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Abstract. In this paper, we introduce a notion of stationarity for the pair of flows in

a metric vector space and characterize it in such a way that there exist two relations,

called a dissipation-dissipation theorem and a fluctuation-dissipation theorem, among the

KM2O-Langevin matrix associated with the pair of flows.

§1. Introduction.

In a series of papers ([1]–[12]), we have developped the theory of KM2O-Langevin

equations for the multi-dimensional local and weakly stationary process X ¼ ðXðnÞ;

jnjUNÞ with discrete time and proposed a method to analyze the inner structure hidden

behind a given time series X ¼ ðXðnÞ; 0U nUNÞ. In particular, we have proposed

three tests: one is a stationary test (Test (S)) that checks the weak stationarity of a given

time series; the other is a causal test (Test(CS)) that judges the existence and direction of

a causal relation between two kinds of time series passing Test(S); the third is a de-

terministic test (Test(D)) that judges the determinism of the time evolution of time series

passing Test(S).

The theoretical background for Test(S) lies in the fluctuation-dissipation theorem

(Theorems 3.1 and 4.1) and the construction theorem (Theorem 6.1) obtained in [1].

We note that Burg’s relation pays an important role in the proof of these two theorems.

In order to get a method that stands the test of analysis for complex time series,

however, we have to refine the results of [1] for the multi-dimensional local and weakly

stationary process X ¼ ðX ðnÞ; 0U nUNÞ whose time domain is restricted to the same

set f0; 1; . . . ;Ng as the time domain of the given time series X ¼ ðXðnÞ; 0U nUNÞ.

Further, there are four points to be reconsidered in two theorems stated above: one is

that we took a complicated procedure in the proof of Burg’s relation that is needed for

the proof of the fluctuation-dissipation theorem; the second is that we put an unsat-

isfactory assumption in the construction theorem such that the KM2O-Langevin matrix

can be constructed through the fluctuation-dissipation theorem; the third is that there
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was lacked for the consideration for the case k ¼ n0 in Step 15 of the proof of Burg’s

relation that is needed for the proof of the construction theorem; the fourth is that the

construction theorem gives only the stationary solution to the forward KM2O-Langevin

equation. For characterizing the stationary property of the process in terms of the

fluctuation-dissipation theorem, we have to take a careful consideration not only for the

forward KM2O-Langevin equation, but also for the backward KM2O-Langevin equation.

The purpose of this paper and subsequent papers ([13], [14]) is to solve four problems

stated above. From the viewpoint of the algebraic structure of stochastic processes, at

first in this paper, we shall reconstruct the theory of KM2O-Langevin equations for the

multi-dimensional flow in a metric vector space and introduce a notion of stationarity

for the pair ½X;Y� of flows X and Y in the metric vector space. Next, by rearranging

the structure in the proof of two theorems in [1] stated above and giving a simplified

proof of Burg’s relation, we shall characterize a notion of stationarity for the pair of

flows in such a way that there exist two relations, called a dissipation-dissipation theorem

and a fluctuation-dissipation theorem, among the KM2O-Langevin matrix associated

with the pair of flows. As a byproduct, we will find that Burg’s relation holds for any

stationary pair of flows. We note that Burg’s relation has been proved for the usual

weakly stationary process.

Now let us state the contents of the present paper. Let ðW ; ð?; �ÞÞ be any metric

vector space with an inner product ð?; �Þ over real field R. By a pair of d-dimensional

flows in W, we mean a pair ½X;Y� such that X ¼ ðX ðnÞ; 0U nUNÞ and Y ¼

ðY ðlÞ; ÿNU lU 0Þ are families of d-dimensional column vectors moving in W with

discrete time.

In §2, we shall derive a forward (resp. backward) KM2O-Langevin fluctuation flow

nþ ¼ ðnþðnÞ; 0U nUNÞ (resp. nÿ ¼ ðnÿðlÞ; ÿNU lU 0Þ) associated with the flow X

(resp. Y) by using the innovation method.

The aim of §3 is to derive the KM2O-Langevin matrix LMð½X;Y�Þ associated with

the pair ½X;Y� of flows and the KM2O-Langevin equations describing the time evolution

of X and Y that consist of the dissipation part and the fluctuation part, under the

independence condition for X and Y.

In §4, we shall introduce a concept of stationary property for the pair ½X;Y� of

flows. We say that the pair ½X;Y� of flows satisfies stationary property if there exists

a matrix function R : fÿN;ÿN þ 1; . . . ;N ÿ 1;Ng ! Mðd;RÞ such that for any

m; n ð0Um; nUNÞ,

ðXðmÞ; tXðnÞÞ ¼ Rðmÿ nÞ and ðY ðÿmÞ; tY ðÿnÞÞ ¼ Rðÿmþ nÞ;

where for any two L-dimensional column vectors x ¼ tðx1; . . . ; xLÞ and y ¼ tðy1; . . . ; yLÞ

whose elements xj ; yj ð1U jULÞ belong to W, we denote by ðx; t yÞ an L� L matrix,

called to be an inner matrix of x and y : ðx; t yÞ1 ððxj; ykÞÞ1U j;kUL. Then we call the

pair ½X;Y� the stationary pair of flows and the matrix function R the covariance matrix

function of the stationary pair ½X;Y� of flows, respectively. We shall state in §4 the

main theorem (Theorem 4.2) in this paper that characterizes the notion of stationary

property for the pair ½X;Y� of flows in terms of the dissipation-dissipation theorem (for

abbreviation (DDT)) and the fluctuation-dissipation theorem (for abbreviation (FDT)).
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These two theorems, (DDT) and (FDT), will be proved in §5 and §6 for the

stationary pair of flows, respectively. It will be found that Burg’s relation pays an

important role in the proof of (FDT), which will be proved in Theorem 6.3. We note

that (DDT), (FDT) and Burg’s relation have been already proved in [1] for the usual

weakly stationary process.

In §7, we shall prove that (DDT) and (FDT) imply stationary property for the pair

½X;Y� of flows by taking the same consideration as in the proof of Burg’s relation in

Theorem 6.3 of this paper and rearranging the structure in the proof of the construction

theorem in [1].

From the viewpoint of the fluctuation-dissipation theorem, as a continuation of the

present paper, we shall prove a construction theorem for KM2O-Langevin matrix and an

extension theorem for stationary pair of flows in two subsequent papers [13] and [14],

respectively.

§2. KM2O-Langevin fluctuation flows associated with flows.

Let ðW ; ð?; �ÞÞ be any metric vector space with an inner product ð?; �Þ over real

field R. By a d-dimensional flow in the space W, we mean a function Z ¼

ðZðnÞ; lU nU rÞ : fl; lþ 1; . . . ; rÿ 1; rg ! W d such that for each n ðlU nU rÞ,

ZðnÞ ¼ tðZ1ðnÞ;Z2ðnÞ; . . . ;ZdðnÞÞ;ð2:1Þ

where l and r ðl < rÞ are integers and ZjðnÞ are vectors in W ð1U jU d; lU nU rÞ.

Furthermore, for a d-dimensional flow Z ¼ ðZðnÞ; lU nU rÞ and two integers n1,

n2 ðlU n1U n2U rÞ, we define a subspace Mn2
n1
ðZÞ of the vector space W by

Mn2
n1
ðZÞ1 the subspace generated by fZjðmÞ; 1U jU d; n1UmU n2g:ð2:2Þ

Let ½X;Y� be any pair of d-dimensional flows X ¼ ðX ðnÞ; 0U nUNÞ and Y ¼

ðY ðlÞ; ÿNU lU 0Þ in the space W. We project for each n ð0U nUNÞ d components

of the vector XðnÞ in the closed subspace Mnÿ1
0 ðXÞ to get a d-dimensional flow nþ ¼

ðnþðnÞ; 0U nUNÞ such that

nþð0Þ1Xð0Þð2:3þÞ

nþðnÞ1XðnÞ ÿ PM nÿ1
0 ðXÞX ðnÞ ð1U nUNÞ:ð2:4þÞ

By rewriting ð2:3þÞ and ð2:4þÞ, we can get an orthogonal decomposition of the flow X:

X ð0Þ ¼ nþð0Þð2:5þÞ

X ðnÞ ¼ PM nÿ1
0 ðXÞX ðnÞ þ nþðnÞ ð1U nUNÞ:ð2:6þÞ

We call this d-dimensional flow nþ a forward KM2O-Langevin fluctuation flow asso-

ciated with the flow X. We define a forward KM2O-Langevin fluctuation matrix

function Vþ ¼ ðVþðnÞ; 0U nUN Þ associated with the flow X as follows:

VþðnÞ1 ðnþðnÞ;
t
nþðnÞÞ ð0U nUNÞ:ð2:7þÞ
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It is easy to see that the following relations hold between the flow X and the

forward KM2O-Langevin fluctuation flow nþ.

Theorem 2.1.

M
n

0 ðXÞ ¼ M
n

0 ðnþÞ ð0U nUNÞðiÞ

ðXðmÞ; tnþðnÞÞ ¼ 0 ð0Um < nUNÞðiiÞ

ðnþðmÞ; tnþðnÞÞ ¼ dmnVþðnÞ ð0Um; nUNÞ:ðiiiÞ

Moreover, by projecting for each l ðÿNU lU 0Þ d components of the vector

Y ðlÞ in the closed subspace M
0
lþ1ðYÞ, we can get a d-dimensional flow nÿ ¼

ðnÿðlÞ; ÿNU lU 0Þ such that

Yð0Þ ¼ nÿð0Þð2:5ÿÞ

YðlÞ ¼ P
M

0
lþ1ðYÞ

YðlÞ þ nÿðlÞ ðÿNU lU ÿ 1Þ:ð2:6ÿÞ

We call this d-dimensional flow nÿ a backward KM2O-Langevin fluctuation flow

associated with the flow Y. For each n ð0U nUNÞ, we denote by Vÿ ¼

ðVÿðnÞ; 0U nUNÞ the backward KM2O-Langevin fluctuation matrix function:

VÿðnÞ1 ðnÿðÿnÞ; tnÿðÿnÞÞ ð0U nUNÞ:ð2:7ÿÞ

In the same way as in Theorem 2.1, we have

Theorem 2.2.

M
0
ÿn
ðYÞ ¼ M

0
ÿn
ðnÿÞ ð0U nUNÞðiÞ

ðYðÿmÞ; tnÿðÿnÞÞ ¼ 0 ð0Um < nUNÞðiiÞ

ðnÿðÿmÞ; tnÿðÿnÞÞ ¼ dmnVÿðnÞ ð0Um; nUNÞ:ðiiiÞ

Example 2.1. Let X ¼ ðXðnÞ; 0U nUNÞ be any d-dimensional flow in the metric

vector space W. We define a d-dimensional flow ~XX ¼ ð ~XX ðlÞ; ÿNU lU 0Þ by

~XXðlÞ1XðN þ lÞ:ð2:8Þ

We call this pair ½X; ~XX� of flows a natural pair of flows associated with the flow X.

Example 2.2. Let X ¼ ðX ðnÞ; jnjUNÞ be any d-dimensional flow in the metric

vector space W. We define a d-dimensional flow Xþ ¼ ðXþðnÞ; 0U nUNÞ by

XþðnÞ1XðnÞ:ð2:9Þ

Further, we define for each s ð0UsUNÞ a d-dimensional flow ~XXðsÞ
ÿ ¼ð ~XX ðsÞ

ÿ ðlÞ; ÿNUlU0Þ

by

~XX ðsÞ
ÿ ðlÞ1Xðsþ lÞ:ð2:10Þ

Then we can obtain N þ 1 pairs ½Xþ;
~XXðsÞ
ÿ � of flows.

Y. Okabe820



§3. KM2O-Langevin equations and KM2O-Langevin matrix associated with

the pair of flows.

Let ½X;Y� be any pair of d-dimensional flows X ¼ ðX ðnÞ; 0U nUNÞ and Y ¼

ðYðlÞ; ÿNU lU 0Þ in the metric vector space W. We shall derive a forward (resp.

backward) KM2O-Langevin equation that governs the forward (resp. backward) time

evolution of the flow X (resp. Y) under the following independence conditions:

fXjðnÞ; 1U jU d; 0U nUN ÿ 1g is linearly independent in Wð3:1Nÿ1Þ

fYjðÿnÞ; 1U jU d; 0U nUN ÿ 1g is linearly independent in W :ð3:2Nÿ1Þ

The above conditions imply that there uniquely exist two systems fgþðn; kÞ;

1U nUN; 0U k < ng and fgÿðn; kÞ; 1U nUN; 0U k < ng of d � d matrices such that

PM nÿ1
0 ðXÞXðnÞ ¼ ÿ

Xnÿ1

k¼0

gþðn; kÞXðkÞ ð1U nUNÞð3:3þÞ

PM0
ÿnþ1ðYÞ

Y ðÿnÞ ¼ ÿ
Xnÿ1

k¼0

gÿðn; kÞYðÿkÞ ð1U nUNÞ:ð3:3ÿÞ

Immediately from ð2:5GÞ and ð2:6GÞ, we have

Xð0Þ ¼ nþð0Þð3:4þÞ

XðnÞ ¼ ÿ
Xnÿ1

k¼0

gþðn; kÞXðkÞ þ nþðnÞ ð1U nUNÞð3:5þÞ

and

Yð0Þ ¼ nÿð0Þð3:4ÿÞ

Y ðÿnÞ ¼ ÿ
Xnÿ1

k¼0

gÿðn; kÞYðÿkÞ þ nÿðÿnÞ ð1U nUNÞ:ð3:5ÿÞ

In particular, for each n ð1U nUNÞ, we put

dGðnÞ1 gGðn; 0Þ:ð3:6GÞ

We call equation ð3:5þÞ (resp. ð3:5ÿÞ) with initial condition ð3:4þÞ (resp. ð3:4ÿÞ) a

forward (resp. backward) KM2O-Langevin equation for the d-dimensional flow X (resp.

Y). Further, we call the matrix function gþ ¼ ðgþðn; kÞ; 0U k < nUNÞ (resp. gÿ ¼

ðgÿðn; kÞ; 0Uk<nUNÞ) a forward (resp. backward) KM2O-Langevin dissipation matrix

function associated with the flow X (resp. Y). In particular, we call the matrix function

dþ ¼ ðdþðnÞ; 1U nUNÞ (resp. dÿ ¼ ðdÿðnÞ; 1U nUNÞ) a forward (resp. backward)

KM2O-Langevin partial correlation matrix function associated with the flow X (resp.

Y). We define a system LMð½X;Y�Þ by

LMð½X;Y�Þ1 fgGðn; kÞ; dGðnÞ;VGðmÞ; 0U k < nUN; 0UmUNg
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and call this system a KM2O-Langevin matrix associated with the pair ½X;Y� of

d-dimensional flows X and Y.

When we need to represent explicitly the time domain of the flows X and Y, we

adopt the following notation: for each natural number M less than or equal to N, we

restrict the time domain of the flow X (resp. Y) to the subset f0; 1; . . . ;M ÿ 1;Mg

(resp. fÿM;ÿM þ 1; . . . ;ÿ1; 0gÞ and get the pair ½XðMÞ
;YðMÞ� of flows XðMÞ ¼

ðX ðnÞ; 0U nUMÞ and YðMÞ ¼ ðYðlÞ; ÿMU lU 0Þ. Since the pair ½XðMÞ
;YðMÞ� of

flows satisfies also the independence conditions ð3:1Mÿ1Þ and ð3:2Mÿ1Þ, we can get the

KM2O-Langevin matrix associated with the pair ½XðMÞ
;YðMÞ� of flows and denote it by

LMð½XðMÞ
;YðMÞ�Þ c fg

ðMÞ
G ðn; kÞ; d

ðMÞ
G ðnÞ;V

ðMÞ
G ðmÞ; 0U k < nUM; 0UmUMg:

By noting that Mnÿ1
0 ðXðNÞÞ ¼ Mnÿ1

0 ðXðMÞÞ and M0
ÿnþ1ðY

ðNÞÞ ¼ M0
ÿnþ1ðY

ðMÞÞ for any

n ð1U nUMÞ, we can show

Theorem 3.1 (Consistency Condition). For each natural numbers M;NðM < NÞ,

g
ðNÞ
G ðn; kÞ ¼ g

ðMÞ
G ðn; kÞ ð0U k < nUM ÞðiÞ

d
ðNÞ
G ðnÞ ¼ d

ðMÞ
G ðnÞ ð1U nUM ÞðiiÞ

V
ðNÞ
G ðmÞ ¼ V

ðMÞ
G ðmÞ ð0UmUM Þ:ðiiiÞ

§4. Stationary property and its characterization theorem.

Let ½X;Y� be any pair of d-dimensional flows X ¼ ðXðnÞ; 0U nUNÞ and Y ¼

ðY ðlÞ; ÿNU lU 0Þ in the space W. We shall define a concept of stationary property

for the pair ½X;Y� of flows.

Definition 4.1. We say that the pair ½X;Y� of flows has stationary property if

there exists a matrix function R : fÿN;ÿN þ 1; . . . ;N ÿ 1;Ng ! Mðd;RÞ such that

ðXðmÞ; tXðnÞÞ ¼ Rðmÿ nÞ ð0Um; nUNÞð4:1Þ

ðYðÿmÞ; tYðÿnÞÞ ¼ Rðÿmþ nÞ ð0Um; nUNÞ:ð4:2Þ

Then we call the pair ½X;Y� of flows and the matrix function R a d-dimensional

stationary pair of flows in the space W and the covariance matrix function of the pair

½X;Y� of flows, respectively.

Example 4.1. Let X ¼ ðX ðnÞ; 0U nUNÞ be any d-dimensional flow considered in

Example 2.1. Moreover, we assume that X satisfies condition (4.1). Then, the natural

pair ½X; ~XX� of the flow X has stationary property and its covariance matrix function as

the pair of flows is equal to the matrix function R in (4.1).

Example 4.2. Let X ¼ ðXðnÞ; jnjUNÞ be the same d-dimensional flow as in

Example 2.2. Moreover, we asssume that X satisfies the usual weakly stationary

property. Then, for each s ð0U sUNÞ, the pair ½Xþ;
~XXðsÞ
ÿ � defined in (2.9) and (2.10)

has stationary property.

Y. Okabe822



Let ½X;Y� be any stationary pair of flows in the space W such that

X ¼ ðX ðnÞ; 0U nUNÞ and Y ¼ ðY ðlÞ; ÿNU lU 0Þ. It is to be noted that

tRðnÞ ¼ RðÿnÞ ð0U nUNÞ:ð4:3Þ

By using (4.1) and (4.2), we can introduce some unitary operators which represent

certain equivalence between the flows X and Y.

Theorem 4.1. (i) There exists a unitary operator U : MN
0 ðXÞ ! M0

ÿNðYÞ such that

UðXjðmÞÞ ¼ YjðÿN þmÞ ð1U jU d; 0UmUNÞ:ð4:4Þ

(ii) For each integers l; r; n ð0U lU rUN; 0U nUN ÿ rÞ, there exists a unitary

operator U r
l
ðnÞ : M r

l
ðXÞ ! Mrþn

lþnðXÞ such that

U r
l
ðnÞðXjðmÞÞ ¼ Xjðmþ nÞ ð1U jU d; lUmU rÞ:ð4:5Þ

(iii) For each integers l; r; n ðÿNU lU rU 0; 0U nUN þ lÞ, there exists a unitary

operator U r
l
ðÿnÞ : M r

l
ðYÞ ! Mrÿn

lÿnðYÞ such that

U r
l
ðÿnÞðYjðmÞÞ ¼ Yjðmÿ nÞ ð1U jU d; lUmU rÞ:ð4:6Þ

Let ½X;Y� be any pair of flows in the space W satisfying the independence con-

ditions ð3:1Nÿ1Þ and ð3:2Nÿ1Þ. We shall state the following main theorem in this paper

that characterizes stationary property, which will be proved in §5, §6 and §7.

Theorem 4.2 (Characterization Theorem for Stationary Property). The necessary

and su‰cient condition for the pair ½X;Y� of flows to have stationary property is that

(DDT) Dissipation-Dissipation Theorem: For each integer n; k ð1U k < nUNÞ,

ðDDT-iÞ gþðn; kÞ ¼ gþðnÿ 1; k ÿ 1Þ þ dþðnÞgÿðnÿ 1; nÿ k ÿ 1Þ

ðDDT-iiÞ gÿðn; kÞ ¼ gÿðnÿ 1; k ÿ 1Þ þ dÿðnÞgþðnÿ 1; nÿ k ÿ 1Þ

(FDT) Fluctuation-Dissipation Theorem: For each integer n ð1U nUNÞ,

ðFDT-iÞ VþðnÞ ¼ ðI ÿ dþðnÞdÿðnÞÞVþðnÿ 1Þ

ðFDT-iiÞ VÿðnÞ ¼ ðI ÿ dÿðnÞdþðnÞÞVÿðnÿ 1Þ

ðFDT-iiiÞ Vþðnÿ 1Þ tdÿðnÞ ¼ dþðnÞVÿðnÿ 1Þ

ðFDT-ivÞ VþðnÞ
tdÿðnÞ ¼ dþðnÞVÿðnÞ;

where

Vþð0Þ ¼ Vÿð0Þ ¼ ðXð0Þ; tX ð0ÞÞ ¼ ðYð0Þ; tYð0ÞÞ:ð4:7Þ

§5. Dissipation-Dissipation Theorem—(DDT)

Let ½X;Y� be any pair of the flows X ¼ ðX ðnÞ; 0U nUNÞ and Y ¼

ðY ðlÞ; ÿNU lU 0Þ satisfying stationary property with the independence conditions

ð3:1Nÿ1Þ and ð3:2Nÿ1Þ in the metric vector space W. The aim of this section is to show

(DDT) in Theorem 4.2.
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At first, we shall represent the independence conditons ð3:1Nÿ1Þ and ð3:2Nÿ1Þ in

terms of the covariance matrix function R of the pair ½X;Y� of flows. We define for

each integer n ð1U nUN þ 1Þ a block matrix TGðnÞðA Mðnd;RÞÞ, called to be Toeplitz

matix, by

TGðnÞ c

Rð0Þ RðG1Þ � � � RðGðnÿ 1ÞÞ

RðH1Þ Rð0Þ � � � RðGðnÿ 2ÞÞ

.

.

.
.
.

.
.
.

.
.
.

.

RðHðnÿ 1ÞÞ RðHðnÿ 2ÞÞ � � � Rð0Þ

0

B

B

B

B

@

1

C

C

C

C

A

:ð5:1GÞ

It follows from (4.3) that

Tþð1Þ ¼ Tÿð1Þ ¼ Rð0Þð5:2Þ

tTGðnÞ ¼ TGðnÞ ð1U nUN þ 1Þ:ð5:3GÞ

In the sequel, we shall treat the case where the following condition holds:

Rð0Þ A GLðd;RÞ:ð5:4Þ

For each integer n ð1U nUN þ 1Þ, we define two nd-dimensional column vectors

ZGðnÞ by

ZþðnÞ1 ð tXðnÿ 1Þ; tXðnÿ 2Þ; . . . ; tXð0ÞÞð5:5þÞ

ZÿðnÞ1 ð tXð0Þ; tXð1Þ; . . . ; tX ðnÿ 1ÞÞ:ð5:5ÿÞ

It can be seen that

Lemma 5.1.

TGðnÞ ¼ ðZGðnÞ; tZGðnÞÞ ð1U nUN þ 1Þ:

By using Lemma 5.1, we shall prove

Lemma 5.2. Either of the following (i) and (ii) holds:

TþðnÞ;TÿðnÞ A GLðnd;RÞ ð1U nUN þ 1Þ:ðiÞ

There exists some n0 ð1U n0UNÞ such thatðiiÞ

TþðnÞ;TÿðnÞ A GLðnd;RÞ ð1U nU n0Þ

TþðnÞ;TÿðnÞ B GLðnd;RÞ ðn0 þ 1U nUN þ 1Þ.

(

Proof. Since it follows from Lemma 5.1 that for each n ð1U nUN þ 1Þ;TþðnÞ

is a regular matrix if and only if TÿðnÞ is a regular matrix, it su‰ces to show the

statements in (i) and (ii) for the matrices TþðnÞ ð1U nUN þ 1Þ. Suppose that (i)

does not hold. We define n0 by n0 1minf2U nUNþ1;TþðnÞ B GLðd;RÞgÿ1. When

n0 ¼ N, (ii) holds. Let n0 be any integer such that 1U n0UN ÿ 1. It follows

from the definition of n0 that Tþðn0 þ 1Þ B GLðnd;RÞ and TþðnÞ A GLðnd;RÞ for any
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n ð1U nU n0Þ. Further, we find that for any n ðn0 þ 2U nUN þ 1Þ, TþðnÞ B

GLðnd;RÞ, because if TþðnÞ A GLðnd;RÞ, it then follows from Lemma 5.1 that

Tþðn0 þ 1Þ A GLðnn0þ1d;RÞ. r

Immediately from Lemmas 5.1 and 5.2, we have

Proposition 5.1. (i) The independence condition ð3:1Nÿ1Þ holds if and only if the

independence condition ð3:2Nÿ1Þ holds.

(ii) The independence condition ð3:1Nÿ1Þ is equivalent to the following Toeplitz

conditon ð5:6NÞ:

TþðnÞ;TÿðnÞ A GLðnd;RÞ ð1U nUNÞ:ð5:6NÞ

(iii) The following independence condition ð3:1NÞ:

fXjðnÞ; 1U jU d; 0U nUNg is linearly independent in Wð3:1NÞ

is equivalent to the following Toeplitz condition ð5:6Nþ1Þ:

TþðnÞ;TÿðnÞ A GLðnd;RÞ ð1U nUN þ 1Þ:ð5:6Nþ1Þ

To prove (DDT), we shall prepare one more lemma.

Lemma 5.3. For each n; l ð1U nUN; 0U lU nÿ 1Þ,

Rðnÿ lÞ ¼ ÿ
Xnÿ1

k¼0

gþðn; kÞRðk ÿ lÞðiÞ

tRðnÿ lÞ ¼ ÿ
Xnÿ1

k¼0

gÿðn; kÞ
tRðk ÿ lÞ:ðiiÞ

Proof. By taking the inner product of the both-hand sides in the forward KM2O-

Langevin equation ð3:5þÞ and the vector XðlÞ, we have (i). Noting (4.2), similarly, we

can show (ii). r

By virtue of Proposition 5.1 and Lemma 5.3, we can show the following (DDT) by

using the same procedure as in Theorem 3.1 in [1] and so omit its proof.

Theorem 5.1 (Dissipation-Dissipation Theorem). For each integer n; kð1Uk< nUNÞ,

gþðn; kÞ ¼ gþðnÿ 1; k ÿ 1Þ þ dþðnÞgÿðnÿ 1; nÿ k ÿ 1ÞðiÞ

gÿðn; kÞ ¼ gÿðnÿ 1; k ÿ 1Þ þ dÿðnÞgþðnÿ 1; nÿ k ÿ 1Þ:ðiiÞ

§6. Fluctuation-Dissipation Theorem—(FDT).

Let ½X;Y� be any stationary pair of flows with the independence conditions ð3:1Nÿ1Þ

and ð3:2Nÿ1Þ in the metric vector space W. In this section, we shall show (FDT) in

Theorem 4.2. For that purpose, we shall prepare some lemmas. From Theorems 2.1

and 2.2, we have
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Lemma 6.1.

ðXðnÞ; tnþðnÞÞ ¼ VþðnÞ ð0U nUNÞðiÞ

ðYðÿnÞ; tnÿðÿnÞÞ ¼ VÿðnÞ ð0U nUNÞ:ðiiÞ

Lemma 6.2.

detTGðnÞ ¼
Y

nÿ1

k¼0

detVGðkÞ ð1U nUN þ 1ÞðiÞ

VþðnÞ;VÿðnÞ A GLðd;RÞ ð0U nUN ÿ 1Þ:ðiiÞ

Proof. By taking the inner product of the both-hand sides in the forward KM2O-

Langevin equation ð3:5þÞ and the vector XðnÞ, we find from (4.1), (4.3) and Lemma 6.1

(i) that

Rð0Þ ¼ ÿ
X

nÿ1

k¼0

gþðn; kÞ
t
Rðnÿ kÞ þ VþðnÞ:ð6:1Þ

Representing (6.1) and n relations in Lemma 5.3 (i) in the form of block matrices, we

have

I gþðn; nÿ 1Þ � � � � � � gþðn; 0Þ

0 I 0 � � � 0

.

.

.

0 .
.

.
.
.

.
.
.

.

.

.

.
.
.

.
.
.

.
.
.

.

0

0 0 0 � � � I

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

Tþðnþ 1Þ ¼

VþðnÞ 0 � � � 0
tRð1Þ

.

.

.

TþðnÞ

.

.

.

tRðnÞ

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

and so that det Tþðnþ 1Þ ¼ detVþðnÞ detTþðnÞ. As Tþð1Þ ¼ Rð0Þ ¼ Vþð0Þ, we obtain

the plus part in (i). The minus part in (i) is also similarly proved. Since it follows

from Proposition 5.1 (i) that Toeplitz condition ð5:6NÞ holds, (ii) comes from (i). r

Lemma 6.3.

VGðnÞ ¼
X

n

k¼1

gGðn; nÿ kÞRðGkÞ þ Rð0Þ ð0U nUNÞðiÞ

RðGðnþ 1ÞÞ ¼ ÿ
X

nÿ1

k¼0

gGðn; kÞRðGðk þ 1ÞÞ ÿ dGðnþ 1ÞVHðnÞ ð0U nUN ÿ 1Þ:ðiiÞ

Proof. (i) follows immediately from (6.1) in the proof of Lemma 6.2. By

replacing l and n in Lemma 5.3 (i) by 0 and nþ 1, respectively, and using Theorem

5.1 (i), we have

Rðnþ 1Þ ¼ ÿ
X

n

k¼1

gþðn; k ÿ 1ÞRðkÞ ÿ dþðnþ 1Þ
X

n

k¼1

gÿðn; nÿ kÞRðkÞ þ Rð0Þ

( )

:
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Further, by substituting Lemma 6.3 (i) into the second term of the right-hand side,

we find that the plus part in (ii) holds. In a similar way, the minus part in (ii) is

proved. r

By Lemmas 6.2 (ii) and 6.3 (ii), we can obtain a formula for two KM2O-Langevin

partial correlation matrix functions dþ ¼ dþð�Þ and dÿ ¼ dÿð�Þ.

Theorem 6.1 (Formula for KM2O-Langevin Partial Correlation Matrix Function).

For each integer n ð0U nUN ÿ 1Þ,

dþðnþ 1Þ ¼ ÿ Rðnþ 1Þ þ
X

nÿ1

k¼0

gþðn; kÞRðk þ 1Þ

( )

VÿðnÞ
ÿ1ðiÞ

dÿðnþ 1Þ ¼ ÿ tRðnþ 1Þ þ
X

nÿ1

k¼0

gÿðn; kÞ
tRðk þ 1Þ

( )

VþðnÞ
ÿ1
:ðiiÞ

Next, we shall prove the following fluctuation-dissipation theorem.

Theorem 6.2 (Fluctuation-Dissipation Theorem-1).

VþðnÞ ¼ ðI ÿ dþðnÞdÿðnÞÞVþðnÿ 1Þ ð1U nUNÞðiÞ

VÿðnÞ ¼ ðI ÿ dÿðnÞdþðnÞÞVÿðnÿ 1Þ ð1U nUNÞ:ðiiÞ

Proof. By Lemma 6.3 (i) and Theorem 5.1 (i), we have

VþðnÞ ¼ dþðnÞ
tRðnÞ þ

X

nÿ1

k¼1

gþðnÿ 1; k ÿ 1Þ tRðkÞ

( )

þ
X

nÿ1

k¼1

gþðnÿ 1; nÿ k ÿ 1Þ tRðkÞ þ Rð0Þ:

Therefore, we can see from (i) and (ii) in Lemma 6.3 that (i) holds. In a similar way,

we have (ii). r

Next, we shall show that Burg’s relation holds for the stationary pair ½X;Y� of

flows.

Theorem 6.3 (Burg’s relation).

X

nÿ1

k¼0

Rðk þ 1Þ tgÿðn; kÞ ¼
X

nÿ1

k¼0

gþðn; kÞRðk þ 1Þ ð1U nUNÞ:

In order to prove Burg’s relation, we shall define d � d matrices An ð1U nUNÞ by

An 1

X

nÿ1

k¼0

Rðk þ 1Þ tgÿðn; kÞ ÿ
X

nÿ1

k¼0

gþðn; kÞRðk þ 1Þ:ð6:2Þ
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Immediately from Lemma 6.3 (ii), we have

Lemma 6.4. An ¼ dþðnþ 1ÞVÿðnÞ ÿ VþðnÞ
tdÿðnþ 1Þ ð1U nUN ÿ 1Þ.

Moreover, by taking the same procedure as Step 4 in the proof of Lemma 4.3 in [1],

we can show

Lemma 6.5. For each natural number n ð2U nUNÞ,

An ¼ dþðnÞIn
tdÿðnÞ þ dþðnÞIIn þ IIIn

tdÿðnÞ þ IVn;

where

In ¼ ÿVÿðnÿ 1Þ tdþðnÿ 1Þ þ dÿðnÿ 1ÞVþðnÿ 1Þ

IIn ¼ ÿRð1Þ ÿ
X

nÿ2

j¼1

gÿðnÿ 1; nÿ 1ÿ jÞRð j þ 1Þ

þ dÿðnÿ 1Þ
X

nÿ2

j¼0

Rð j þ 1Þ tgÿðnÿ 1; jÞ

( )

ÿ Vÿðnÿ 1Þ tgÿðnÿ 1; nÿ 2Þ

IIIn ¼ Rð1Þ þ
X

nÿ2

j¼1

Rð j þ 1Þ tgþðnÿ 1; nÿ 1ÿ jÞ

ÿ
X

nÿ2

j¼0

gþðnÿ 1; jÞRð j þ 1Þ

( )

tdþðnÿ 1Þ þ gþðnÿ 1; nÿ 2ÞVþðnÿ 1Þ

IVn ¼ ÿ
X

nÿ3

j¼0

gþðnÿ 1; jÞRð j þ 2Þ þ
X

nÿ3

j¼0

Rð j þ 2Þ tgÿðnÿ 1; jÞ

ÿ
X

nÿ3

j¼0

gþðnÿ 1; jÞRð j þ 1Þ

( )

tgÿðnÿ 1; nÿ 2Þ

þ gþðnÿ 1; nÿ 2Þ
X

nÿ3

j¼0

Rð j þ 1Þ tgÿðnÿ 1; jÞ

( )

:

After the above preparations, we shall show Theorem 6.3.

Proof of Theorem 6.3. We shall show that An ¼ 0 for each n ð1U nUNÞ by

induction on n. We treat the case n ¼ 1. We see from (6.2) that A1 ¼ Rð1Þ tdÿð1Þÿ

dþð1ÞRð1Þ. Since it follows from Lemma 6.3 (ii) that dGð1Þ ¼ ÿRðG1ÞRð0Þÿ1, we

find that A1 ¼ 0. For any fixed n0 ð2U n0UNÞ, we assume that Am ¼ 0 for each

m ð1UmU n0 ÿ 1Þ. It then follows from Lemma 6.4 that

dþðmÞVÿðmÿ 1Þ ¼ Vþðmÿ 1Þ tdÿðmÞ ð1UmU n0Þ:ð6:3Þ
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Further, by combining (6.3) with Theorem 6.2, we can show

dþðmÞVÿðmÞ ¼ VþðmÞ tdÿðmÞ ð1UmU n0Þ:ð6:4Þ

Next, we shall show that Im ¼ IIm ¼ IIIm ¼ IVm ¼ 0 for each m ð2UmU n0Þ.

Immediately from (6.4), it follows that Im ¼ 0 for each m ð2UmU n0Þ. By using

Theorem 5.1 (i) (ii), Theorem 6.2 and the assumption of mathematical induction, we see

that for each m ð2UmU n0Þ,

IIm ¼ ÿðI ÿ dÿðmÿ 1Þdþðmÿ 1ÞÞ

�

Rð1Þ þ
X

mÿ2

j¼1

gÿðmÿ 2;mÿ 2ÿ jÞRð j þ 1Þ

þ Vÿðmÿ 2Þ tgÿðmÿ 1;mÿ 2Þ

�

:

By using Theorem 6.1 (i), Theorem 5.1 (ii) and (6.3), we can get

Rð1Þ þ
X

mÿ2

j¼1

gÿðmÿ 2;mÿ 2ÿ jÞRð j þ 1Þ þ Vÿðmÿ 2Þ tgÿðmÿ 1;mÿ 2Þ ¼ ÿIImÿ1:

Hence, we see that IIm ¼ ðI ÿ dÿðmÿ 1Þdþðmÿ 1ÞÞIImÿ1 and so

IIm ¼ ðI ÿ dÿðmÿ 1Þdþðmÿ 1ÞÞ � � � ðI ÿ dÿð2Þdþð2ÞÞII2:ð6:5Þ

Since a simple computation gives us that II2 ¼ 0, we conclude from (6.5) that IIm ¼ 0

for each m ð2UmU n0Þ. In the same way, we can show that IIIm ¼ 0 for each

m ð2UmU n0Þ.

Noting that for each j ð0U jUmÿ 3Þ, j þ 2 ¼ mÿ 1ÿ ðmÿ 3ÿ jÞ and 0Umÿ

3ÿ jU ðmÿ 1Þ ÿ 1, we can apply the case where n ¼ mÿ 1 and l ¼ mÿ 3ÿ j in

Lemma 5.3 (i) to see that for each j ð0U jUmÿ 3Þ,

Rð j þ 2Þ ¼ Rðmÿ 1ÿ ðmÿ 3ÿ jÞÞ

¼ ÿgþðmÿ 1;mÿ 2ÞRð j þ 1Þ ÿ
X

mÿ3

k¼0

gþðmÿ 1; kÞRð j ÿ ðmÿ 3ÿ kÞÞ:

Hence, we have

X

mÿ3

j¼0

Rð j þ 2Þ tgÿðmÿ 1; jÞð6:6Þ

¼ ÿgþðmÿ 1;mÿ 2Þ
X

mÿ3

j¼0

Rð j þ 1Þ tgÿðmÿ 1; jÞ

( )

ÿ
X

mÿ3

k¼0

gþðmÿ 1; kÞ
X

mÿ3

j¼0

Rð j ÿ ðmÿ 3ÿ kÞÞ tgÿðmÿ 1; jÞ

( )

:
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By noting Rð j þ 2Þ ¼ tð tRð j þ 2ÞÞ and using Lemma 5.3 (ii), similarly, we have

X

mÿ3

j¼0

gþðmÿ 1; jÞRð j þ 2Þð6:7Þ

¼ ÿ
X

mÿ3

j¼0

gþðmÿ 1; jÞRð j þ 1Þ

( )

tgÿðmÿ 1;mÿ 2Þ

ÿ
X

mÿ3

j¼0

gþðmÿ 1; jÞ
X

mÿ3

k¼0

Rð j ÿ ðmÿ 3ÿ kÞÞ tgÿðmÿ 1; jÞ

( )

:

Therefore, we can conclude from (6.6) and (6.7) that IVm ¼ 0 for each m ð2UmU n0Þ.

Thus we have proved that Am ¼ 0 for each m ð2UmU n0Þ, which completes the

proof of Theorem 6.3. r

Remark 6.1. In §4 of [1], we have proved Theorem 6.3 through thirteen steps by

expanding the term IVn in An of Lemma 6.5 successively with respect to KM2O-

Langevin partial correlation matrix functions.

We shall also call relations (6.3) and (6.4) the fluctuation-dissipation theorem.

Theorem 6.4 (Fluctuation-Dissipation Theorem-2).

dþðnÞVÿðnÿ 1Þ ¼ Vþðnÿ 1Þ tdÿðnÞ ð1U nUNÞðiÞ

dþðnÞVÿðnÞ ¼ VþðnÞ
tdÿðnÞ ð1U nUNÞ:ðiiÞ

§7. Characterizaton theorem for stationary flow.

The aim of this section is to complete the proof of Theorem 4.2. Let ½X;Y� be any

pair of the flows X ¼ ðX ðnÞ; 0U nUNÞ and Y ¼ ðY ðlÞ; ÿNU lU 0Þ satisfying the

independence conditions ð3:1Nÿ1Þ and ð3:2Nÿ1Þ in the metric vector space W. Further,

we shall assume that (DDT) and (FDT) hold. As we have found in (6.4), we note that

(FDT-iv) comes from (FDT-i), (FDT-ii) and (FDT-iii).

We shall introduce some notations. For each m; n ð0Um; nUNÞ, we denote by

Rþðm; nÞ (resp. Rÿðÿm;ÿnÞÞ the inner product of X ðmÞ and XðnÞ (resp. the inner

product of YðÿmÞ and YðÿnÞ):

Rþðm; nÞ1 ðXðmÞ; tXðnÞÞð7:1þÞ

Rÿðÿm;ÿnÞ1 ðYðÿmÞ; tY ðÿnÞÞ:ð7:1ÿÞ

It is to be noted that

tRGðGm;GnÞ ¼ RGðGn;GmÞ:ð7:2GÞ

Further, we define a d � d matrix V by

V 1Rþð0; 0Þ ¼ Rÿð0; 0Þ ¼ ðXð0Þ; tX ð0ÞÞ ¼ ðY ð0Þ; tY ð0ÞÞ:ð7:3Þ
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In order to complete the proof of Theorem 4.2, we have only to show the following

Proposition 7.1.

Proposition 7.1. If (DDT) and (FDT) hold, then the pair ½X;Y� of flows satisfies

the following properties:

RGðGmG l;GnG lÞ ¼ RGðGm;GnÞ ð0U nUmUN; 0U lUN ÿmÞðiÞ

Rþðm; nÞ ¼ Rÿðÿn;ÿmÞ ð0U nUmUNÞ:ðiiÞ

In the sequel, we shall prove Proposition 7.1 by showing seven lemmas consisting of

eighteen claims.

[Step 1] By using Theorems 2.1, 2.2 and KM2O-Langevin equations ð3:5GÞ, we

have

Lemma 7.1.

ðXðmÞ; tnþðnÞÞ ¼ dm;nVþðnÞ ð0UmU nUNÞðiÞ

ðY ðÿmÞ; tnÿðÿnÞÞ ¼ dm;nVÿðnÞ ð0UmU nUNÞ:ðiiÞ

By taking the same procedure as in Lemmas 5.3 and 6.3, we obtain

Lemma 7.2.

RGðGn;GlÞ ¼ ÿ
Xnÿ1

k¼0

gGðn; kÞRGðGk;GlÞ ð0U l < nUNÞðiÞ

RGðGn;GnÞ ¼ ÿ
Xnÿ1

k¼0

gGðn; kÞRGðGk;GnÞ þ VGðnÞ ð1U nUNÞ:ðiiÞ

[Step 2] By a direct calculation, we can show

Lemma 7.3.

Vþð0Þ ¼ Vÿð0Þ ¼ VðiÞ

RGðG1; 0Þ ¼ ÿdGð1ÞVðiiÞ

Rþð1; 0Þ ¼ Rÿð0;ÿ1ÞðiiiÞ

RGðG1;G1Þ ¼ RGð0; 0Þ ¼ V :ðivÞ

Lemma 7.4. For each n ð1U nUNÞ,

Rþðn; 0Þ ¼ ÿdþðnÞVÿðnÿ 1Þ ÿ
Xnÿ1

k¼1

gþðnÿ 1; k ÿ 1ÞRþðk; 0ÞðiÞ

VÿðnÞ ¼ V þ
Xn

k¼1

Rþð0; kÞ
tgÿðn; nÿ kÞ:ðiiÞ
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Proof. By induction on n, we shall show (i) together with (ii). When n ¼ 1, (i)

(resp. (ii)) follows from Lemma 7.3 (i) (resp. Lemmas 7.2 (i) and 7.3 (iv)). For any

fixed n0 ð2U n0UN ÿ 1Þ, let us assume that (i) and (ii) hold for n ¼ n0 ÿ 1. By

Lemma 7.2 (i) and (DDT-i), we have

Rþðn0; 0Þ ¼ ÿ
X

n0ÿ1

k¼1

gþðn0 ÿ 1; k ÿ 1ÞRþðk; 0Þ

ÿ dþðn0Þ V þ
X

n0ÿ1

k¼1

gÿðn0 ÿ 1; n0 ÿ 1ÿ kÞRþðk; 0Þ

( )

:

By applying (ii) with n ¼ n0 ÿ 1 into the second term of the above right-hand side, we

find that (i) holds for n ¼ n0.

Next, we shall show (ii) for n ¼ n0. Since Vÿð?Þ is symmetric, we can transpose the

both-hand sides of (FDT-ii) with (FDT-iii) to get.

Vÿðn0Þ ¼ Vÿðn0 ÿ 1Þ ÿ Vÿðn0 ÿ 1Þ tdþðn0Þ
tdÿðn0Þ:

By taking the both-hand sides of (i) with n ¼ n0 and noting ð7:2þÞ, we have

Vÿðn0 ÿ 1Þ tdþðn0Þ ¼ ÿRþð0; n0Þ ÿ
X

n0ÿ1

k¼1

Rþð0; kÞ
tgþðn0 ÿ 1; k ÿ 1Þ:

By substituting this into the above second term, we obtain

Vÿðn0Þ ¼ Vÿðn0 ÿ 1Þ þ Rþð0; n0Þ þ
X

n0ÿ1

k¼1

Rþð0; kÞ
tgþðn0 ÿ 2; k ÿ 1Þ

( )

tdÿðn0Þ:

By applying (ii) with n ¼ n0 ÿ 1 to the first term in the above equation, we have

Vÿðn0Þ ¼ V þ
X

n0ÿ1

k¼1

Rþð0; kÞ
tgÿðn0 ÿ 1; n0 ÿ 1ÿ kÞ

þ Rþð0; n0Þ þ
X

n0ÿ1

k¼1

Rþð0; kÞ
tgþðn0 ÿ 1; k ÿ 1Þ

( )

tdÿðn0 ÿ 1Þ:

Finally, we can apply (DDT-ii) to the above equation to find that (ii) with n ¼ n0 holds.

Thus, we find that (i) and (ii) hold for each n ð1U nUNÞ. r

[Step 3] For each n ð1U nUNÞ, we shall consider the following four statements

ðAnÞ; ðBnÞ; ðCnÞ and ðDnÞ:

X

nÿ1

k¼0

gþðn; kÞRþðk þ 1; 0Þ ¼
X

nÿ1

k¼0

Rþðk þ 1; 0Þ tgÿðn; kÞðAnÞ

VþðnÞ ¼ V þ
X

n

k¼1

Rþðk; 0Þ
tgþðn; nÿ kÞðBnÞ
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Rþð0; nÞ ¼ ÿdÿðnÞVþðnÿ 1Þ ÿ
Xnÿ1

k¼1

gÿðnÿ 1; k ÿ 1ÞRþð0; kÞðCnÞ

Rþð0; nÞ ¼ ÿ
Xnÿ1

k¼0

gÿðn; kÞRþð0; kÞ:ðDnÞ

We shall investigate some logical relations among the above statements.

Lemma 7.5.

(i) ðA1Þ, ðB1Þ, ðC1Þ and ðD1Þ hold.

(ii) If ðAnÞ holds, then ðCnþ1Þ holds for each n ð1U nUN ÿ 1Þ.

(iii) If ðBnÿ1Þ and ðCnÞ hold, then ðBnÞ and ðDnÞ hold for each n ð2U nUNÞ.

Proof. By Lemma 7.3 (i) and (FDT-iii), we see that ðA1Þ holds. Immediately

from (4.7) and (7.3), we see that ðB1Þ holds. By (4.7), (7.3), Lemma 7.3 (ii) and (FDT-

iii), we find that ðC1Þ and ðD1Þ hold. Thus, we have (i).

By taking the transpose of the both-hand sides of Lemma 7.4 (i) with n replaced

by nþ 1 and then noting (FDT-iii) and ð7:2þÞ, we see that Rþð0; nþ 1Þ ¼

ÿdÿðnþ 1ÞVþðnÞ ÿ
Pnÿ1

k¼0 Rþð0; k þ 1Þ tgþðn; kÞ. Thus, we obtain (ii).

Finally, we shall show (iii). It follows from (DDT-i) and ðBnÿ1Þ that the

right-hand side of ðBnÞ ¼ Vþðnÿ1Þ þ fRþðn; 0Þ þ
Pnÿ1

k¼1 Rþðk; 0Þ
tgÿðnÿ 1; k ÿ 1Þg tdþðnÞ.

By taking the transpose of ðCnÞ and noting ð7:2þÞ, we find that Rþðn; 0Þ þPnÿ1
k¼1 Rþðk; 0Þ

tgÿðnÿ 1; k ÿ 1Þ ¼ ÿVþðnÿ 1Þ tdÿðnÞ. Therefore, we see that the right-

hand side of ðBnÞ ¼ Vþðnÿ 1Þ ÿ Vþðnÿ 1Þ tdÿðnÞ and so that ðBnÞ comes from (FDT-i)

and (FDT-iii). By substituting the transpose of the both-hand sides of ðBnÿ1Þ into

Vþðnÿ 1Þ in the first term of ðCnÞ and using (DDT-ii), we see that Rþð0; nÞ ¼

ÿdÿðnÞV ÿ
Pnÿ1

k¼1 gÿðn; kÞRþð0; kÞ, which with ð3:6ÿÞ implies that ðDnÞ holds. r

Immediately from Lemma 7.5, we have

Lemma 7.6. Let n be any integer such that 2U nUN. If relation ðAmÞ holds for

each m ð2UmU nÿ 1Þ, then relations ðBmÞ, ðCmÞ and ðDmÞ hold for each m ð1UmUnÞ.

[Step 4] After the above preparations, we shall show

Lemma 7.7.

Rþð j; kÞ ¼ Rþð j ÿ k; 0Þ for any k; j ð0U kU jUNÞðiÞ

Rÿðÿ j;ÿkÞ ¼ Rþðk; jÞ for any k; j ð0U kU jUNÞ:ðiiÞ

For that purpose, we shall consider for each n ð1U nUNÞ the following statements

ðEnÞ and ðFnÞ:

Rþð j; kÞ ¼ Rþð j ÿ k; 0Þ for any k; j ð0U kU jU nÞðEnÞ

Rÿðÿ j;ÿkÞ ¼ Rþðk; jÞ for any k; j ð0U kU jU nÞðFnÞ

and show these together with the statement ðAnÞ by induction on n. Immediately from

Lemmas 7.3 (iv) and 7.5 (i), we have

KM2O-Langevin equations and characterization theorem 833



Claim 1. The statements ðA1Þ, ðE1Þ and ðF1Þ hold.

[Step 5] Fix any integer n0 ð2U n0UNÞ and assume that ðAmÞ; ðEmÞ and ðFmÞ

hold for any m ð1UmU n0 ÿ 1Þ. The aim is to show that the statements ðAn0Þ; ðEn0Þ

and ðFn0
Þ hold. From the assumption that ðEmÞ hold for any m ð1UmU n0 ÿ 1Þ and

noting ð7:2þÞ, we can show

Claim 2. For each n ð1U nU n0 ÿ 1Þ,

Rþð j; kÞ ¼ Rþðnÿ k; nÿ jÞ ð0U j; kU nÞðiÞ

Rþð j þ 1; kÞ ¼ Rþð j; k ÿ 1Þ ð0U j; k ÿ 1U n0 ÿ 2ÞðiiÞ

Rþðnÿ k; j þ 1Þ ¼ Rþðnÿ 1ÿ k; jÞ ð0U jU n0 ÿ 2; 0U kU nÿ 1ÞðiiiÞ

Rþðnÿ k; nÿ 1Þ ¼ Rþð0; k ÿ 1Þ ð1U kU nÞðivÞ

Rþð j; 0Þ ¼ Rþðnÿ k; nÿ k ÿ jÞ ð0U jU nÿ kU nÞðvÞ

Rþðk; nÞ ¼ Rþð0; nÿ kÞ ð0U kU nÞðviÞ

Rþð j þ 2; 0Þ ¼ Rþðn0 ÿ 1; n0 ÿ 3ÿ jÞ ð0U jU n0 ÿ 3ÞðviiÞ

Rþð j þ 1; 0Þ ¼ Rþðn0 ÿ 2; n0 ÿ 3ÿ jÞ ð0U jU n0 ÿ 3ÞðviiiÞ

Rþðn0 ÿ 1ÿ k; 0Þ ¼ Rþðn0 ÿ 1; kÞ ð0U kU n0 ÿ 1ÞðixÞ

Rþðk; n0 ÿ 3ÿ jÞ ¼ Rþð j; n0 ÿ 3ÿ kÞ ð0U j; kU n0 ÿ 3Þ:ðxÞ

Claim 3. For each k ð1U kU n0 ÿ 1Þ,

Rþðn0; kÞ ¼ Rþðn0 ÿ 1; k ÿ 1Þ ÿ dþðn0ÞHÿðk; n0 ÿ 1Þ;

where the matrix function Hÿð?; �Þ is defined by

Hÿðk; nÞ cRþð0; kÞ þ
X

nÿ1

j¼0

gÿðn; jÞRþðnÿ k; jÞ ð1U kU nÞ:ð7:4Þ

Proof. By using Lemma 7.2 (i) and (DDT-i) and noting ð7:2þÞ and using Claim 2

(ii), we have

Rþðn0; kÞ ¼ ÿdþðn0Þ Rþð0; kÞ þ
X

n0ÿ2

j¼0

gÿðn0 ÿ 1; jÞRþðn0 ÿ 1ÿ j; kÞ

( )

þ
X

n0ÿ1

j¼1

gþðn0 ÿ 1; j ÿ 1ÞRþð j; k ÿ 1Þ:

Applying Lemma 7.2 (i) to the above equation, we have Claim 3. r

By using Lemma 7.6, we have

Claim 4. Hÿðn; nÞ ¼ 0 ð1U nU n0Þ.

We shall obtain certain algorithm about the matrix function Hÿð?; �Þ.
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Claim 5. For each n; k ð2U nU n0; 1U kU nÿ 1Þ,

Hÿðk; nÞ ¼ Hÿðk; nÿ 1Þ þ dÿðnÞ
Xkÿ1

j¼1

dþðnÿ jÞHÿðk ÿ j; nÿ 1ÿ jÞ:

Proof. By using (DDT-ii) and Claim 2 (iii), we have

Hÿðk; nÞ ¼ Hÿðk; nÿ 1Þ þ dÿðnÞfRþðnÿ k; 0Þ þ Jþðk; nÞg;

where Jþðk; nÞ ¼
Pnÿ2

j¼0 gþðnÿ 1; nÿ 2ÿ jÞRþðnÿ k; j þ 1Þ. By using (DDT-i), Claim 2

(iii) and Claim 2 (iv), we see that Jþðk; nÞ ¼ dþðnÿ1ÞHÿðkÿ1; nÿ2Þ þ Jþðkÿ1; nÿ1Þ.

Therefore, we get

Hÿðk; nÞ ¼ Hÿðk; nÿ 1Þ þ dÿðnÞdþðnÿ 1ÞHÿðk ÿ 1; nÿ 2Þ

þ dÿðnÞfRþðnÿ k; 0Þ þ Jþðk ÿ 1; nÿ 1Þg:

By repeating the same procedure, we have

Hÿðk; nÞ ¼ Hÿðk; nÿ 1Þ þ dÿðnÞ
Xkÿ1

j¼1

dþðnÿ jÞHÿðk ÿ j; nÿ 1ÿ jÞ

þ dÿðnÞfRþðnÿ k; 0Þ þ Jþð1; nÿ k þ 1Þg:

On the other hand, it can be seen from Claim 2 (v) and Lemma 7.2 (i) that

Rþðnÿ k; 0Þ þ Jþð1; nÿ k þ 1Þ ¼ 0. Thus we have proved Claim 5. r

Claim 6. Hÿðk; nÞ ¼ 0 ð1U kU nU n0Þ.

Proof. We shall consider for each n ð1U nU n0Þ the following statement

Hÿðk; nÞ ¼ 0 for any k ð1U kU nÞð�ÿn Þ

and prove it by induction on n. The statement ð�ÿ1 Þ follows from Claim 3. Let

n1 be any fixed integer such that 1U n1U n0 ÿ 1 and assume that the statement

ð�ÿn Þ holds for each n ð1U nU n1Þ. The statement that Hÿðk; n1 þ 1Þ ¼ 0 for any

k ð1U kU n1Þ comes from Claim 3 when k ¼ n1 þ 1 and from Claim 4 when

1U kU n1, respectively. r

After the above preparations, we shall prove the statement ðEn0Þ.

Claim 7. The statement ðEn0
Þ holds;

Rþðn0; kÞ ¼ Rþðn0 ÿ k; 0Þ for any k ð1U kU n0 ÿ 1ÞðiÞ

Rþðn0; n0Þ ¼ Rþð0; 0Þ:ðiiÞ

Proof. (i) follows from Claim 3 and Claim 6. By Lemma 7.2 (i) and Claim 2 (vi),

we have

Rþðn0; n0Þ ¼ ÿdþðn0ÞRþð0; n0Þ þ Vþðn0Þ ÿ
Xn0ÿ1

k¼1

gþðn0; kÞRþð0; n0 ÿ kÞ:
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By applying the statement ðCn0Þ, which comes from Lemma 7.6, to the above equation,

we see that

Rþðn0; n0Þ ¼ Vþðn0Þ þ dþðn0Þdÿðn0ÞVþðn0 ÿ 1Þ

ÿ
Xn0ÿ1

k¼1

fgþðn0; kÞ ÿ dþðn0Þgÿðn0 ÿ 1; n0 ÿ k ÿ 1ÞgRþð0; n0 ÿ kÞ:

Therefore, by using (FDT-i), (FDT-iii) and (DDT-i), we have

Rþðn0; n0Þ ¼ Vþðn0 ÿ 1Þ ÿ
Xn0ÿ1

k¼1

gþðn0 ÿ 1; n0 ÿ 1ÿ kÞRþð0; kÞ:

Further, by applying the statement ðBn0
Þ, which comes from Lemma 7.6, to the above

equation, we get (ii). r

[Step 6] Next, we shall prove the statement ðAn0Þ. For that purpose, similarly as

in (6.2), we shall define d � d matrices ~AAn ð1U nUNÞ by

~AAn 1

Xnÿ1

k¼0

Rðk þ 1; 0Þ tgÿðn; kÞ ÿ
Xnÿ1

k¼0

gþðn; kÞRðk þ 1; 0Þ:ð7:5Þ

By taking the same procedure as in the proof of Lemma 6.5, we can show

Claim 8. For each natural number n ð2U nU n0Þ,

~AAn ¼ dþðnÞ~IIn
tdÿðnÞ þ dþðnÞ eIIIIn þ fIIIIIIn

tdÿðnÞ þ fIVIVn;

where

~IIn ¼ ÿVÿðnÿ 1Þ tdþðnÿ 1Þ þ dÿðnÿ 1ÞVþðnÿ 1Þ

eIIIIn ¼ ÿRþð1; 0Þ ÿ
Xnÿ2

j¼1

gÿðnÿ 1; nÿ 1ÿ jÞRþð j þ 1; 0Þ

þ dÿðnÿ 1Þ
Xnÿ2

j¼0

Rþð j þ 1; 0Þ tgÿðnÿ 1; jÞ

( )
ÿ Vÿðnÿ 1Þ tgÿðnÿ 1; nÿ 2Þ

fIIIIII n ¼ Rþð1; 0Þ þ
Xnÿ2

j¼1

Rþð j þ 1; 0Þ tgþðnÿ 1; nÿ 1ÿ jÞ

ÿ
Xnÿ2

j¼0

gþðnÿ 1; jÞRþð j þ 1; 0Þ

( )
tdþðnÿ 1Þ þ gþðnÿ 1; nÿ 2ÞVþðnÿ 1Þ

fIVIVn ¼ ÿ
Xnÿ3

j¼0

gþðnÿ 1; jÞRþð j þ 2; 0Þ þ
Xnÿ3

j¼0

Rþð j þ 2; 0Þ tgÿðnÿ 1; jÞ

ÿ
Xnÿ3

j¼0

gþðnÿ 1; jÞRþð j þ 1; 0Þ

( )
tgÿðnÿ 1; nÿ 2Þ

þ gþðnÿ 1; nÿ 2Þ
Xnÿ3

j¼0

Rþð j þ 1; 0Þ tgÿðnÿ 1; jÞ

( )
:
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After the above preparations, we shall show the statement ðAn0
Þ. Immediately from

(FDT-iv), we have

Claim 9. ~IIn0
¼ 0.

Claim 10. eIIII n0 ¼ 0.

Proof. By using (DDT-i), (DDT-ii), (FDT-ii) and the statement ðAn0ÿ1Þ, which

comes from the assumption of mathematical induction, we see that

eIIII n0 ¼ ÿðI ÿ dÿðn0ÿ1Þdþðn0ÿ1ÞÞ

�
Rþð1; 0Þ þ

Xn0ÿ2

j¼1

gÿðn0ÿ2; n0ÿ2ÿ jÞRþð jþ1; 0Þð7:6Þ

þ Vÿðn0 ÿ 2Þ tgÿðn0 ÿ 1; n0 ÿ 2Þ

�
:

By using Lemma 7.4 (i) and (DDT-ii), we get

Rþð1; 0Þ þ
Xn0ÿ2

j¼1

gÿðn0 ÿ 2; n0 ÿ 2ÿ jÞRþð j þ 1; 0Þ þ Vÿðn0 ÿ 2Þ tgÿðn0 ÿ 1; n0 ÿ 2Þ

¼ Rþð1; 0Þ þ
Xn0ÿ3

j¼1

gÿðn0 ÿ 2; n0 ÿ 2ÿ jÞRþð j þ 1; 0Þ

ÿ dÿðn0 ÿ 2Þdþðn0 ÿ 1ÞVÿðn0 ÿ 2Þ ÿ dÿðn0 ÿ 2Þ
Xn0ÿ3

j¼0

gþðn0 ÿ 2; jÞRþð j þ 1; 0Þ

þ Vÿðn0 ÿ 2Þ tgÿðn0 ÿ 2; n0 ÿ 3Þ þ Vÿðn0 ÿ 2Þ tdþðn0 ÿ 2Þ tdÿðn0 ÿ 1Þ:

Since it follows from (FDT-iii) and (FDT-iv) that dÿðn0 ÿ 2Þdþðn0 ÿ 1ÞVÿðn0 ÿ 2Þ ¼

Vÿðn0 ÿ 2Þ tdþðn0 ÿ 2Þ tdÿðn0 ÿ 1Þ, we find from ðAn0ÿ1Þ that

Rþð1; 0Þ þ
Xn0ÿ2

j¼1

gÿðn0 ÿ 2; n0 ÿ 2ÿ jÞRþð j þ 1; 0Þ þ Vÿðn0 ÿ 2Þ tgÿðn0 ÿ 1; n0 ÿ 2Þð7:7Þ

¼ ÿ eIIIIn0ÿ1:

Thus, it follows from (7.6) and (7.7) that eIIII n0 ¼ ðI ÿ dÿðn0 ÿ 1Þdþðn0 ÿ 1ÞÞ eIIIIn0ÿ1 and so

that eIIIIn0
¼ ðI ÿ dÿðn0 ÿ 1Þdþðn0 ÿ 1ÞÞ � � � ðI ÿ dÿð2Þdþð2ÞÞ eIIII2. Since a direct calculation

gives us that eIIII 2 ¼ 0, we can conclude that eIIIIn0 ¼ 0. r

By taking the same consideration as in Claim 10, we have

Claim 11. fIIIIII n0 ¼ 0.

[Step 7] For completing the proof of the statement ðAn0
Þ, we have to show that

fIVIV n0 ¼ 0. For that purpose, we shall prove the statement ðFn0Þ. We have never used

the statements ðFmÞ ð1UmU n0 ÿ 1Þ until now. By using the same procedure as in

Claim 3, we can show
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Claim 12. For each k ð1U kU n0 ÿ 1Þ,

Rÿðÿk;ÿn0Þ ¼ Rÿðÿðk ÿ 1Þ;ÿðn0 ÿ 1ÞÞ ÿHþðk; n0 ÿ 1Þ tdÿðn0Þ;

where the matrix function Hþð?; �Þ is defined by

Hþðk; nÞ cRþð0; kÞ þ
X

nÿ1

j¼0

Rþðnÿ k; jÞ tgþðn; jÞ ð1U kU nÞ:ð7:8Þ

Relating to Claim 4, we shall show

Claim 13. Hþðn; nÞ ¼ 0 ð1U nU n0Þ.

Proof. Let n be any integer such that 1U nU n0. By (7.8), we get

Hþðn; nÞ ¼ Rþð0; nÞ þ
X

nÿ1

j¼0

Rþð0; jÞ
tgþðn; jÞ:

By taking the transpose of the both-hand sides for l ¼ 0 in Lemma 7.2 (i), we find that

the right-hand side of the above equation is equal to 0. r

We shall obtain an algorithm for the matrix function Hþð?; �Þ that corresponds to

Claim 5. By using the same procedure as in Claim 5, we can prove

Claim 14. For each k; n ð2U nU n0; 1U kU nÿ 1Þ,

Hþðk; nÞ ¼ Hþðk; nÿ 1Þ þ
X

kÿ1

j¼1

Hþðk ÿ j; nÿ 1ÿ jÞ tdþðnÿ jÞ

( )

tdþðnÞ:

By taking the same consideration as in the proof of Claim 6, we can see from Claim

13 and Claim 14 that

Claim 15. Hþðk; nÞ ¼ 0 ð1U kU nU n0Þ.

After the above preparations, we shall prove the statement ðFn0Þ.

Claim 16. The statement ðFn0
Þ holds, i.e.,

Rÿðÿn0;ÿkÞ ¼ Rþðk; n0Þ for any k ð1U kU n0 ÿ 1ÞðiÞ

Rÿðÿn0;ÿn0Þ ¼ Rþðn0; n0Þ:ðiiÞ

Proof. Let k be any integer such that 1U kU n0 ÿ 1. By applying Claim 15 to

Claim 12, we see that Rÿðÿn0;ÿkÞ ¼ Rÿðÿðn0 ÿ 1Þ;ÿðk ÿ 1ÞÞ. Hence, by using the

statement ðFn0ÿ1Þ, we have

Rÿðÿn0;ÿkÞ ¼ Rþðk ÿ 1; n0 ÿ 1Þ:ð7:9Þ

By using the statement ðEn0
Þ, which has been proved in Claim 7, we find that (i) holds.
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Since it follows from ð7:2GÞ, (7.9) and Claim 2 (ix) that Rÿðÿk;ÿn0Þ ¼

Rþðn0 ÿ k; 0Þ ð0U kU n0 ÿ 1Þ, we see from Lemma 7.2 (ii) that

Rÿðÿn0;ÿn0Þ ¼ ÿdÿðn0ÞRþðn0; 0Þ þ Vÿðn0Þ ÿ
Xn0ÿ1

k¼1

gÿðn0; kÞRþðn0 ÿ k; 0Þ:

By applying Lemma 7.4 (i) to the above equation and then using (DDT-ii) and Claim 2

(ix), we obtain

Rÿðÿn0;ÿn0Þ ¼ dÿðn0Þdþðn0ÞVÿðn0 ÿ 1Þ þ Vÿðn0Þ ÿ
Xn0ÿ2

k¼1

gÿðn0 ÿ 1; kÞRþðn0 ÿ 1; kÞ:

Therefore, by applying the transpose of the both-hand sides of Lemma 7.4 (ii), we find

that Rþðn0; n0Þ ¼ V , which with Claim 7 implies that (ii) holds. r

[Step 8] Next, we shall complete the proof of the statement ðAn0Þ.

Claim 17. fIVIVn0
¼ 0.

Proof. By Claim 2 (vii) and Lemma 7.2 (i), we find that for each j

ð0U jU n0 ÿ 3Þ,

Rþð j þ 2; 0Þ ¼ Rþðn0 ÿ 1; n0 ÿ 3ÿ jÞ

¼ ÿgþðn0 ÿ 1; n0 ÿ 2ÞRþðn0 ÿ 2; n0 ÿ 3ÿ jÞ

ÿ
Xn0ÿ3

k¼0

gþðn0 ÿ 1; kÞRþðk; n0 ÿ 3ÿ jÞ:

Hence, by using Claim 2 (viii), we have

Xn0ÿ3

j¼0

Rþð j þ 2; 0Þ tgÿðn0 ÿ 1; jÞð7:10Þ

¼ ÿgþðn0 ÿ 1; n0 ÿ 2Þ
Xn0ÿ3

j¼0

Rþð j þ 1; 0Þ tgÿðn0 ÿ 1; jÞ

( )

ÿ
Xn0ÿ3

k¼0

gþðn0 ÿ 1; kÞ
Xn0ÿ3

j¼0

Rþðk; n0 ÿ 3ÿ jÞ tgÿðn0 ÿ 1; jÞ

( )
:

On the other hand, by using Claim 2 (ii) and ðFn0ÿ1Þ, we have

Rþð j þ 2; 0Þ ¼ Rþðn0 ÿ 1; n0 ÿ 3ÿ jÞ ¼ Rÿðÿðn0 ÿ 3ÿ jÞ;ÿðn0 ÿ 1ÞÞ:

Hence, by ð7:2ÿÞ and Lemma 7.2 (i), we find that for each j ð0U jU n0 ÿ 3Þ,

Rþð j þ 2; 0Þ ¼ ÿ tRÿðÿðn0 ÿ 2Þ;ÿðn0 ÿ 3ÿ jÞÞ tgÿðn0 ÿ 1; n0 ÿ 2Þ

ÿ
Xn0ÿ3

k¼0

tRÿðÿk;ÿðn0 ÿ 3ÿ jÞÞ tgÿðn0 ÿ 1; kÞ:
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By using ð7:2GÞ and ðFn0ÿ1Þ again, we see that tRÿðÿk;ÿðn0 ÿ 3ÿ jÞÞ ¼

Rþðk; n0 ÿ 3ÿ jÞ ð0U kU n0 ÿ 2Þ. Hence, it follows from Claim 2 (viii) and Claim 2

(x) that

Xmÿ3

j¼0

gþðmÿ 1; jÞRþð j þ 2; 0Þð7:11Þ

¼ ÿ
Xmÿ3

j¼0

gþðn0 ÿ 1; jÞRþð j þ 1; 0Þ

( )
t
gÿðn0 ÿ 1; n0 ÿ 2Þ

ÿ
Xn0ÿ3

k¼0

gþðn0 ÿ 1; kÞ
Xn0ÿ3

j¼0

Rþðk; n0 ÿ 3ÿ jÞÞ t
gÿðn0 ÿ 1; jÞ

( )
:

Hence, we can see from (7.10) and (7.11) that fIVIV n0 ¼ 0. r

By substituting Claim 9, Claim 10, Claim 11 and Claim 17 into Claim 8, we can

show

Claim 18. The statement ðAn0
Þ holds.

[Step 9] Consequently, we have arrived at the final position to show Proposition

7.1. From Claim 1, Claim 7, Claim 16 and Claim 18, we have Lemma 7.7. Thus, we

can conclude that Proposition 7.1 holds.
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