k u; Ah |12
(k1 — i) || (Vh, V) + 477
<6 (Mhy1 — 771')2/ hu;q;(h) +
- = (n 1)
k+1 — i
=S O — B~ — Y e
3,j=1 1,j=1
Hence (2.4) is true. 0

We end this section by proving an algebraic lemma which will be needed in
the next section.

LeMMA 2.3.  Let {a;}™q, {bi}, and {c;}2, be three sequences of non-

negative real numbers with {a;}™, decreasing and {b Y and {c;}™, increasing.

Then the following inequality holds:
(Za?bi) (Z%‘Ci) < (Z > (Zazb cz> (2.23)
i=1 i=1 i=1

PrROOF. When m = 1, (2.23) holds trivially. Suppose that (2.23) holds
when m = k, that is

<§asz> <§;azcz) < <zk:af> (Xk:aibici) (2.24)

=1 i=1

Then when m = k + 1, we have from (2.24) that
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k41 ! Kt b1
() (Fone) - (Bt (£
=1 =1 =1

i=1
k k k k k
Z 2 Z Z 2 Z 2 Z
= ( ai) < aibicl-> — < a; bl) < aici> + ak+1 aibicl-
=1 i=1 i=1 i=1 i=1
k k k
2 2 2
— Qg1 bkt E a;Ci + A1bk+1Ck+1 E a; — Qg y1CK11 E a;b;
im1 i=1 i=1

k k k k
2 2 2 2
> Qg1 E a;bic; — agy1bpi1 E aiC; + r41bk41Ck+1 g a; — Qk+1Ck41 E ajb;

=1 =1 =1 =1
k k

= —aj ., Z(bk+1 —bi)ai¢; + Gg+1CK+1 Z a? (bgs1 — b)

i—1 i—1

k
= Zak+1ai(bk+1 —b;)(chg10i — ary165)
=1

> 0. (2.25)

Where in the last inequality we have used the fact that
ak+1ai(bk+1 — bi)(ckﬂai — a;cﬂci) >0, 1=1,...,k. (2.26)
Thus (2.23) holds for m = k + 1. This completes the proof of Lemma 2.2. O

3. Inequalities for eigenvalues of the biharmonic operator with
weight on compact domains in CP™(4), in a minimal submani-
fold of R™ or of S™(1).

In this section, we will prove universal bounds on eigenvalues of the bihar-
monic operator in Weighted Sobolev space on compact domains of any of the
following three manifolds: a complex projective space, a minimal submanifold of
a Euclidean space or of a unit sphere.

THEOREM 3.1. Let M be an n-dimensional complete Riemannian manifold
and let Q0 be a connected bounded domain with smooth boundary 02 in M. Denote
by v the outward unit normal of Q. Let V' be a nonnegative continuous function
on Q and p a positive continuous function on Q. Set Vo = min, 5 V(z), P, =
max, g p(x) and P, = min, g p(x). Let A be the Laplacian of M and denote by
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n; the i-th eigenvalue of the problem:

(A2 +V)u=mnpu in Q,
uloa = %‘89 =0.

i) If M is a minimal submanifold of R™, then

k

n 12 (K 1/2)1/2
> (g1 —mi)* < 2P1(2(n]:; 2) {Z(nm — i) <m - g) }

=1

i) If M is a minimal submanifold in a unit m-sphere S™(1), then

k 2 Vo\ /2 1/2
(Mhg1 — mi)* < M1 — (+(2n+4)<m—> )
Z + ; + P21/2 P

1/2

X { ﬁ;(nk+l = i) <P12/2 + 4(7% - IZ(IJ) 1/2> } - (3.2)

iti) If M is a complex projetive space CP™(4) of complex dimension n and of
holomorphic sectional curvature 4, then

k

2n+1)2P [ & 2n Vo /2
IR P G S )2 2 9
> (k41 —mi)? < o iE:l(nk-H 1) pI7? (- p

X { zk:(ﬂkﬂ — 1) (%g;l) + <77i - IZ?) 1/2> }1/2. (3.3)

=1

COROLLARY 3.2. Let the assumptions be as in Theorem 3.1.

1) If Q is a domain in an n-dimensional complete minimal submanifold of
R™, then
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k
SVo 1
< -2 (18>
Mt S - p + ( +S)ki:1m
k 2 k k 2y 1/2
1 Ve 1 1
2 0
e Y R I 1) Ee N (T S A
+{S <’%_1m P1) (1+ S)kj_l(% ki_lm) } , (3.4)
where
S:4P12(n+2)
n?P3

it) If Q is a domain in a minimal submanifold of S™(1), then

M1 < Apg1 + /A7, — Bia, (3.5)

where

1 p2 n? Vo )2
= 2T 2kn2 P} ; ( + (” Pl) )

py/?

n2 Vo 1/2
x (P21/2+(2n+4)<7h' - Pl> ),

k 1/2
1 ,  P? n? Vo
Buwt = 1 20 gy 2 (puz R
] =1 2

iii) If Q is a domain in CP™(4), then

Mht1 < Cryr +1/Cfq — Diga, (3.6)

where

w\*—‘

Cit1 =

k n+1 P12 ‘/E) 1/2
Z " kn2P2 1/2 P

N 8n(n+1)Jr W 1/2
py? "R 7
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k 1/2
1 n + 1 Vo
D= 3ot DS (2 (-3

X M_’_ _E 1/2 .
p? a2 "

PrOOF OF THEOREM 3.1. Let V be the gradient operator on Q and let
u; be the i-th orthonormal eigenfunction corresponding to the eigenvalue 7;, i =
1,2,..., that is,

Ou;
(A% +V)u; = mipu; in Q,  wilag = Y =0, (3.7)
o |50
/ PUU; = 51']'7 N Z,], (38)
Q
then
— < [ u< = 3.9
P /Q P, 3.9)
Multiplying (3.7) by w; and integrating on , one has
/ (Au;)? = / pu? / Vu?
<N (3.10)

,E.

It follows from the Schwarz inequality that

fiur= femam < (o) "(feawr) "< pim(n-)

(3.11)

i) Suppose that €2 is a domain in an n-dimensional minimal submanifold in
R™. Let x1,22,...,%y, be the standard coordinate functions of R™; then

Az, =0, a=1,...,m. (3.12)

Taking h = z,, in (2.4), we get
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k

Z(Ukﬂ - 771‘)2/ (= 2z0ui(Via, Vug))

i=1 Q

k
< 5Z(nk+1 - m)2/Q:vaui (2A(Vza, Vi) + 2(Vza, V(Au,)))

k 2
77k+1 1
+ Vo, Vu; 3.13
- e W~ ) (313)
Summing over «, one has
k m
> kg —mi)* > / (= 2zqui(Via, Vu;))
i=1 a=1
< 52 Nk+1 — 7’1 Z/ Lali 2A<V:Ca, vu7> + 2<v:13a, (AU1)>)
=1
k nk 77 m 1 2
+1 — 7
+ —(Vzq, Vu,) (3.14)
Observe that
Z V:ca,Vui Z (Vui(za)) |Vul-|2, Z \an|2 =n. (3.15)
a=1 a=1

We have from (3.9), (3.11), (3.12) and (3.15) that
m 1 m
—2zx,ui{Vxy,Vu;)) = = /U?Aazi = n/ u; > — 3.16
o35 | B
3 / Coti (2A(Via, Vui) + 2(Vira, V(Au;)))
Q

=2 Z /Q A(xqu;)(Va, Vu;) — 2 Z /Q Au; div(zau; Viy)
a=1 a=1
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Z/ (Vz,, Vul> + 224 (Au; ){(V,, Vu2>)

-2 Z/ Aui(|an|2ui + (x4 Va, Vuz>)
a=1 Q2

—4/ |Vui|2—2n/ w; A,
Q Q

1 Vo 1/2
:(4+2n)/|vul|2 4+2n)P1/2 (77- P(i) (3.17)
and
o 2 [Vail® _ 1( V0>1/2
—(Vz,, Vu; / /V .
Sl s = [ L [ (o

(3.18)

Substituting (3.16)—(3.18) into (3.13), we have
k
Z Mt =

k
s4+2n Z Vi 11 5 Vi
- P P2 et = ) < G ) i 5 P, i:1(77k+1 ) <771 Pl)

(3.19)

Taking

1/2

S (err — s )(m — ﬁ) v

0= RNV
(4+20) P Sy (e = )2 (m — )

one obtains (3.1).

ii) Assume now that € is a domain in an n-dimensional minimal submani-
fold of S™(1). Let x1,x2,...,Tmyt1 be the standard coordinate functions of the
Euclidean space R™*!; then
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m—+1

s™(1) = {(ffl,u-,xmﬂ) € R™Y; Z xh = 1}-
a=1

It is well known that

Az, = —nz,, a=1,....,m+1. (3.20)

For any § > 0, by taking h = x,, in (2.4) and using (3.20), we get

k

Z(nkH — ni)2/ (nxiu? — 2z4u; (VX q, Vuz->)

i=1 Q

k
< 5Z(nk+1 —n;)? /Q zaui(— nA(uiza) + 2A(Vag, Vu;)

i=1

+2(VTa, V(Au,)) — nzaAu,)

(Vao, Vug) — gt 2

NG

" (n 7i)
k+1 — 1d
+D s
=1

Summing over «, we get

k m-+1
Z(nkﬂ —n)? Z / (nxiuf — 22,u;(Vq, Vu;))
i=1 a=17%
k m-+1
<6 (e —mi)° / zau; (= nA(uiza) + 2A(Vaa, Vu;)
i=1 a=17%
+2(Vaa, V(Au;)) — nwaAu;)
k m+1 nTau; |12
(Mk+1 — mi) (Vaa, Vu;) — g
TEL R LAk LA (3.21)
S Pl
Using 71 22 = 1 and (3.9), we have
m—+1
Z/ (nxiuf — 2o:aui(an,Vui>)
a=1 Q
m—+1 n
— 2 V( 2>,Vi>)—/ > 3.22
/Q(nuz u < Zxa u Qnuz = (3.22)

a=1
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Let us calculate

m—+1

; /Qxaui(—nA(uixa))

m—+1
=—n Z /Qxaui( — N T + 2(Vxo, Vu;) + a:aAui)
a=1

:—n(—n/u?—/ |Vui|2>
Q Q
:nQ/u?—&-n/ |V, |,

Q Q

m—+1

Z /Qa:aui (2A(Vzq, Vu,))

m+1

=9 Zl /QA(xaui)(an,VUJ

m+1
=2 Z ( —nxqu; + 2{Vy, Vu;) + xaAui) (Vzy, Vu;)
a=1 Q

m—+1

:4/ > (Via, Vu;)?
Q=1

m—+1

:4/9 > (Vus(za)) :4/Q|w|2,

m—+1

;/Q%uz‘(2<wa,v(mi)>) :/QUZ‘<V(7:Z+11:63>,V(AW)> -0

and

m—+1

Z / Tali(—nroAu;) = —n/ w; Aug; :n/ |V, |2
= /e Q Q

Therefore, we obtain from (3.9), (3.11), (3.22)—(3.26) that

(3.23)

(3.24)

(3.25)

(3.26)
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m—+1

Z / xaui( —nA(uzy) + 2A(Vzy, Vu;) + 2(Va,, V(Au;)) — nxaAui)
a=1 Q

:n2/uf+n/ |Vui|2+4/ |Vui|2+n/ |V, |
Q Q Q Q

:nQ/u?+(2n+4)/ |V, [?
Q Q

w2l 1/2
P2 P21/2 Th P1

< (3.27)

and

m+1

D

a=1

(Vzy, Vu;) + I“AT:”“ 2

NG

n+1

1
/ - Z ((Vma, Vui)? — n(Via, Vu)uize + )
o et 4

n? / u? / |V, |2
= — _ + LI
4 Jap Q P

2 (i)

PR S & WA
=t g

(3.28)

Substituting (3.22), (3.27) and (3.28) into (3.21), we have

k k 2 1/2
n 9 of M 2n+4 Vo
— —n;)° < 1) — 1 — — 5 i —
2 ;:1(77k+1 ni)” < i§:1(77k+1 1) <P2 + P21/2 Ui 2

k Vo \1/2
(o1 —mi) ( n? (’71’ - ﬁ)
+> 5 it pr ) (3.29)

i=1

Taking
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1/2

k 2 (n'—ﬁ)l/2
S st — ) (g + )

Zk ( — )2 (2 4 2 W)
i=1\k+1 — 15 2 AT

2

and simplifying, we get (3.2).
iii) Finally, assume that €2 is a domain in CP™(4). Let z = (29, 21,- .-, 2n) be
a homogeneous coordinate system of CP™(4), (z; € C') and consider the functions

hp§:%7 p,q:O,l,...,’l’L. (330)

r=0 ~“T~"T
Setting g, = Re(hyg) and fp7 = Im(hyg), p,¢=0,1,...,n, we have (cf. [CY2])

n

> (9t Fg) =1, (3.31)
P,q=0

Z (957V9pg + fp7V frq) =0, (3.32)
P,q=0

Z (<Vgp6v Vpg) + (VY frg, pr§>) = _Z (ngAgzﬁ + prAfpﬁ) =4n, (3.33)
p,g=0 p,q=0

Z (AQPEVQPE + Afpﬁvfpﬁ) =0, (3.34)
P,q=0

Z (AngAng + AprAfpﬁ) = 16n(n +1), (3.35)
P,q=0

> ((Vapa Vui)® + (V fog, Vui)?) = 2|V |, (3.36)
P,q=0

Applying (2.4) to the functions g,z and f,7 and summing over p and ¢, we
obtain

k

> (s —m)? /Q > (gD — 2uilgpgV gpg, Vi)

i=1 p,q=0
— u} fygA frg — 2ui{foqV fog, Vi)
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k n
<6 (e — m)Q{ /Q > gpaui (A(uilgyg) + 2A(Vgyg, Vi)
=1

p,q=0

+ 2(Vgpg, V(Au;)) + AgpgAu;)

+/Q Z fpaui(A(UiAfpa)+2A<prg7Vui>

p,q=0

+2(V fyq, V(Au,)) + AprAui) }

2

k n
1 1 uiAg Y
5D (e =) D (H (<Vgpq7 V) + 217‘1)
i=1 p,q=0 VP

5 2) (3.37)

<<v Fom V) + “”Aqu)

1
+ _
|
where § is any positive constant.
From (3.9), (3.32) and (3.33), we have

/Q Z (— u} 903 2gpg — 2ui(9ygV gz, Vi) — uf frgA frg — 20i{foqV fog, Vi)

p,q=0

4
:%/ﬁzﬁ. (3.38)
Q 1

Observe from (3.9), (3.11), (3.32)—(3.36) that

/Q D (g A (widgyg) + FrgtiA(wid fig))

p,q=0

:/Q > (Algpgui)uilgyg + Al fogui)uiDfog))

p,q=0

= /Q > {((Agyg)® + (Afyg)?)ui + 2047V g + A figV frgs Vi)

p,q=0
+ (9pgAGpq + fpﬁApr)“iAui}
16n(n+1)  4n Vo \ 2
=16 1 2_4 A < - 3.39
n(n + )/QuZ n/Quz u; < 2 +P21/2(m P1> , (3.39)
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|3 (8T, V) + (T3 V(20

p,q=0

+ fogui(A(V fog, Vui) + (V fog, V(Au,))))

= [ (o) (Vo Vi) + Al (Vg V)

p,q=0

:2/Q Z (Vapg, Vui)® +(V frg, Vui)?)

p,q=0

4 v 1/2
— 2 0
_4A;VW|SPJ”GH_PJ , (3.40)

/Q Z (gpﬁuiAgpﬁAui + fpﬁuiAfpﬁAui)

P,q=0
dn V() 1/2
and
5 (s 2 =42
= \/ﬁ pg» ? 2 \/ﬁ pg» ? 2

1 & 2 A VITAY:
:/Q; Z ((Vgpg, Vui)* +(V fg, Vui)?)

p,q=0
1 — uf
[ 2% (0o + AT hauVu) + 5 (B + (Afa)) )
p,q=0
|V |2 w? 2 ( %)”2 16n(n+1)
=2 + 16n(n +1 —+ < P — — + —
/Q p ( ) QP P;’/Q TP P§

(3.42)

Substituting (3.38)—(3.42) into (3.37), we get



Inequalities for eigenvalues of the biharmonic operator 619

k 1/2
4n 16n(n+ 1) 8n+8< VO) )
B 2<6 ; + P — =
P, i:1(77k+1 ; Mk+1 — 77) < j2) P21/2 n 2
k Vi 1/2
1 <16n(n +1)  2(m— ) >
< M1 — + . . (3.43)
i 2:: Py P32
Taking
( Vo )1/2 1/2
n(n ni—p;
5 Y (k1 — Ui)(lG o 4 stljlz )
- n(n n 1/2
Sy (M1 — i) (%jl) + af/g (mi — ) / )
and simplifying, one gets (3.3). This completes the proof of Theorem 3.1. ]

PRrROOF OF COROLLARY 3.2. Consider first the case that 2 is a domian in
an n-dimensional complete minimal submanifold of R™. In this case, we have
from lemma 2.2 and (3.1) that

(3.44)
which gives
k k
;(nm —m)? < 8Pi(z1;3;r 2 ;(nkﬂ ) (m - E) (3.45)
Set
Vi =i E;
Py

then
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k k
8P (n +2)
Z(l/k+1 — Vi)2 < 17LQP2 Z Vi+1 — Vz i (346)
i=1 i=1

Setting

4PE(n +2)

S =
n2P3

and solving the quadratic inequality (3.46), we get
1
1k gk 2 1k 1 F 3
v < (148) 1 ;Vﬁ— (k ZVZ) —(1+28)7 > (yj_k ZVZ) . (3.47)
This is the inequality (3.4).

Assume now that  is a domain in a minimal submanifold of S (1). It follows
from (3.2) and lemma 2.2 that

which gives

n2 Vo 1/2
SRR S arrinn) )

n2 V() 1/2
X <P21/2 + (2n+4) <77Z P1) > (3.48)

Solving this quadratic inequality about 71, one obtains (3.5). The proof of (3.6)
is similar and will be omitted. This completes the proof of Corollary 3.2. O
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