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Abstract. We find the asymptotic behavior for large time of solutions to the
dispersive equations of Schrodinger type

wr — L|8a|Pu=0, (t,z)€ Rx R,
p

where p > 2. We obtain some estimates of solutions of linear problem and apply them
to nonlinear problems with power nonlinearities of order p > 3. The nonexistence of
wave operator and existence of the modified wave operator for the critical nonlinearity
iXu|?u are studied.

1. Introduction.

We study the large time asymptotic behavior of solutions to the Cauchy prob-
lem for the following dispersive equation of the Schrodinger type

up — 1\8I|”u =0, (t,z)e RxR,
p (1.1)

u(to, ) =ug(z), =€ R,

where p > 2, 0,7 = .Z Y ¢|P.Z, F or ¢ is the Fourier transform of ¢ defined
by Z¢(&) = \/%7 Ir e_iw5¢(m)dx and the inverse Fourier transformation %! is
given by .Z ~1¢(z) = \/%7 Ir e (€)d¢. Then we apply the estimates of solutions
to problem (1.1) for studying the nonlinear final value problem

us — ~|0y|Pu = N (u,7), (t,x) € Rx R,
P (1.2)
lim U(—t)u(t) = ug, r€R,

t—o0o
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with a given final state u,, where U(t) = .Z ~!exp (%t|§|p)ﬁ.

When p = 2, equations (1.1) and (1.2) are the linear Schrédinger equation and
nonlinear Schrodinger equation respectively. Recently many works were devoted
to the study of large time asymptotic behavior of solutions of these equations. In
particular, in [9] it was proved the existence of the modified wave operator for
(1.2) with p = 2, A (u,u) = i\|ul?>u, X € R under the condition that the final
state uy € H? and the norm ||uy |z~ is sufficiently small, where we denote the
Lebesgue space L? = {¢; [|¢||L» < oo}, with the norm ||¢|L» = ([ |¢(2)|Pdz)'/?
if 1 <p < ooand ||¢||pe = ess.sup,eg|¢(x)| if p = co. The weighted Sobolev
space H)"* is defined by H}"* = {¢ € LP; ||(z)*(i0,)™ ¢||L» < oo}, m,s € R with
(r) = V1+|z|2. The index 0 usually we omit if it does not cause a confusion.
The homogeneous Sobolev space is defined by H® = {¢ € L?;||0,]°¢||1> < oo}
In [10] by applying the method of paper [9], the modified wave operator for (1.2)
with p = 4 in the case of the critical nonlinearity A4 (u,u) = i\u|?u, A\ € R was
constructed under the condition that

4
e + 3 [[1€1 20k a5 .
k=0

is sufficiently small. They found some special asymptotic representation u,, for
solutions and have checked that the function

R = Ljty — i\t * U

is a remainder term in L?, where %, = i, — %(75‘5)5 denotes a linear part
of equation (1.2). Computation of Zyu,, implies at least fourth differentiability
||as || a0 < co. This method can be applied to higher order p if we assume that
e ||ge0o < co. However a longer computation is needed to obtain that R is
remainder. By combining the method of papers [9] and [12], it was proved in [11]

that

R= $4uw - Z/\|UV[/|2UW

is a remainder term, when Im A > 0 under the condition that

4
JE ez + 3 [[l61 120k < oo.
k=0

The smallness condition on the data is removed due to the dissipation condition



Dispersive equation of Schrédinger type 633

on the nonlinearity such that Im A > 0. Our results in the present paper improve
those of the previous works [9], [10], [11] and [12]. Our method is also applicable
for the case of non integer order p.

To construct the modified scattering operator it is important to study the
Cauchy problem for nonlinear dispersive equation of Schrodinger type with critical
nonlinearity A4 (u, %) = i\ul?u, A € R

ut — 2|0,|Pu = iul?u, (t,z) € Rx R,
p (1.3)

u(0, z) = uo, z € R.

In [5], the global existence and asymptotic behavior in time of small solutions
to (1.3) with p = 2 was shown in L? N L™ sense if the initial data ug € HY N
H%" with v > $ have a sufficiently small norm ||ug|| g+ + ||t gro.~. This result
yields the existence of the inverse modified wave operator. As far as we know
the construction of the modified scattering operator is an open problem for higher
order p > 2. Finally we note that some estimates for the linear dispersive equations
similar to (1.1) were shown in [7] in the case of Benjamin-Ono type equation
uy — $9;|0;|u = 0 and in [6], [8] in the case of Kortweg-de Vries type equation
U — %8§u = 0. Furthermore in [7], there were shown the global existence and
large time asymptotic behavior of small solutions in L2 N L sense for the Cauchy
problem to the Benjamin-Ono type equation

1
Up — §3z|8x|u =0u®, (t,) € Rx R,

u(0, ) = ug, r€R

under the condition that the initial data uwy € H*' N H2 are real valued and
have a sufficiently small norm ||ugl||g2.1 + ||uo||gr1.2. However the existence of the
modified wave operator is an open problem due to the derivative of the unknown
function wu, in the nonlinear term.

Applying the sharp large time asymptotics of solutions to nonlinear problems
we can show the nonexistence of usual wave operator. Therefore it is impossible
to apply our method to the case of subcritical nonlinearity such that |u[P~!u with
1 < p < 3. We note here that in the case of the usual nonlinear Schrodinger
equations with a gauge invariant nonlinearity i\|u[P~lu, 1 < p < 3, A < 0, the
nonexistence of the usual wave operator was shown in [1] by making use of a sharp
L9-time decay estimates of solutions for ¢ > 2 which was shown in [4] through the
pseudo-conformal conservation law.
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We denote by C(I; H) the space of continuous functions from a time interval
I to a Banach space H. Different positive constants might be denoted by the
same letter C.

The rest of this paper is organized as follows. In Section 2 we obtain large
time asymptotics and some L*>®-L' estimates for the free evolution group of the
Schrédinger type U(t) = % ~Lexp (%tmp)ﬁ. Section 3 is devoted to the study of
the final problem (1.2) in the supercritical case. Theorem 3.1 deals with the case of
sufficiently general nonlinearity .4 (u, %), however its order is far from the critical
value. In the case of a gauge invariant nonlinearity i\|u[P~tu, A € R we treat all
powers 3 < p < 14 2p in Theorem 3.2. In Section 4 we consider the modified final
problem for dispersive equation of Schrodinger type with a critical nonlinearity
i\ u|?u, where Im A > 0. Finally in Section 5 we prove the nonexistence of the
usual wave operator in the case of critical nonlinearity i\|ul?u, A € R.

2. Estimates for the free evolution group.

In this section we study the large time asymptotic behavior for the free evo-
lution group of the Schrédinger type U(t) = .# ~Lexp (%t|§|p)§?, where p > 2.
Denote the norm

]

lolize = [{&} 0| o + [{E} VOl > {€} = ©

THEOREM 2.1.  The estimate is true
_ltao —a
U #)v||pe < Ct™r |||8m\ vHLl (2.1)

for allt > 0 provided that the right-hand side is finite, where a € [O, £— 1] ,p>2.
Furthermore the asymptotic formula for large time t holds

U(t)v = A(t, x)0(x) + R(t,z), (2.2)
where
At x) = 8 | [y DI
i(p—1)

|]

1
and x = _\ZL;T(T) °=1 . The reminder R(t,x) satisfy the estimates

—_a_ 1 O
[R(@)[|L < Ct7 77 |[0] 2o
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forO<a<p—1and

IR(t)|| 22 < Ct~ 5% 3]

p—1
for 0 < a < 5=,

REMARK 2.1. Note that the first estimate (2.1) was shown in [2] for p = 4,
in [6] for p = 3 and in [8] for p > 3. We need estimate (2.1) for the proof of the
Strichartz type estimates (see Lemma 2.2 below). Note that the L? norm of the
remainder R(¢,x) decay faster than ¢7 =2 under the conditions a > £—1,p>2.

Proor. We write

_lta

Ut = (2n)" 1 » G ((a: - y)tf%) |0y |~ “v(y)dy
R
with a kernel
Galn) = [ 17 51E¢ e
R

To estimate the L>-norm of G4 (n) we define

Galt) = G-(n) + Galn) = [ € mi€ag s [ gnerorrig
0 0

We only consider 1 > 0 since the case of 7 < 0 can be treated similarly. We denote
1
u = nr-1, therefore we have for all n > 1

2
_[" & et ier
G-(n = /0 1—i(€ — p) (et — «5”‘1)(95((5 #) >d§

RS —ign+ier
* /2u pr—t — fp—lafe on dE.

Hence the integration by parts yields

oo

)2 P2 + C/zu EOPdE + Cpoti=r

(3
E—n

2
G-l <cu [

<CpetitE / (y)Pdy+ Cpot=r <C
R
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forallp > 1if p>2and 0 < a < g — 1. In the same manner we obtain
|G (n)] < C for all n > 1. Therefore we get ||Gqo|lL~ < C. Now the application
of the Young inequality implies estimate (2.1).

We now show the asymptotic formula (2.2). We only consider the case x > 0

and write the identity

Ut = == TG (e Yag

L (s /OO —ign+ier /Oo ient 1€ (ept
= ——0(x e pS dE + e v(ft P)d§
\/27rtr13< ) 0 0

+ /OOO A 13 (ﬁ( - ft*%) — @(X))dﬁ), (2.3)

where 1 = acf%, X = —,uf% = —ﬁ(%)»lj, and p = nﬁ > 0.

Consider the asymptotic behavior with respect to u — oo for the first sum-
mand in the right-hand side of (2.3)

0 e p—1 i gp i(1—1),P o
/ e~ 5 ge _ =il=Dn / (IS g
0 0

where S(&, p) = %(fp — pP — puP~ (€ — p)). We can define a new variable

_e 2 :
A =p+p't S—15E wsign(& - p).
Note that z¢(p, 1) =1 and (see [3])
z(0,p) Z(p - ]')

for p — oo, where z(0, u) = p(1 — \/%) Then applying the identity

GiSEm — 1
(T

e ((€ — p)e'sEm)

we integrate by parts in the second summand
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| esem e mag

0
— - _ eiS(g,p,) 1- Zf(ga M) ) 1—p
;e mesenan( e R Jae ot

Hence
\ | esena - Zs(&u))df‘
0
e — pldg o [, 1 e
<C —1/ +Cut~% “1=5de + O(ut="
— :U’ o 1+(£7‘LL)2MP72 lu’ 2“ € g (l’l' )
=O0(u' " Inp).
Therefore
1

— ﬁ(x)/ e*ig”ﬁgpdﬁ:A(t,x)f}(x)+0(t*%ﬁ(x)ul‘plnu),
\ ZTTL P 0

where the remainder term O(t_%ﬁ(x)ulfp In ) satisfies the estimates of the the-
orem.

Now we consider the second term in the right-hand side of (2.3). By applying
the identity

; igp ]. 8 ; i¢ep
15’]"!‘;5 — I l§n+;f
‘ e T )

the integration by parts with respect to & yields

Tt i (- N ge — — -t [ 3 ient 16 s (ept
/O ¢ v(gt )d{ ¢ /0 TR u(gt )d§

[ Epwrt + pgr igntief (p—1
_Z/o Qi@+ pr )2 e ac

Therefore we get

[t

a oo gad Lo
< Ct 5[0 - / CE otz (24)

Lo o 1+
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if0<a<p—1and

[ ey

<Ct

L2

o (gt—%) ‘df

/°° gpi!
o L&+

2
Li

+Ct ﬁ(ft’%)‘df

o M%-l
‘ /0 L+ &&=t +prt)

/oo gaugfldg
T E@ Tt )

Ly

< Ct% 5 |0 2o

2
L

< O35 || ()

~ 1 _a o
@l ze < Ct3 5 || 2o
L

if 0 <a< 5L

(2.5)

For the third summand in the right-hand side of (2.3) we apply the identity

—i Legp 1 0 i iep
T = e e (),

then the integration by parts yields
| (o - eh) - o0 )ag
0

o (€ — pe T (— et ) de
wooo _1
1+iu”U(X) T /0 L+i(§ = p) (€t = pr)

(=) =P+ (p— 1) (€ — p)2Er?
“/o (T i€ — p) (€1 —pr 1))

X (f}( - ft_%> - A( - ut_%>)e_i5"+%5pd§ = ilj(t,w).
J=1

The first integral I (¢, x) is estimated for all ¢t > 1 by

IOz < || L0~ ?)

L ‘m <t F {0 )] .
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if0<a<p—1and

a1l pz 1
Ii(t)]|p2 < Ct2e ol —ut e
I12(8) 122 TR ) B
<Ot% P {70 | g || | SO EBlZe (27)
<M>p L2
if 0 < o < £=. For the second term we find

oo (5 _ Iu)e—ifﬁ"r%fp
, Trae—me - (87

/°° €]t — pldE
o L1+I[§—pllgr=t — pur=t

_1
Ha(B)|[Lee <77

Loe
,u

< Ct o |[lg] ' )

ez .

< Ot % [0 2o (2.8)

since we have the estimate

/°° €177 € — pldg
o LH[E—pllert = prt]

I3

P 2p — uld
<o [Tt ot [Tt

€ — pl*dg
+c/ Tt <€ (2.9)

forall p > 0if 0 < a < p— 1. Similarly to the proof of (2.7) we also obtain

T T
/0 T+ie— e 1)’ (—gt p)dg

/°° gt E — pldg
o 1H1§—pllgr=t —pr= | L.

1 s(t)|| g2 < Ct™ 2

2
L n

< Ct7 7 |||e]t o (€)

[P
< Ct% 7 |[5]] 2o (2.10)

if 0 < a < 251, since as in (2.9) we have
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<l
. (1) o

00 g—l a—1|¢
| [t el o
0

L+ &= pl |t = pr=t

The third integral I3 is estimated as follows

oo 1 —ét_%
I3(t)|| L <C/ / ' (y)d ‘d
e A e e a | AP A b
< o1 5 |||e[ e e /Oo €° = d
< OOl | T et e
< Ct % ||0]| ze (2.11)

since

> €% — p@|
d
/0 L+ —pl 6Pt — pr=1 :

g~ pldg = 1€~ pl"dg
1+a— a—1 M H
= Gl /2 1+(£u)2up2+c/zu Lre—ur =©

for all 4 > 0if 0 < aw < p — 1. In the same way as in the proof of (2.10) we have

© pr e — pe
— —7d€
o 1+[€—pllgrt —pt

I1L(t) |22 < Ct2o =% |||€]* =0 ()| oo

2
Ly

<Ctmh (et zo < Ct% % |[7] 2o (2.12)

G
L2

if0<a< %_1. Therefore by (2.1)—(2.12) we obtain the result of the theorem for
the case of x > 0. The case of © < 0 is considered in the same way. This completes
the proof of Theorem 2.1. O

Now we state the Strichartz estimate. It can be proved by the duality ar-
gument from [13] and by estimates of Theorem 2.1. Denote the ordering of the
norms

I6lzszs = M6 Lyl gy

where I is a bounded or unbounded time interval.
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LEMMA 2.2

For any time interval I and for any s € I the Strichartz
estimate s true

H /St U(t—T1)p(r)dr

S C”QbHL?ILf/

LiL?,

with a constant C' independent of I and s, where 0 < g =1-l<cland0< 5 =
11 1,1 _ 1,1
§—p<1,7/+§—1,and?+?—l.

3. Supercritical case.

In this section we study the final problem in the supercritical case

mf%@WFwﬂwm,wweRXR

lim U(—t)u(t) = uy, z € R,
t—o0

(3.1)

where the free evolution group U(t) = .Z ! exp (%t|§|p),§5. We can write problem
(3.1) in the form of the integral equation

U(—t)u = uy + /too U(=7)AN (u,w)(7)dT. (3.2)

As above we use the norm ||[v||ze = [[{£}7%0(€)||p= + [{E} ' (€)|| L=
We prove the following result.

THEOREM 3.1.

Let the final data uy € L? satisfy the estimate ||uy | zo < 0o
with 252
2

<a< %1. Assume that the nonlinearity A (u, @) satisfies the growth
condition

| A (0,0) = A (u,7)] < Clv—ulP + Clv — u|ufP™!

with }i—gz < p < 14 2p. Then there exists a time T > 1 and a unique global

solution u € C([T,00); L?) of the final problem (3.1) such that

lu(t) = U@us g2 + u(-) = Uyl 2o e < CE"

x

for allt > T, where 2“;7;_” <b< p2;3.

In the case p > 2 + p, the L>°-L! estimates for the linear problem obtained
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in Theorem 2.1 (2.1) yields the global existence of solutions of (1.2) in the usual

Sobolev spaces. So we concentrated on the case 1 + 2p > 2 4 p > p in the above
theorem.

PrROOF. We define the following function space

X = {p e C([T,00); L?); |¢llx < oo},
where
lellx = sup t*(llllLse(t,00z2 + ||<P||Lff’(t,oo)Lgo)

te[T, 00

and 2”2# <b< %. This implies the condition on p > %. Denote the first

approximation us (t) = U(t)u4, and the second approximation
oo
us(t) = / Ut —7)AN (uy,uy)dr.
t

Let X, be a closed ball in X with a radius r > ||ty ||z~ and a center u;. Let
v € X, and define the mapping .Z by

A (v) = ug(t) + ua(t) + /:O Ut —7)(AN(0,0) — A (u1,u7))dT. (3.3)

Since ||| ze < oo with 252 < a < £5% by Theorem 2.1
s (8) | e < Crt2.

We also get by the Strichartz estimate (see Lemma 2.2) if b < ”2;3

_p=3
lusllx < sup || furf? 11y ooype < CrPTP 72 (3.4)
te[T,00) tA" x
Again by the Strichartz estimate we obtain

H /too Ut =m)(A (0,0) = A (w1, 70))dr

X

SO, (e 'l sy FI aillur gy yzg ) (39)

x
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By the Holder inequality we get

—2) 2;')71
P < CH 2p T 2p T 2p
[ e [l e
2041y
2p+1 P 4
Sl [ W
Hence for the first summand in (3.5) we find
sup t |||v—u1| ||
te[T,00) 2" ! (t,00)LL
1—p
b W 2p
= et HHU_“ Iz L%(tm)”v_ul”ﬁ"(t o)L
0o . 2p45’1;1)
4
< Cr? sup tb(pS)(/ T_Z/"*'Pl—l’d’]') < Orpp=br=3) (3.6)
te[T,00) t

since W < b < 253, Then for the second summand in (3.5) we obtain

sup  t°[||v — ua| [ug [P 1HLIMO)L3 < Tt (3.7)

te[T,00

v (3.4), (3.5)—(3.7) we get
[ (v) —url|x < CrPT™* (3.8)
with some € > 0. Via (3.8) we see that there exists a time T such that .Z (v) € X,.

We now consider vy, vo € X, then in the same way as in the proof of (3.8) it
follows that there exists 1" such that

1
| A (v1) — A (va2)||x < 5\\01 — vz x-

Therefore .# is a contraction mapping in X,., hence we have the result of Theorem
3.1. O

In the case of the nonlinearity A4 (u, %) = iA\|u[P~lu, A\ € R we can consider
final problem (3.1) with any powers 3 < p < 1+ 2p.
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THEOREM 3.2.  Let the final data uy € L? satisfy the estimate ||ty | zo < 00
with % <a< %1. Assume that the nonlinearity A (u,w) = i\ulP~ u, with
A€ R, 3 <p<1+2p. Then there exists a time T > 1 and a unique global
solution u € C([T,00); L?) of the final problem (3.1) such that for some positive

constants Cy,Cy
Cot™ "2 < ||u(t) — Ut)uy||pe < Oyt "2

forallt >T.

Proor. We define

— )\ p—3 —~
0(t.6) = T oxw (25 BOT O ).

where B(£) = ﬁmlf%_ Then by equation (3.1) we have

(FU(=t)u — w(t,8)):

= INFU(—t)|ul? ™ u — ixt™ "= |B(&)TL(€)["~ @t €)

p

— INFU(—1) (\uvﬂ—lu O A ‘t—%B(g)u:(g) o, g)). (3.9)

By Theorem 2.1 we can write

p—

v 7 Beme)| w.o

p—1

— At [EEBOOT (0| @t + Ry = WP Ry, (3.10)

1

)ﬁ and

lz
T

where h(t,z) = A(t, x)w(t, x), x = _ﬁ(
A(t,x) = t73B(y)e (07",

The remainder R; satisfies the estimates of Theorem 2.1

_a_ 1 p—1
|Ri(t)]lz2 < O35 |

@@ o)

Zo



Dispersive equation of Schrodinger type 645

for 0 < o < £=. We have
H ‘t‘%B(f)@(E)’H@(t,f)‘ i
= |@e|ireme| mo),.
+ ey o[ iBeme| awo)|,
<O @I T e + TP 1 e

if £ —1 < . Therefore
IRL (D)2 < Ct 5% (a3 |y + a5 |Z).
Substitution of (3.10) into (3.9) yields
(FU(—t)u — @(t,€))s = iANFU(—t)(JulP " u— |hP~"h — Ry). (3.11)
Note that by Theorem 2.1
U).Z 't &) = h(t,x) + Ra,

hence we get from (3.11)

O(FU(—t)(u—h — Ry)) = iAFU(—=t)(Jul’""u— |h[P"'h — Ry), (3.12)
where the reminder Rs(t, ) satisfy the estimates

1 _a_ 1
|1 Ro(#)]| 2 + 78 || Ra ()| e < CE 572 [[B(1)]| 20

<Ot (|37 + T G) (313)
for £ 2 < o < 5= since

l@(®)lze = {6} a7 (©)] o + [HEDe(t, )]

— _p=3 ip—1 |~
< Ollugllze +Ct™ = Jlagll,_, lax ] ze-
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As in the proof of Theorem 3.1 we define the function space
X = {p € C([T,0); L*); [|¢| x < oo},

where

lelx = sup 2 (lelpeoorrs + el g2 ooyps)
te[T,00)

with b = % + ﬁ € [”Q;pl, %) Let X, be a closed ball in X with a radius r» >

C||u¥ ||z~ and a center h(t). We write (3.12) as the integral equation
u—h— Ry = i)\/ Ut —7)(JulP'u—|h|P~'h — Ry)dr,
t

and solve it by the contraction mapping principle in X,.. Define the mapping for
v e X,

(W) =h+ Ry + z'/\/ UGt —7)(Jol"0 — |AP~"h — Ry )dr.
t

By (3.13) we have ||Ra||x < C||us|/z~. Then as in (3.5)—(3.7) by the Strichartz
estimate we obtain

|2 (v) — h||x < HR2 + i)\/ Ut —7)(JofP~'v = |hP~ h — Ry)dr
t

X

< ||Rs]|x +C sup th|v - h|pH 2
te[T,00) L7 (t,00)LY

+C sup °||jv—h|[[P~! . +C sup t°| Ry 5
te[T,00) H HL}(t,oo)LI te[T,m0) L}(t,00)L2

< Cllay| ze + CrPT=2®=3) 4 CrpT="2" <y (3.14)

since QP%;_” < b, if T is sufficiently large. As in the proof of (3.14) we get

1
| A (v1) — A (v2)| x < 5Hv1 -2 x

for any vy, vo € X, which shows that .# is a contraction mapping in X,.. Theorem
3.2 is proved. O
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4. Critical case.

In this section we study the modified final problem for dispersive equation of
Schrédinger type with critical nonlinearity A4 (u, ) = i\|u|?u

up — <195 )Pu = iM|ul?u, (t,z) € Rx R,
P

lim (FU(—t)u(t) — ©(t)) =0, =€ R,

t—o00
where we define the modified final state

A

(1,6 = T e (12

s|2-p|a<§>210gt)

if A € R and in the case of the dissipative nonlinearity .4 (u,%) = i\u|?u with
Im A > 0, we define a modified final state

(t,6) = O exp oy elt.8)).
where
(1.9 = 1og (14 2P IT (O ogt ).
Note that

w(t, ).

2
@ilt,€) = Nt BB, ©)|
As above we use the norm ||[v]|za = [[{€} (&) || L= + [{EH (&) L.

We first prove the following result.

THEOREM 4.1.  Let the final data uy € L? satisfy the estimate |ty ||zo < €,
where € > 0 is sufficiently small and pT—z <a< %1. Assume that Im A > 0.
Then for some T > 1 there exists a unique global solution u € C([T,00); L?) of
the modified final problem (4.1) such that

llu = PllLg=t,00ym2 + 1t = Bl 201 oy oo () < Ct 7

_1
where pQ;pl <b< % + i < % and h(t,x) = A(t,x)w(t,x), x = —i(‘f—l) *=1 and

|]



648 N. HavasHI and P. I. NAUMKIN

1 P . 1 P
Al ) = 1 | 1SR
(&%) -1

PrROOF. As in the proof of Theorem 3.2 by virtue of Theorem 2.1 we obtain
from (4.1)

H(FU(—t)u—©(t,€)) = iAFU(—t)(Jul>u — |h|*h — Ry) (4.2)
where R; satisfies the estimates

o 2
IR1(t)| g2 < Ct™57% |

’t*%B(g)@(t,f) @(t,ﬁ)\

Zo

since %72 <a< p2;1. By Theorem 2.1
Ut).Z 1%(t, &) = h(t,z) + Ry.
Hence we get from (4.2)
O (FU(—t)(u—h— Ry)) = iAFU(—t)(Jul’u — |h]*h — Ry), (4.3)

where the reminder Rs(t, z) satisfies the estimates

a

|R2(t) L2 + 27 || Ro(t) || L= < Ct 572 |@(t)]| 2o

—a_ 1 —~ —~
< Ct™ o (|[uzllze +logt|ay %) (4.4)
for %72 <a< %1. As in the previous section we define the following set

X = {p € C([T,00); L?); ||| x < o0},
where

lillx = s (el toorzz Ry + 121l 220 1 ooy roe (r))
S

, 00
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with pQ;pl <b< % + Tlp < % Let X, be a closed ball in X with a small radius
r > 0 and a center h(t). We solve (4.3) by the contraction mapping principle in
X,.. Define the mapping for v € X

(W) = h+ Ry + i/\/ Ut — 7)(jo]v — [h2h — R )dr.
t

By (4.4) we have ||Rg]|x < C|luy||z+ since the data u, are sufficiently small.
Then by the Strichartz estimate we obtain

|4 (v) — h||x < HR2 + i)\/ Ut —7)(Jv[*v = |h]>h — Ry)dr
t

X

<||R2l|x +C sup th|U—h\3H _2p
te[T

;00) L7 (too)LL

+C sup t°|||v—h||h? L4 C sup PR g
te[T,00) H| | | | HL%(t,oo)Lz te [T 00) ” ”Lt (t,00)L2
< Clay|ze +Cr*+Cr3 <r (4.5)

since ”2—_/)1 < b and the data uy are sufficiently small. Similarly to (4.5) we get

1
- (v1) = A (02)llx < 5llvr — w2l x

for vy, vy € X,., which shows that .# is a contraction mapping in X,.. Thus there
exists a unique global solution u € C([1,00); L?) of the modified final problem
(4.1) such that v € X,. This completes the proof of Theorem 4.1. O

REMARK 4.1. When Im A > 0 we do not need the smallness condition on
the data since we can easily see that the approximate solution has an additional
time decay

|U(twllse < Ot (log1) ==
from which the estimate (4.5) can be written as
| #(v) = hllx < Cllogt)™* <r

forall t > T, if T > 1 is sufficiently large.
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5. Nonexistence of the wave operator.

In this section we prove the nonexistence of the usual wave operator for the
final problem for dispersive equation of Schrédinger type with a critical nonlinear-

ity
U — £|8I|Pu =iMul?u, (t,7) € Rx R,
p

(5.1)
lim U(—t)u(t) = uy, r€R,

t—o0

where \ € R.

THEOREM 5.1.  Let the final data u, € L? satisfy the estimate ||uy |z« < oo
and %72 <a< prl. Assume that A € R. We also assume that there exists a

solution u € C([T, 00); L?) to final problem (5.1) such that
lim [u(t) — U(t)us 22 =0,

then u = 0.

ProOF. Multiplying equation (5.1) by U(—t) and integrating with respect
to time we find

U(=t)u(t) — U(~s)u(s)

t

—ix [ U (utu - U F P TP ©)dr
( t
+AF TP [ ol
Hence by Theorem 4.1
U (=tyut) — U(=s)u(s)] 2
t t
> NI AT PE e [ 7t =€ [ IRalgadr

—C [ u(r) = h(T)[=llu(r) = R(T)l| L2 ]| A(T)ar (T)]| L~ dT

= C [ u(r) = A7)z (1) || g2 (7)1 dr.

S
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Then as in (3.6) by the Holder inequality we get

t

[u(r) = h(T)[| L= [lu(r) = A(7)|| 2 A(T) s (7) | Lo dr

S

< C||r " H u(r) = ()]l

L1(s,t)

<Cllrz —~
<CJr 2 ”Lf‘%l(t,oo)HU(T) h(T)HLi"(s,t)Lgo

t 2;;—1
SC’sb</ T<b+é>25”1dr> "< ost
S

since pT;l < b. Hence we have

1U(=t)u(t) = U(=s)u(s)| >

=PI 120 "dr - ! dr
> WP AT T [ 5 =057 = [ utr) = Ul T
(5.2)

Estimate (5.2) along with the condition of the theorem imply that for any € > 0
there exists T'(¢) such that for any ¢t > s > T'(¢)

[U(=tu(t) — U(=s)u(s)llz= = (AP~ P . —<) [ 2.

s T

Consequently u,. = 0. Since the solution satisfies the conservation of L2-norm, we
have u = 0. Theorem 5.1 is proved. O
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