J. Math. Soc. Japan
Vol. 43, No. 4, 1991

Construction of elliptic curves with high rank
via the invariants of the Weyl groups

Dedicated to Professor G. Shimura on his 60th birthday

By Tetsuji SHIODA

(Received July 20, 1990)

1. Introduction.

In this paper, we shall establish a general method for constructing elliptic
curves over the rational function field Q(¢) or k(t) with relatively high rank
(up to 8), together with explicit rational points forming the generators of the
Mordell-Weil group. The construction is based on the theory of Mordell-Weil
lattices (see for the summary and for more details).

In order to better explain our method and, especially, the role played by
the invariants of the Weyl groups, we first recall the analogous situation in
the theory of algebraic equations. Letting a,, -+, a, be algebraically inde-
pendent over the ground field %, say £#=Q, consider the algebraic equation

(1.1) X"+a, X" '+ - 4+a,=0

over k,=Q(a,, -+, a,). If x,, ---, x, are the roots, then we have the relation
of the roots and coefficients:

(1.2) +a; =¢eixy, 0, Xn) (¢-th elementary symmetric polynomial)
If X denotes the splitting field of over k,, then we have
H=ko(xy, =+, x2) =Q(xy, -+, xn)
Gal(K/koy) =S, (n-th symmetric group).

In particular, the invariant field «®» is k, by Galois theory, but a stronger
result holds:

QLxy, -+, x,1%» =Q[ay, -+, a.],

the fundamental theorem on symmetric functions (@ may be replaced by Z
here).

With slight modification, the above can be viewed as follows. Take a.=0
and let a,, -, a, be still algebraically independent; thus x;+ --- +x,=0 and
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kyv=0Q(a,, ---, a,). Then we have

(L.3) H = koxs, 5 xa)

=Q(xy ), Xz) (a purely transcendental extension of @)
(1.4) Gal(K/ky) =8, =W(A,_y)
<1~5) Q[xZ; Tty xn]W(An—l) = Q[a2; Tt an] .

Here W(A,_,) is the Weyl group of type A,., (cf. [B]), and (1.5) can be re-
garded as a special case of Chevalley’s theorem on the invariants of a finite
reflection group. The formula (1.2) expresses the fundamental invariants of
W(A,_,) in terms of the standard basis of the root system A,_,, or more pre-
cisely, of the dual lattice A%_,. By the formula (1.2), one can easily write
down an algebraic equation having the prescribed roots.

It is remarkable that an entirely similar situation arises from the Mordell-
Weil lattices of certain elliptic curves, which enables us to write down the
equation of elliptic curves over Q(¢) with relatively high rank, having the pre-
scribed data for the generators of the Mordell-Weil group.

For example, for the case of rank »=8, consider the elliptic curve

(L6) E: 3" = x'+1( 3 pet)+( 3 et +1°)

defined over k((t), where k,=Q(po, -, s Qo ***» q3). (This equation defines a
family of affine surfaces, known as the universal deformation of the rational
double point of type E,, parametrized by 1=(p;, ¢;)= A°® (affine space of dimen-
sion 8); the origin A=0 corresponds to the Eg-singularity: y*=x*+1%) Assume
that A is generic, that is, ps, ---, ¢; are algebraically independent over @, and
let k=Fk, be the algebraic closure of %,. Then the Mordell-Weil lattice E(k(t))
turns out to be the root lattice of type E.. Let X be the smallest extension
of ky=Q(A)=Q(p:, q;) such that E(k(t))=E(X(t)); K/k,is a finite Galois exten-
sion. Then we can prove (see Theorems B.3,

(1.7) H=ko(uy, -+, ug) = Quy, -, us)
(1.8) Gal (K / ko) = W(Eq)
(19) Ql:ul} Tty uS]W(Eg) = Ql:p(n Tty (]3] .

Here the parameters u,, ---, us; correspond to the basis of the root system of
type E; and they are defined in terms of the specialization homomorphism
SPew: E(R(t))—G.(k) from the Mordell-Weil group to the singular fibre of
at t=co.

The equality says that the coefficients p,, -+, g; of the elliptic curve
form the fundamental invariants of the Weyl group W(E,); in particular,
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we can write

(1.10) pi = Too_ei(Uy, -, Ug), q; = Iso—ej(uly e, Usg),

which is an analogue of (1.2), the relation of roots and coefficients of an alge-
braic equation. Actually we have a universal algebraic equation of degree
N=240 whose roots are the N “roots” of the root system E,. represents
the essential part of the relation of the roots and coefficients of this universal
equation. As a by-product, we obtain explicit fundamental invariants of the
Weyl group W(E;) (see [Theorem 7.2, [Theorem 8.3).

Now we consider the elliptic curve [(1.6) over the field K (#)=Q(u,, -+, us)(1).
Then the Mordell-Weil group E(X(t)) is isomorphic to the root lattice E;, and
it has a basis {P;, ---, Ps} such that sp.(P;)=u;; more explicitly, we have P;=
(x, v) where x, y are polynomials in t with coefficients in Q[u,, -+, usl[u7'1N
Q(Do, -+, qs)uy), of the following form:

(1.11) X = u;2Z2+ait+bi, y = u;3t3+ci P4+ditte;.

In order to obtain some elliptic curves over Q(¢) with rank =8, it suffices
to specialize u4, -+, #y to some rational numbers in such a way that the rank
remains the same (or, as we would say, that the Mordell-Weil lattice dces not
“degenerate”). Then [1.6) and [1.10) determine the equation of an elliptic curve
over Q(t) with rank 8, which is given with a basis {P;} of E(Q(t)) of the form

The variation of the above theme can be played, in addition to the case
E,, in the cases E., E;, D;, A,, where we take the elliptic curve E and the
parameter A as follows.

(E-) ¥2 = 2+ 2 (potput+1°)+(Ztoo git?)
A= (Do D1 Go» Q1 Go» G5 Q)= AT

(Eo) y? = 22+ x(Siapat)+ (Dm0 gt +1%)
A= (Do b1, Do Gor G15 G2)EA°

(Dy) ¥P =204 x(po—1*)+H(Zio0qit?)
A= (b0 qo, G, )= A"

(As) Y= x4 x- potqo+i?

A= (Do, go)=A*.

These equations define universal deformation of the rational double points of
type E;, .-+, A.. In each case, the Mordell-Weil lattice E(#(t)) is equal to the
dual lattice E¥, --- of the root lattice E., ---, with the “narrow” Mordell-Weil
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lattice E(X(#))’ being exactly the root lattice (cf. §4 below).

In the next section, we formulate the part of the above results relevant to
the construction of elliptic curves over Q(t), together with explicit generators
of the Mordell-Weil groups. Indeed, everything can be stated in elementary
terms, with no mention of rational double points, their universal deformation
or even the invariants of the Weyl groups, although the last are visibly there.

Also the results give a complete algorithm for constructing numerical ex-
amples. The interested reader could use our algorithm to produce as many
examples of elliptic curves over @Q(¢) with rank 2 or 4 (by hand) or with rank
6, 7 or 8 (by computer) as desired. We give a few numerical examples in §3.
The proof will occupy the rest of the paper. The general outline of the proof
will be given in §4, together with a brief review on the Mordell-Weil lattices.
Then we treat the cases (A4,), (D,) in §5, 6. After some preliminaries on the
root lattices E, (r=6, 7, 8) in §7, we treat the case (F;) in §8, and then the
cases (E;), (E,) in §9, 10.

We add a few remarks on the related subjects.

(1) A natural question: what about the other type A, or D,, not men-
tioned in the above? The same idea seems to work, but with some modifica-
tion. First of all, the defining equation of the family does not give an elliptic
curve but rather a hyperelliptic curve of higher genus in general. The Mordell-
Weil group of the Jacobian variety of this curve will be of rank at least n,
and we may expect that, as a lattice, it will be the root lattice of the desired
type or some lattice closely related to it. Some preliminary calculation indi-
cates that the family for type A, (or D;) gives an elliptic curve whose Mordell-
Weil lattice is D¥ (or E¥) rather than A¥ (or D¥). We hope to come back to
this question in some other occasion.

(2) We have treated here only one side of the arithmetic application of
the theory of Mordell-Weil lattices: construction of elliptic curves with rela-
tively high rank. The other side will be the construction of Galois representa-
tion p: Gal(Q/Q)-~Aut(E(@(t))) whose image is the full Weyl group W(Es), etc.
The existence of such follows from (1.8) and its variants for E;, E,, -+, in
view of Hilbert’s irreducibility theorem (cf. [S1], Theorem 7.1). This essentially
answers the question raised by Weil and Manin (see [W1], p. 558, [M], Ch. 4,
23.13). Moreover our method will allow explicit construction of such Galois
representations, and in particular, of Galois extensions over @ with Galois
group W(E,), etc. We shall discuss this in more detail in a forthcoming paper.

(3) In [S1, §6], we have sketched the proof of (1.8), by making use of
the monodromy theory of the Milnor lattice of a rational double point. But
this can now be avoided, since we have more elementary, purely algebraic
proof of (1.8). Our results might be of some interest to people in the singu-
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larity theory, because (i) the field X provides the smallest extension of Q1)
over which the simultaneous resolution of singularities for the family can
be performed, and (ii) the universal algebraic equation, mentioned before, can
be used to give a very precise description of the stratification of the parameter
space according to the type of singularities (see [S4]).

(4) Once we have an elliptic curve over Q(¢t) of rank », we obtain an in-
finite family of elliptic curves over @ of rank at least r, by specializing ¢ to
rational numbers. This method was initiated by Néron [NI1], who showed
further that there exists an infinite family of elliptic curves over @ with rank
>11. It seems very likely that our results, combined with Néron’s idea, will
allow some explicit construction of such a family.

(5) The numerical examples for (E.), (E,) or (E;) in §3 will give at the
same time explicit examples of del Pezzo surfaces of degree 3, 2 or 1, defined
over €, such that all the exceptional curves of the first kind (27, 56 or 240 in
number, cf. [M]) are defined over Q. In particular, we can construct in this
way smooth cubic surfaces over @ such that all the 27 lines on them are de-
fined over @, and also smooth plane quartic curves over @ such that all the 28
double tangents are defined over Q.

2. The construction theorems.

In the following, we make the statements for the case of Q(t), but @ can
be replaced by any field whatsoever, as far as its characteristic does not divide
the denominators of rational numbers appearing in the formulas and is different
from 2 or 3 (c¢f. Remark at the end of §4).

THEOREM (A,). Take (by, by)=Q® such that by, b, and by=—b,—b, are mutually
distinct. Let E be the elliptic curve over Q(t):

(2.1) E: y* = (x=b)(x —b:)(x —bs)+1°.

Then the Mordell-Weil group E(Q(t)) is torsion-free and of vank 2. Any two of
the three rational points

(22> Pi - (bi) t) (Z':l) 2’ 3)

generate E(Q(t)). (Note that P+ P,+P;=0 since the 3 points are collinear.) The
Mordell-Weil lattice is isomorphic to A%, the dual lattice of the root lattice A,.
The Gram matrix is:

2/3 ——1/3>

(2.3) (P P)igijee = (_1/3 2/3

THEOREM (D,). Take (d,, -+, d,) € Q* such that d}, ---, di are wmutually
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distinct. Define

1
G: = B 1-1d}

(2.4) po = Zic;did} — 3q3

go = Zici<rdididi — Poge — G3
g, = 5'2d1d2d3d4 (5 = il)

Then the elliptic curve over Q(t)
(2.5) E: y? = x*+x(po—t*)+(go+q:t +4.t®)

has a torsion-free Mordell-Weil group of rank 4, and, as a lattice, E(Q(?)) is iso-
morphic to D¥, the dual lattice of the root lattice D,. There exist 4 rational
points of the form:

(2.6) P, = (b;, dit+ey),

where d; are as given at the beginning and

2.7) bi = —di+q,

(2.8) e;=c¢ed;d,d,  (for {4, 5, k, 1}={L, 2, 3, 4})
= q,/(2d;) in case d;#0.

These points are independent, with the Gram matrix

(2.9) (P, Pp) =14,

which generate a subgroup of index 2 in E(Q(t)). Further there are 16 points of
the form

(2.10) P =(xt+b, d't+e'),
and any such P’, together with any 3 of P,’s, give a set of generators of E(Q(1)).

Before proceeding to the case E, (r=6, 7, 8), let us fix some notation. For
a moment, suppose that u,, ---, u, form a Z-basis of E¥ (the dual lattice of
the root lattice E.) consisting of minimal vectors, and let the Gram matrix be

(2.11) I, = (uy, uj>)1gi.j§r .

Let {u;|1<i<N} denote all the minimal vectors of E¥ (thus N=54, 56, 240 for
r=6, 7 or 8; cf. [CS, Ch. 4]). Further, let {a;|1=<;7<n} denote all the roots
of E,, i.e., the minimal vectors of E, with <a;, a;>=2. (Thus n=72, 126 or
240 for »=6, 7 or 8.) For instance, we can take as «,, ---, a, the basis of E,
given by [B, Ch. 6] and a,, ---, a,,, the positive roots (i.e. the roots which
can be written as positive linear combination of a,, ---, @,) so that {ay, -, a,}
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={xay, =, as;2}. To fix the idea, let us make this choice.
Now, writing each u; and a; as a Z-linear combination of u,, ---, u,, we
define the following polynomials in Z[us, -+, u,]:

(2.12) e(u) = v-th elementary symmetric function of u,, -, uy
(2.13) 0:1(u) = Iicicijsn (Wi—uj),
(214) 50(u) = H1§jgn aj:i(ngjgn/z a'j)z-

For r=6 (N=54), we can choose u,, ---, ug so that <{u;, u;>=1/3 (mod 1) for all
7, 7=6. We arrange {u;} so that the same congruence holds for all 7, j<N/2
=27, and we replace N by N/2 in the definition of ¢, and d, above. With
this notation, we have:

THEOREM (E,). Take a=(a,, -+, a,)=Q° such that 6,(a)+0. Let e,=¢,(a),
and define
D2 = &5/12
b1 = ¢e5/48
q: = (e4—168p3)/96
Do = (e5—294p4—528p,q,)/480
g1 = (e,—1008p,p3%)/1344
go = (e1,—608p3p,—4768pop5—252p5—1200p3g,+124845)/17280.
Then the elliptic curve over Q(t)

(2.15)

(2.16) E: y2 = X3+X(Pﬁ—P;l‘+Pzt2)+(qo+qxl‘+6121‘2+l‘4)

has a torsion-free Mordell-Weil group of rank 6, and, as a lattice, E(Q(1)) is iso-
morphic to E¥, the dual lattice of the root lattice E,. There is a basis of E(Q(t))
consisting of the 6 rational points

(2.17) Py =(a;t+bs, t°+d;t+e;) (1<7<6)
such that
(2.18) KP;, Pp)=1,.

Here a; has the prescribed value and

bi == [Bi(ah ) as)
(2.19) di = (al+ap,)/2
e; = Baibi—di+a;pi+bip.+q.)/2,

where B; is a certain polynomial in u,, -, ug such that

(220) ,Bi(uly tty uG)EQ[uI; Sty us:[ M Q(ﬁo; Tty q2)(uz) .
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There are exactly 27 rational points P; (1=i<27) of the form (2.17), and
{=P;} give all the minimal vectors of norm 4/3 in the lattice E¥. Moreover,
in case 0,(a)#0, each P; is uniquely determined by a; (1<i<27).

Next, for the case E, and E;, the Weyl group W(E,) contains —1, so we
have ¢,=0 for all v odd and e,,—=(—1)*¢/, where ¢, is the p-th elementary
symmetric function of u}, ---, u%,, if we arrange {u;} so that {+u;|1<7<N/2}
={u;}. We use ¢, simply because it is more suited to constructing examples.

THEOREM (E,). Take c=(cy, -, c.)EQ" such that d,(c)#0. Let ¢, =¢.(c),

and define

qs = ¢1/36

qs = (—e3+6084¢3)/72

b1 = (e4—43875¢1+18004g.9.)/60

gs = (e{—238680¢5+21600¢%q,—1008¢,p,)/504

Po = (—e5+102258075 —16560045¢,+70084% p 1+ 10344¢.9,+54045)/540

¢1 = (—e4+355212041—910800g%q,+11592¢,¢2 420592431,
+100824¢%9,—794449.p,+1092¢,p,)/ 3828

go = (65— 2466750093+ 12751200989, —771120¢3q5+683760¢5 p,
—2702280g4g.+ 14520093 p o +489288¢%9,— 2240404%q: p,
161824449592 87607, b0+ 1848¢3 — 126564, p3--5024 p 1q5)/29496.

(2.21)

Then the elliptic curve E over Q(t)
(222) y2 = X3+x(1>o+171 f+t3)+((]o+(]1 t+q. t2‘|"(]3 t3+44 t4>

has a torsion-free Mordell-Weil group of rank 7, and, as a lattice, E(Q(t)) is is0-
morphic to E¥, the dual lattice of the root lattice E,. It is generated by the 7
rational points

(2.23) P = (ait+by, cit*+dit+e;) (I=:<7)
having the Gram matrix
(2-24) (P, Pj>) =1I,.

Here c¢; has the prescribed value and as, bi, diy e; are determined rationally from
¢; over Q[po, -+, qi] and also polynomially from c, -+, ¢, over Q.

There are exactly 56 rational points P; of the form (2.22), which give the
minimal vectors of norm 3/2 in the lattice E¥. In case 0,(c)#0, each P; is uni-
quely determined by ¢; (1=<i<56).
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THEOREM (FE;). Take u=(uy, -, us)=Q® such that d,(u)#0. Let ei=¢cl(u),
and define ps, ps, -+, Go by the following formulas:

ps= —¢i/60

P2 = (e,—478170p4)/720

g5 = (5—1030320p,p3—477477005)/15120

p1 = —(e}+17858880p. p3+361791144 pI+753840p,g,)/79200

g: = —(&4+5240640p2p,+96593280p, p3+2277007200p,p3
+13257944700 p§+293378400 p3g.)/ 2620800

po = (e]o— 128513424 p3p3— 1545977808 p, pi— 18595558800,
—65910925080p1°— 123173712 p 5g,— 2492208 p ¢
—3431681424 pig,)/11040480

q1 = (e],— 4551984 p3— 387688872, b, p,— 11556147624 p o
—24236204440p3pi— 168171466680 p, p3— 749135368800 p, 9}

(2.25) —1153992168420 12 — 42618310896 p3g,— 2516521104 p, p3gs
— 234127252800 pSg,-+353944084%)/419237280

qo = (—&{5+422863200p,p3+18339605640 31
432098046400 p.p,— 71061462976 p3 p3
— 1528645019808, p,pt—15986969259936 p, b
—10597571701120 3 p3—43713099157440p, p§
—68920453929600p, p}'—39472177353840p1°
— 5508702912024 pig, — 234901945584 p, p3g»
— 28604105079744 p8g>—8050693680 3575
— 250521815304, p2g,— 3139744251456 b, g,
—36016821822240 p3g;+49710024007,7,
+521644115232p3¢2)/65945880000 .

Then the elliptic curve over Q(t)

(2.26) E: y*=x*+x(Dieopat )+ (Zieog' +17)

has a torsion-free Mordell-Weil group of rank 8, and as a lattice, it is isomorphic
to the root lattice E,. It has the 8 rational points

having the Gram matrix
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(2.28) (P Pp) = 1Is.
The coefficients of Pi are determined as follows: first
gi:uz‘zy hi:u;s)

where u; has the prescribed value, and a;, by, ¢i, ds, €. ave given by certain ex-
pressions in Quy, -, usl[u7'] which are also expressed by some rational functions
of u; with coefficients in Q(po, -+, Gs)-

There are exactly 240 rational points P; of the form (2.27), which correspond
to the roots in the lattice Ey. In case 6,(u)+0, each P; is uniquely determined
by u; (15i£240).

Application to elliptic curves over Q. Following the tradition since A.
Néron [NI], for each elliptic curve E over Q(¢) constructed by the above
method, we can further specialize ¢ to some rational numbers (called ¢ again)
to obtain a family of elliptic curves E‘ over @, given with the rational points
{P®}, where {P;|1<i<r} denotes a basis of E(Q(¢)). By a theorem of Néron,

Silverman and Tate (cf. [Si], [T2]), we have:

COROLLARY. The Mordell-Weil group E“(Q) has rank at least v and the
rational points P& (=1, ---, r) are independent, for all t<Q with only finitely
many exception. The “partial” regulator of these points (with respect to the
canonical height on E®(Q)) has the asymptotic behavior :

(2.29) lim det ({P{”, P{?)can/h(t)) =1/(27-d)

R (L)oo

where h(t) is the standard height of a point t< P* (esp. h(t)=log|t| for t=Z),
and d is the determinant of the corresponding root lattice. Thus, according to
the cases A,, D,, Eq, E; or E;, the rvight hand side of (2.29) s equal to

1/12, 1/64, 1/192, 1/256 or 1/256.

3. Examples.

The algorithm given by Theorems (A,) and (D,) is so explicit that it may
not be necessary to give any numerical examples. But, just for fun, we write
down one such example for each type. Then we go on to the examples for
EG’ E77 ES-

EXAMPLE (A4,). Take b,=0, b,=1, by=—1. The elliptic curve E over Q(¢)
defined by
y2 — xS_x+t2

has the Mordell-Weil group of rank 2, generated by
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P,=(,t) and P,=(1,1).

When we specialize t to any rational number, E® is an elliptic curve over @
(note that the discriminant —2%27t*—4) never vanishes for any t<Q). The
points P{* and P{” are independent except for a finite number of ¢ (such as
t=0, 1, etc.) and we have

lim det (<P, P;"can/h(t)) =1/12.

h(t)—o0

ExaMPLE (D,). Take (dy, -+, dy)=(, 2, 3, 4). Then the elliptic curve E

has the equation
Y= x®—x(1®+27)+(102+48 t+90) .

Then E(Q(1)) has rank 4 and it is generated by

P, = (9, t+24)
P,= (6, 2t+12)
P,=(1,3t+8)

P4 = <t+3; 4 t+6) .
For the specialized curves, we have rank E“(Q)=4 for almost all t=Q and

lim det((P{¥, P{P)can/h(t)) = 1/64.

h (L)

EXAMPLE (E,). Take (ay, -, a;)=(0, 1, 3,7, 11, 21)=Q°. Then we have
E: y? = x®+x(—38112+202752 t —36577584)
414 +427420 t2—319993344 1 +61357067136 .

The Mordell-Weil group E(Q(t)) is free of rank 6, and the 6 generators P; of
E@Q(t))= E¥ corresponding to the given values of a; are as follows:

P, = (6313/4, 1*—695573/8)

P, = (¢+1788, t*—190  —40896)

P, = (3t+1420, t*—558 t-+110816)

P, = (7t+412, *—1162 t+246816)

Py = (11t—1092, 1*—1430t+316224)

Py = (21t—5252, t*4630 t —329563) .

Furthermore, for the specialized curves, we have rank E(@)=6 for almost

all t=@ and
lim det({P{, P{"®>can/h(t)) =1/192.

h(t)—oo
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We insert a remark about the 27 lines on a cubic surface. For an elliptic
curve over Q(t) having the Mordell-Weil lattice of type £E,, the associated
elliptic surface can be blown down to a smooth cubic surface defined over @ so
that the 27 minimal sections (i.e. those corresponding to the 27 rational points
mentioned in [Theoreml (E;)) are mapped to the 27 lines on this cubic surface.
Therefore these 27 lines are all defined over @. The existence of such a cubic
surface over @ is classically known, but our construction provides explicit
examples of such in a systematic way.

EXAMPLE (E;). Take (¢4, -, ¢1)=(1, 2, 4, §, 16, 32, 64)=@Q". Then we have

E: y* = x*+x(*—2716410100150129/27 -¢
—281715490868677435751762/3°)
+8878/3-14+1195761874250/27 -£*
+1666490318377404686,/9- *
+20193960549267845801903566,/3" - ¢
—17219105683784186196665593491513616,/3° .

The Mordell-Weil group E(Q(t)) is free of rank 7, and the 7 generators P; of
EQ(t))= E¥ corresponding to the given values of ¢; are as follows:

P, = (—8875/3-t—494991007099,/27,
12 4-287657546/9 - +17764798463061529,/81),
P, = (—8866/3-t—493630525042/27,
2t°++434245276/9-14-22809130472754890/81),
P, = (—8830/3-t—490138015714,27,
41*4-714936314/9 -t 4-32207272905385006,/81),
P, = (—8686/3-1—478143731698,/27,
8t*+-1297687702/9-t452177541751701366/81),
Py = (—8110/3-t—427412515282/27,
161 4-2447266958/9 -t +91486391172386950,/81),
P, = (—5806/3-t—224940010642/27,
32t*+4036998526/9 -t +107654483240065190/81),
P, = (+3410/3-t 4584853492206, 27,
64¢*+4740279134/9 -t —77609819934613274/81) .

The specialized elliptic curve E®“(Q) has rank =7 for almost all t=@Q, and the



Construction of elliptic curves 685

rational points P{® have the regulator asymptotic to h(#)"/256 as A(t)— co.

The above examples for the case (E;) or (E,) are constructed from the
data (a;)iss Or (ci)is; satisfying the (stronger) non-degeneracy condition d,0.
Likewise, we have given the first example for the case (E;) in corre-
sponding to the data u;=2'"! (1</<8) which satisfies the condition 4,#0.
(Indeed, of has been stated with this stronger assumption.
Thus (Eg) given above is not only more explicit but also stronger
than the previously announced one. Note that §, is a factor of ¢, in this case.)

Below we give a new example for (E;) corresponding to the prescribed
data u;=1 (1<:<8), which satisfies the condition d,+0 but 9,=0. We have
much smaller coefficients here than in [S2].

ExXaMPLE (Eg). Let u;=1 for =1, ---,8. Then the 120 “positive roots”
u; take the value 1 8-times, 2, ---, or 7 7-times, and so on; symbolically, they
are:
1%, {2, 3,4,5,6,7}7, {8, 9, 10, 11}°, {12, 13}°, {14, 15, 16, 17},

(*)
{18, 19}, {20, 21, 22, 23}%, {24, 25, 26, 27, 28, 29}*.

Hence 0,#0 and we can apply [Theoreml (E;) to obtain an elliptic curve E over
Q(t) with rank E(Q(t))=8. The equation of E reads:

% = x°4x(—310¢° 4243896065 t*—60857017136860 ¢
4-13936180986780637484,/3)
+15—2763436738910/3-°+1681300207452917540/3 -t
—384550638908428401057560/3-¢
+282412962406880649939736350128 /27,

The 8 generators P; of E(Q(t)) are given as follows:

P, = (*—541045 t +218476650754/3,

*—811722 t*+219092370780 ¢ —19661726638639000),
P, = (*—618805 t +-286705607554/3,

1*—928362 t2+287022107100 t —29551900557554200),
P, = (1*—651925 t+319030396354/3,

t3—978042 t*+318964426140 t —34686244462893400),
P, = (t*—682165 t 4-348384666754/3,

1*—1023402 ¢* 4348767821020 t —39580648307551000),
Py = (t*—782965 ¢t 4-457679889154/3,

*—1174602 2 +458789609820 ¢ —59594315820808600),
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Py = (t*—951445 1 4-673629129154/3,

1*—1427322 *4-676331322780 t — 106406856 287968600),
P, = (*—1206325 ¢t 4-1079980986754/3,

1*—1809642 ¢*+ 1085727346140 t —215998191424639000),
Py = (t*—1569205 ¢ 4-1824534541954/3,

1*—2353962 ¢*4-1835670395100 ¢t —474295484395883800).

The coefficient of t* (resp. t*) in the x (resp. y)-coordinate of each P; is 1, as
prescribed. The 8 points P; are so arranged that the Gram matrix ((P;, P;>)
is equal to the standard Cartan matrix of E; as in [B]. We note that there
are altogether 240 rational points P of the above form, and the ¢*-coefficients
of x-coordinate of P can be read off from (x): there are so many P’s corre-
sponding to a given value in (%) as the multiplicity there indicates.

As before, the specialized elliptic curve E®(@) has rank =8 for almost all
t=Q, and the rational points P{® have the regulator asymptotic to A(¢)?/256 as
h(t)—co.

4. General outline of the proof.
We start from the elliptic curve E; over K=Fk(f)

4.1 ¥ =x+x-p)+4q)
A= (ph qJ) AT

which is given in the introduction by one of the equations (E;) (=(1.6)), (E,),
(Ey), (D) or (A,). The ground field % is supposed to be an algebraically closed
field of characteristic 0 containing p; and g¢; (cf. Remark at the end of this

section).
Let

4.2) f:S5:,— P!

denote the associated elliptic surface (the Kodaira-Néron model) of E;/K. In
general, an elliptic surface of the form (4.1) is a rational surface, provided that
p(t) and ¢(t) are polynomials in ¢ of degree <4 and <6. (This follows from
the canonical bundle formula of an elliptic surface and Castelnuovo’s rationality
criterion.) In particular, our S; is a rational elliptic surface, and hence we can
make use of the basic results on the Mordell-Weil lattice of such a surface (cf.
[S1, 1], [S5, §10]).

First let us briefly review the generalities on Mordell-Weil lattices, fixing
some notation (cf. [S1, 11, [S5, §7-9]).
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In general, consider an elliptic surface f:S—C with the generic fibre E
over K=k(C) where S (or C) is a smooth projective surface (or curve) defined
over an algebraically closed field %k of arbitrary characteristic and .(C) denotes
the function field of C. Then the global sections of f:S—C are in a natural
one-to-one correspondence with the K-rational points of F so that we identify
E(K) with the group of sections of f. For P= E(K), we denote by (P) the
image curve of the section P: C—S.

We can define a natural bilinear pairing on E(K) as follows, by using
intersection theory on the surface S.

Let NS(S) be the Néron-Severi group of S, which is an indefinite integral
lattice with respect to the intersection pairing (D,-D,). Let T be the “trivial”
sublattice of NS(S), which is generated by the zero section and all the irreducible
components of fibres. The quotient group NS(S)/T is naturally isomorphic to
E(K). There is a unique map ¢: E(K)—>NS(S)XQ splitting this isomorphism
such that Im(¢) is orthogonal to 7. Now the orthogonal complement of 7 in
NS(S), L=T"*, is a negative-definite even integral lattice (by the Hodge index
theorem and the adjunction formula). Then the map ¢ induces an injection of
E(K)/E(K),,, into LKRY. For P, Q= E(K), we define

(4.3) <P, Q0 = —(e(P)-9(Q)).

The Mordell-Weil lattice of E/K or f:S—C is defined as E(K)/E(K),,» with
the above pairing <{,)>. Further, let E(K)° be the subgroup of finite index in
the Mordell-Weil group E(K) consisting of those sections which pass through
the same irreducible component of every fibre as the zero section. Then ¢
maps E(K)° isomorphically onto L, and we call it the narrow Mordell-Weil
lattice of E/K or f, which is a positive-definite even integral lattice.

More explicitly, the pairing is given by the formula

(4.4) (P, Q> =1+(PO)+(QO0)—(PQ)—Zer contry(P, Q).

Here X is the arithmetic genus of S and we write (PO) for the intersection
I number ((P)-(0)), and similarly for (QO) or (PQ). R is the set of reducible
fibres of f, and for each v= R, the local contribution contr,(P, Q) is a rational
number depending only on the type of the singular fibre f~*(v) and on its com-
ponents hit by the sections (P) and (Q) (see below). In particular, we have

(4.5) (P, Py =2X4+2(PO)—3,cr contr(P)

and
(P, Q> =L+(PO)+(QO)—(PQ)=Z if Por Q= E(K)°.

Also the other data can be made more explicit in terms of the singular
fibres. For each vE R, write
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(4.6) f-l(v) = @v,0+2izl ﬂv,i@v,i (ﬂuO:l)

where @, ; (0=i<m,—1) are the irreducible components, m, being their number,
such that @, , is the unique component of f~!(v) meeting the zero section. Let
F be any fixed fibre of f. Then the trivial sublattice T of NS(S) is the direct
sum of <(0), F)> and T,=<(6,,; =1 (veR), with rk(T)=24-3,er(m,—1), and
we have

4.7 rk E(K) = 0(S)—2—2Jver(my—1),
4.8) det T = Ilermi®, m¥ =det T, = #{i=0 | py,s=1}

where p(S)=rk NS(S) is the Picard number of S. Further, if we denote by
Ay=((O,,:0, ;)i ;=1 the Gram matrix of T, then

4.9) contr,(P, Q) = (i, j)-entry of (—A,)™*

if P meets 0, ; and Q meets 6, ;, with 7, =1, and = 0 otherwise.

Now we suppose that S is a rational surface. In this case, we have C= P!,
K=Fk(t), =1 and p(S)=10. Then the narrow Mordell-Weil lattice M=E(K)°
is a positive-definite even integral lattice of rank

(4.10) r =8—,er(m,—1).

The Mordell-Weil lattice E(K)/E(K);,, is isomorphic to the dual lattice M* of
M. We have det M*=1/det M and

(4.11) det M = det T /n?, det T = Il epmi®

where n is the order of the torsion subgroup E(K);,.. In particular, the
Mordell-Weil group is torsion-free if det T is square-free.

When E is defined by a Weierstrass equation such as (4.1), a rational point
P=(x, y) in E(K) has the property (PO)=0 if and only if x, y are polynomials
in t of degree at most 2 or 3, i.e.,

(4.12) x = gt*+at+b, y=ht*4ct*+dit+e.

Now, going back to the situation at the beginning of this section, we de-
scribe the general outline of the proof of the theorems stated in § 2. It will be
done in each case in the following steps.

Step 1. First we determine the singular fibre f~!(co) of f at t=oo. Let-
ting s=1/t, X=x/t% Y=y/t’, we rewrite (4.1) as

(4.13) Y? = X*+X-P(s)+Q(s)

where P(s)=p(t)/t* and Q(s)=q(t)/t° are polynomials in s. (Later will be
referred to as the “co-model” of (4.1).) The type of the singular fibre f~!(co)
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is determined by the order of the discriminant

A= —2°(4P(s)’+27Q(s)*)
at s=0 (cf. [K], [N2], [T1]). The result is summarized as follows:

case (B9 (B (B (D) (A
type | O I I\ I¥ V*
(4.14) me |1 2 3 5 7
T. | {00 AT A DI ES
detT.. | 1 2 3 4 3

Here A, --- denotes the root lattice A,, --- with opposite inner product.

Step 2. Until Step 5, assume that (&) f: S;— P! has no reducible singular
fibres other than f~'(e0). This is certainly the case for A generic. Under this
assumption, the Mordell-Weil group E;(K) is torsion-free and the structure of
the Mordell-Weil lattice on E;(K) is completely determined. It is isomorphic
to the dual lattice of the root lattice corresponding to the type of the equation
we started with. Namely we have

(4.15) E(K)= E;, E¥, E¥ D¥f or A%,

according to the case (Ey), (E.), (E:), (D.) or (A,) (cf. [S5, §10], [OS]. The
minimal norm and the number of the minimal vectors in these lattices are well-
known (cf. [CS, Ch. 4]):

‘ minimal norm
(4.16) _ |
# min. vectors

2 32  4/3 1 273
240 56 54 24 6.

Compare the minimal norms with the following values of contr.(P) for P meet-
ing @, ; for some i>1, computed by (cf. [S5, (8.16)]:

(4.17) contr.(P) | 0 1/2 2/3 1 4/3.
By we see that a minimal section of E(K) takes the form [4.12)

Step 3. Next we consider the specialization homomorphism
(4.18) Pt EF(K) —> f7l(o0)*

which maps each K-rational point P of E,; to the unique intersection point of
(P) and f~'(co). In the above, f~!(c0)* is the smooth part of f~'(c0), which
has a natural structure of algebraic group over k. More explicitly, it is a
direct product of the additive group G, and a finite abelian group H of order
mP=det T,, and we have
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IR

(4.19) H= {0}, Z/2, Z/3, (Z/2)** or Z/3,
according to the case (Es), ---, (4,) (cf. [K], [N2], [TLD.

Now we take the minimal sections P= E;(K) and consider sp..(P). It turns
out that the G.-component of sp.(P), say spi(P), is a very important parameter,
which determines P for A generic.

Step 4. Next we choose a basis {P,|1<v<r} of E;(K) consisting of minimal
sections, and let

(4.20) Uy = spe(Py) .

Then (u,, ---, u,) completely determines the coefficients p;, ¢; of the equation
(4.1) of the elliptic curve E;. This step is crucial.

For the case (E,) (r=6, 7, 8), we consider the universal polynomial of type
E.

(4.21) Op ()= \(X~uw), w=spu(P),

where P, (1<y<N) denote all the minimal sections in E,(K)= E¥. On the one
hand, this can be expressed by the elementary symmetric functions of u,’s,
which are obviously the invariants of the Weyl group W(E,). On the other
hand, we can prove that it is a polynomial with coefficients in Q[1]=Q[p:, ¢;],
by means of elimination method. Comparing the two expressions, we obtain the
relations of p; and g¢; as the fundamental invariants of W(E,), as stated in
(E;).

Step 5. Finally we note that the non-degeneracy assumption such as
0o(u)#0 in the theorems is equivalent to the assumption (#) in the Step 2 that
f:3S;— P! has no reducible fibres other than f~!(co).

Then, specializing (u,, ---, u,) to some rational values in Q" such that d,(u)

+0, we complete the proof.
For the case (A4,) and (D,), we can skip or reverse some of the above steps

and verify the theorem in a more elementary way.

ReMARK. This method of the proof will make it clear that we can replace
@ by any field of characteristic 0 in the statement of the theorems, or even by
one of characteristic p, provided that p is different from a small number of
prime numbers which come into the denominators of some expression in the
course of the proof. The primes to be avoided are the following:

p=23 in case (4,;) or (D,)
p=23,57 in case (E;)
p <11 or p =29, 1229 in case (E-)
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p <19 or p =41, 61,199 in case (Eg).
5. Case (4,).
We begin with the case (A4,), where the elliptic curve E=FE; is given by
6.1 2 = x*+pox+qo+t?
A= (Po, qo) = A

Letting b,, by, b, be the roots of x°+4p,x+g,=0, we have

5.2 [ o= bibrkbibitlibs - (utbitbi=0

go = —bibsby .

The assumption (#) is that
(5.3) by, bs, b, are distinct,
which is equivalent to the condition:
(5.3 Ay = 4pi+27q5 # 0.

Step 1. The elliptic surface f:S;— P! has a singular fibre of type IV* at
=00
(5.4) [ e0) = 0,+0,4+60,+2(0,+60,+6,)+30,,

where the irreducible components @; are smooth rational curves with self-
intersection number —2 intersecting other components as in the figure below.
We always choose @, to be the unique component meeting the zero-section (O).

6,

(0) 6, 0, 2} Mo =17
------ ~ m® =3

(90 @1 @2

Step 2. Let us check the “Step 57 first.

LEMMA 5.1. There are no reducible fibres of f:S;— P! other than f~ (o)
under the assumption (5.3).

PrROOF. The discriminant of is
A = 4p34-27(qo+12)? = Ag+54q,t2+271* .

By (5.3), A has either 4 simple roots (p,#0) or 2 double roots (p,=0). Hence
the singular fibre f~'(v) at v#co is either of type I, or II (a rational curve with

a node or cusp) (cf. [K], [N2], [T1]), hence irreducible. g.e.d.
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It follows from (4.11) that the rank of E(K) is »=2 and detT=
mdP=3. Hence E(K) is torsion-free (3 is square-free) and we have E(K)°= A,
and E(K)= A% by the general theory. But we see this more directly below.

Step 3. Now we look at the 3 obvious points of E(K):
(5.5) Pi=(by,t) (=1,2,3).
Since they are collinear, lying on the line y=1¢, we have
(5.6) P+P+P,=0

by the definition of the group law on E.
Let us see how the section (P;) intersects the singular fibre f~'(c0). At
any rate, a section meets the smooth part f~!(co)#, and

d.7) i) =0700TU0; =G, X Z/3Z

where @7 is ©; minus the points meeting other @; and corresponds to the
coset G, xi (1=0, 1, 2).

LEMMA 5.2. All the 3 sections (P;) intersect the same non-identity component

of f7H(e0), @, or O,.

PROOF. In terms of the co-model of [(5.1)(cf. [4.13)), we have P,=(b;s? s%),
which passes the singular point (0, 0) of the cuspidal cubic Y?=X? at s=0.
The latter is the fibre f’~!(co), where we denote by f’:S’—P' the associated
Weierstrass fibration; namely, S’ is the normal surface obtained from S by
collapsing all the non-identity components \J;»,0; in f~*(e0). Thus each (F)
in S must meet either @, or O,.

Suppose, for instance, that (P,) meets O, and (P,) meets @,. Then P, would
meet @, by and [5.7), a contradiction. Hence all the P; (=1, 2, 3) meet
one and the same component. g.e.d.

Step 4. Let us rename @, as the component meeting all P;.

LEMMA 5.3. Let
$Peot E(K) —> 7Y (00)* = Go X Z/3

be the specialization homomorphism. Then we have

ProoF. To compute the G,-component of sp..(F;), it is enough to compute
sp(Q) for Q=3P,=E(K)°. This can be done directly by using the addition
formula below, but we proceed in a slightly different way.
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In general, if P,.=(x;, y:) (=1, 2) are two points of E, the sum P=P,+P,
has the coordinates x, y given by

(5.9) { X=—x—xetmt, om= (01— y)/(x—x),

y=—y1—m (x—x1).
Applying this to Q,=P,—P,= E(K)°, we have
{ x(Q1) = —(by+by)+ {2/(by—bs)}?-1*
¥(Q1) = —3b1/(ba—by) t—{2/(bo—b3)}*-1°.

Rewriting these in terms of the coordinates X, Y of the co-model we
have

$Pel@1) = (X/Y )| 520 = —(b:—03)/2.
Similarly, for Q,=P,—P,=E(K)°, we have
Spe(Q2) = —(bs—01)/2.

By we haVe 01:P1+2P2 al’ld Q2:_2P1"P2 SO that 3P1:_(Q1+2Q2>.
Hence
$De(3P,) = (by—b3)/24(bs—b,) = —3b,/2.

This proves that the G,-component of sp.(P,) is —b,/2, as asserted. q.e.d.

COROLLARY 5.4. The 3 sections (P;) (=1, 2, 3) are disjoint from each other
and also from the zero section (O).

Proor. Clearly (F;) and (P;) (1# ) do not meet at ¢+ co, because b;#b; by
assumption. Further they cannot meet at oo by (5.8). It is easy to see that

(P;) and (O) are disjoint. qg.e.d.
LEMMA 5.5. The value of the pairing <{P;, P;> is as follows:
2/3 =7
(5.10) <P, Py ={ /5 6=
—1/3 Z+7).

In particular, det({P;, P;))i jso=1/3.

Proor. This follows from [4.4), [4.5) and [Corollary 5.4, since we have
contr..(P;, P;)=4/3. The latter is in the table for /=7, and we have the
same value for i+ ; because all sections P; pass the same component @, in the
singular fibre f~'(eo) of type IV*. g.e.d.

Now the rational points (or sections) @Q,, Q.= E(K)°, given in the proof of

have Gram matrix

5.1) €Qu 0= (5 7).
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This clearly shows the isomorphism of lattices:
(5.12) E(K)y = A, and E(K) = A%,

proving also that {Q,, Q.} and {P,, P,} give the generators of the Mordell-Weil
lattices E(K)° and E(K). Note that +P; (=1, 2, 3) correspond to the 6 minimal
vectors of A¥ and Pi—P; (i#7) to the 6 minimal vectors (the 6 “roots”) of A..

This completes the analysis of the case (4,), and in particular, the proof
Of (Az)

6. Case (D).
We consider the elliptic curve E=E;
(6.1) y? =2+ x(pe—1)+ g0t g1+ ¢ 1
A= (Do G0 1, G2)EA”.

Step 1. The associated elliptic surface f:S;—P' has a singular fibre of
type IF at t=oo:

(6.2) f7H(e0) = 0,+6,+0,+0,+20,

where we use the similar notation as before; see the figure below.

@ — 1|@ \[@1 ‘\@2 ‘|@3 8 :;::54

Step 2. Until Step 5, we assume that (#) f has no reducible fibres other
than f~'(c0). Then we have by and [4.11)

r =8—(5—1)=4, det T =my’ =4.

This implies that the Mordell-Weil group E(KX) is torsion-free of rank 4 such
that det E(K)°=4. (Indeed, if » is the order of E(K);,., then n® must divide
4. Hence n=1 or 2. If n=2, then E(K)° would be an even unimodular lattice
of rank 4, a contradiction.) It follows that (under the assumption (#))

(6.3) E(K) = D, and E(K) = D¥.

In particular, the minimal norm of E(K) is 1 and the number of the minimal
sections is 24.
The minimal sections are characterized as follows:

LEMMA 6.1. Let PE E(K), P+0O. Then we have {P, P)=1 if and only if
(P) is disjoint from (O) and O,. In terms of the coordinates P=(x, v), this is
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so if and only if
(6.4) x = at+b, vy = dit+e (a, b, d, eck).
Thus there exist exactly 24 rational points of this form.
ProoF. We have
(P, Py = 2+2(PO)-—contr.(P)

and, for the singular fibre of type I%,
0 if (P) meets O,

(6.5) contr(F) = { 1  otherwise

Hence the first assertion holds. Next, by P=(x, v) is of the form (cf.
[S1, Lemma 3.1] or [S3, Proposition 5.17):
x = gt*+at+b, y = ht*+ct*+dt+e .

If (P) does not meet @, (i.e. it meets ©; for some =1, 2 or 3), then it passes
the cusp (0, 0) of the cuspidal cubic at t=oo (cf. the arguments given for the
case (A,)), and hence we have g=h=0. Moreover, we have ¢=0 from  the
equation hence P is of the form [6.4) The converse is easily verified.
g.e.d.

Step 3. Next let us consider the specialization map:
Sheot E(K) —> f7H(o0)% .
Since the singular fibre f~!(oo) is of type [%, its smooth part is
(6.6) fH (o)t = \Ui0% =2 G, X(Z/2)%*.

If ©% corresponds to the coset G, <@, then write [@,]=0<(Z/2)%.

LEMMA 6.2. The 24 rational points (at+b, ct+d) are grouped into the 3 sets
of 8 points, corresponding to a=0, 1 or —1. The 8 points in each set pass
through the same irreducible component O so we can label O; so that @,, @, O,
correspond to a=0, 1, —1. Then we have
(d, [0.D if a=0

. mP =
(6.7) $p(P) { (—d/2, [6:]) if a ==1(G=2).

ProOF. Let us analyse the condition for P=(at+b, %) to belong to E(K).
It is necessary and sufficient for this that

(6.8) (at+b)+(at+b)(po—1t*)+(qo+qit +qat?)

is a square in k[¢]. The coefficient of #* must vanish, so we have
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—a =0, i.e., a=0,1o0r —1.

First consider the case a=0. Then is a square if and only if b is a
root of the quartic equation

(6.9) h(X) = (X°+poX+qo)(X—q.) + ¢i/4 = 0.
For any such b, P=(b, dt+e¢) belongs to E(K) if and only if

(6.10) d*= —b+q,, e =b+pbtq, 2de=q,,

and hence there are exactly 2 choices of (d, ¢). (The case d=e¢=0 does not
occur, because then P becomes a torsion point of order 2.) Thus we obtain 8
points of the form (b, dt+e), provided that 4 roots of are distinct.

The case a=1 or —1 can be treated in the same way, and we obtain (at
most) 8 points each, of the form (+t-+b, di+e).

Since the number of minimal vectors in D¥ is 24, the 3-8=24 points so
obtained must be all distinct. In particular, 2(X) must have 4 distinct roots
by, -+, by under (#).

Next we see that the 8 points for each value of @ pass through the same
irreducible component @; (some 7=1), by checking that their differences inter-
sect the identity component ®, at t=co. For instance, we have by the addi-

tion formula
X(Pi—=Po)|s=o = 1/(d1—d>)*, Y (Pi—Py)lso = 1/(d1—d>)?

for Pi=(bi, dit-+e;), in terms of the co-model (cf. [4.13)). This shows first that
P,—P; intersects @, at t=co and that

(611) P Pr—Ps) = d1—d, # 0.

In other words, P, and P, intersect the same component, say @; (y=1), at dis-
tinct points.

Similarly it is easy to check that two sections corresponding to different
values of a=0, 1, —1 meet the different components of f"'(c). Hence we may
suppose that the 3 components @,, ©,, @, correspond to ¢=0, 1, —1.

Finally, to prove the formula (6.7), we have only to compute sp..(2P)=G,
(note that 2P= E(K)°). By the addition formula again, we see easily

SP(2P) = 2d /(1—3a?),

which implies (6.7). g.e.d.

COROLLARY 6.3. For Pi=(bs;, dit+e)= E(K) (=1, ---, 4), the Gram matrix
({P;, P;>) is equal to the identity matrix of degree 4. Hence Py, -+, P, are inde-
pendent and they genmerate a subgroup of index 2 in E(K). If Q is any rational
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point of the form (£t-+5', d't+e’), then P, Py, P, and Q generate the full Mordell-
Weil group E(K).

PrOOF. By the above lemma, the sections (P;) are disjoint from each other
and also from the zero section. We can compute <P;, P;> by and
(6.5), noting that contr.(P;, P;)=1 for all z, ; since all P; pass through the
same ©,. Hence the first assertion. Then det ((P;, P;>)=1, and since we know
det (E(K))=1/4, P; generates a subgroup of index 2 in E(K). Finally Q is not
in this subgroup, since <P;, @>=1/2 (mod 1). Hence the last assertion. q.e.d.

Step 4. Let P; (i=1, ---, 4) be as in [Corollary 6.3 Since b; are the 4 roots
of 1(X)=0 in [6.9), the relation of the roots and coefficients give
bi+ - +bi=q-
o
“ bibobst -+ = poga—qo
U bibsbshy = G3/4—q0g2 .

(6.12)

Using the relation b;=—d3}+¢, in we can rewrite (6.12) as the relations
of d;. By a simple computation (which is not so tedious because it leads very

naturally to the fundamental invariants of the Weyl group W(D,); cf. [B]), we
have:

szf = 302
N ic;d2d% = po+3¢3
(6.13) § 2y = Dot g
! 2i<j<kd%d§d1% = QO+]>0(]2+(13
l d,d.dsd, = eq,/2 (e==+1).
Step 5. Now we reverse the above arguments. Take arbitrary d;, -+, d4 such

that (##) d?, ---, d? are distinct. Then define ¢,, po, ¢o and ¢, by (6.13). Letting
A=(Do, Go, ¢1, q2), consider the elliptic curve E; and the elliptic surface S, de-
fined by [6.1) Define also b;, e¢; by

bi s —-d%‘{-Qz, e; — Gdjdkdl (:(]1/2(1z if d1¢0) )
Then
P, = (b, dit+ey) (i=1, ---, 4)

give 4 rational points of E; over ky(t), ko=Q(D)=Q(po, -:-, ¢»), such that sp..(P;)
=(d;, [0,]). The Mordell-Weil lattice E(K) will be isomorphic to D¥, once the
condition (%) (that f:S;—P' has no reducible fibres other than f~'(c0)) is
verified.

LEMMA 6.4. The two conditions (#) and (##) are equivalent. In other words,
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there are no reducible fibres of f:S;—P*' other than f~Y(co), precisely when
2 -, d? are distinct.

Proor. We have seen in Steps 2 and 3 that the condition (%) implies that
b, -+, by are distinct, and the latter is equivalent to the condition (##). Let
us show the converse: (##)=(&).

Assume for a moment that d,, ---, d, are algebraically independent over Q.
Then p,, -+, g, are so too, in which case it is obvious that f has no other
reducible fibres at t#*co. Then the narrow Mordell-Weil lattice E;(K)° is iso-
morphic to D, by [6.3).

Recall that the narrow Mordell-Weil lattice is isomorphic (up to the sign) to
the orthogonal complement L of the trivial sublattice in NS(S;). The 24
“roots” Q< E(K)° =D, define the 24 elements D(Q)=(Q)—(0)=NS(S;) such that

(6.14) (D-D)= -2, (D-(0)=(D-0;)=0 (all 1=0).

Observe that {Q}={+P,=P; | 1<i<j<4}, {P;} being as before. Now we
specialize di, ---, d. in such a way that thev still satisfy (##), then we still
get 24 divisor classes D=(Q)—(0) in NS(S;) satisfying using the 4 points
P;=(b;, d;t+e;). Therefore there is no room for the non-identity components
O, ; for v#co (note O, ; will satisfy too). Thus there is no reducible
singular fibres other than f (). (Compare the arguments involving the “FE;-

frame” in [S4]; here we implicitly considered the “D,-frame”.) q.e.d.
Finally, taking (d,, -, d,) in Q* satisfying (%) and applying the above

argument, we complete the proof of (D,).

7. Preliminaries for the cases (¥,).

First we recall basic facts on the root lattices E;, E. and E;: we refer to
[B, Ch. 6], [CS, Ch. 4] or [M, Ch. 4] for the details.

(i) The most fundamental of these three lattices is the root lattice E;. It
is characterized as the unique positive-definite even integral unimodular lattice
of rank 8. The minimal norm is 2, and there are 240 minimal vectors (“roots”)
in E;, which form the root system of type E; in the Euclidean space E,QR
=R?® Any root spans a sublattice = A,, and its orthogonal complement in E;
defines the root lattice FE, whose isomorphism class is independent of the
choice of A,. It has det=2 and 126 minimal vectors (“roots”) of norm 2. Simi-
larly, the orthogonal complement in E; of any sublattice isomorphic to A,
defines the root lattice E,, which is unique up to isomorphism. It has det=3
and 72 minimal vectors of norm 2.

(ii) The dual lattice L* of a lattice L is the subgroup ¢f LEQ consisting
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of those elements x such that <x, y)=Z for all y=L. Wehavedet L=[L*: L]
for any integral lattice L. The root lattice E; is self-dual, since it is uni-
modular. The dual lattice E¥ of E; has det =1/2 and 56 minimal vectors of
norm 3/2, and [E¥: E;]J=2. The dual lattice E¥ of E; has det=1/3 and 54
minimal vectors of norm 4/3, and [E¥: E;]=3.

(iii) The automorphism group of E; Aut(E;), is equal to the Weyl group
W(E,), which is of order 2"375°7 and contains —1;, with the quotient group
W(E;)/{+1} having a simple subgroup of index 2. Similarly we have Aut(E,)
=W(E,), which is of order 2!°3*5-7 and contains —1 such that W(E;)/{+1} is
a simple group. For E,;, we have Aut (E)=W(E:)-{x1}, W(E,) being of order
273*5 and not containing —1; further W(E,) has a simple subgroup of index 2.
According to the ATLAS, these simple groups are U,(2)=S,(3), S¢2) and O}(2)
for E;, E, and E; respectively.

The Weyl group W(E,) acts transitively on the set of roots in E, as well
as on the set of minimal vectors in E¥%, except that, in case r=6, W(E,) has
2 orbits there.

(iv) Now let {ay, ---, a@,} be a basis (or a system of simple roots) of E,,
which has the familiar Dynkin diagram:

(22

For Es or E,, ignore those «; with 7 >6 or 7.

If we denote by {a; | 1=<7<m} all the “positive roots” of E,, i.e., those
roots which can be written as a linear combination of ay, ---, &, with non-
negative integral coefficients (cf. [B, tables at the end of Ch. 6]), then =*a;
give all the roots of E,. Thus n=2m is equal to the number of the roots,
i.e., n=240, 126 or 72 for »r=8§, 7 or 6.

(v) Now choose a basis {ui, -+, u,} of the dual lattice E* consisting of
minimal vectors. The Gram matrix of E¥ is then given by

I = (uy, uj>)1§i,j§r (r=8,7,6).

Let us denote by {u; | 1</<N} all the minimal vectors of E¥; thus N=240, 56
or 54 according as »=8,7 or 6. We arrange {u;} so that they coincide with
{=u; | ISiSN/2}.

(vi) The symmetric algebra of EF is identified with the polynomial ring
Z{uy, -+, urs). Writing u; and «; as a Z-linear combination of u,, -+, u,, we
regard them as elements of Z[uy, ---, u,].

DzriniTioN 7.1, We define the following polynomial in X with coefficients
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in Z{uy, -, u,]:

(7.1) Op (X) = I \(X—uy) = X —ul),
which will be called the universal polynomial of type E,.
Letting
(7.2) e, = v-th elementary symmetric function of u,, ---, un
(7.3) e, = y-th elementary symmetric function of u%, ---, u%,s,

we have ¢,=0 for v odd and &,,=(—1)’¢/,. Obviously, we have

(7.4) O (X) = XV + D) Pen XV,

The coefficients ¢, are invariant under W(E,) as polynomials in u,, -+, u,.
(vii) The structure of the ring of W(E,)-invariants in Q[uy, ---, u.] is
well-known. It is a graded polynomial ring generated by » homogeneous ele-
ments of weights
2, 8,12, 14, 18, 20, 24, 30 (r=8)
J 2, 6,8, 10, 12, 14, 18 (r=7)
2,5 6,8,9, 12 (r=6).

(7.5)

(viii) As a by-product of the proof of (E,) given in the next
sections, we can prove that, for »=8 or 7, ¢, with w ranging over the weights
in form a set of fundamental invariants of W(E,). In other words, we}
obtain :

THEOREM 7.2.

(76) Qlu,, -, us]W(Es) = Ql:sz; €sy €12, €14y €18 €20y E24, €30]

(7.7) Qluy, -, U ]7E? = Qley, €6, €5, €10, €12y €145 C1s]

(ix) For the case of E;, we slightly modify the notation as follows. We
can choose u,, -+, us so that <u;, u;>=1/3 (mod 1) for all 7, <6, and arrange
{u;} so that the same congruence holds for all 7, j<N/2=27. Thus {u;|1<i<27}
and {—u;|1<:<27} give the 2 orbits mentioned in (iii). We redefine ¢, as
the y-th elementary symmetric function of wuy, ---, us,. Let
(7.8) Ve (X)= I (X—uy)

= X% 4 32 (—1)e, X* >,

Note that e, are invariant under W(E,), since {u,, -+, u..} 1is stable under
W(E;). We have

(7.9) Op(X) =T (X (—X),
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so we rename the universal polynomial of type E; to mean this newly defined
polynomial ¥z (X) of degree 27.

With this modified notation, we can state:

THEOREM 7.3.

(7-10) Q[uly Tt uG]WCEG) = QESZ; &5, €6, €3, £, E12:] .

REMARK 7.4. The fundamental invariants of the Weyl group W(E,) seem
to have been studied by many authors (e.g. [F] for E,, for E;), but we
have not found in the literature such a simple statement as above. This comes
out automatically in our approach via the Mordell-Weil lattices (see the proof
of 9.3 or 10.3).

(x) Using the minimal vectors (roots) in E, instead of those in E¥, we
can define similar polynomial :

(7.11) Nr(X—a;) e ZLuy, -, u,1LX]

of degree n=240, 126 or 72 for r=8, 7 or 6; for »=8§, this is the same as @ES.

The coefficients of are again invariant under W(E,). In particular, the
constant term

(7.12) Oo(u) = I a; = (1T} a;)

is an important invariant, playing the role of the difference product or the dis:
criminant, which appears in the statement of (E,). It is known that
the Jacobian determinant of any sets of fundamental invariants of W(E,) with
respect to uy, ---, u, is equal to [7%}a;, upto a constant.

8. Case (F;).
Let us consider the elliptic curve E=E,;

8.1 Y= 204 x(Zhaopat) (X0 gat' +17)
/2 = (po, pl; pZ) p?u QO; (11, q27 (]3) S5 AS-

As before, let K=~£k(¢) be the rational function field over an algebraically closed
field % containing p; and g;.

Step 1. The elliptic surface f:S;—P' has an irreducible singular fibre of
type Il at t=o0:

8.2) fY o) =6, (a rational curve with a cusp)
8.3) Y o) =0 =G, (the additive group).

Step 2. Assume that (#) f has no reducible fibres at all. This is certainly
the case if A is generic (over the prime field) or if 4 is sufficiently general. Then
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we have E(K)=E(K)°, which has rank »=8 and det =1 by [4.10) and [4.11).
Hence the Mordell-Weil lattice E(K) is an even unimodular lattice of rank 8,
and as such, it is isomorphic to the root lattice E;:

8.4) E(K)= E(K)* = E;.
It has 240 roots (minimal vectors of norm 2). Since

(P, P)=2+42(PO)z2 for any P= E(K), P+0,
P is a minimal section if and only if (PO)=0. By we have:

LEMMA 8.1. Under the assumption (#), there are exactly 240 rational points
P=(x, y) in E(K) of the form:

(8.5) x = gt*+at+b, y = ht¥’+-ct®*+dt+e,
with some constants a, b, -+, g, h in k.
" Step 3. Consider the specialization homomorphism :
(8.6) Pt BE(K) —> fTHoo)¥ =2 G, .
LEMMA 8.2. If P is given by (8.5), then g+0, h=0, and
8.7 spP) = g/h .
PrROOF. In terms of the co-model (cf. [4.13)), P is written as

X = g+as+bs?, Y = h-tcs--dst+es? .

Hence the section (P) meets f~!(o0) at (X, Y)=(g, h), which must be different
from the singular point (0, 0) of the curve Y*=X® Hence both g and A are
#+0, and we have

$pe P) = (X/Y )50 = g/l . g.e.d.

Step 4. Now we assume that A is generic over @, i.e., p,, ---, g; are alge-
braically independent over @, and let k£ be the algebraic closure of Q)=
Q(po, -, g;). Then the condition (#) holds, and hence we have E;(K)=E; by
(B.4) We choose a basis {P,, ---, Ps} of E;(K) with Gram matrix (KP;, P;>)
=], and label the 240 points P; (1<:<240) in the same way as in §7 (v).
Letting

(8.8) us = sp(P) €k,
we define the polynomial

8.9) O(X, A) = I (X—u:) € QUILX].
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It has coefficients in Q(A) because {u;} is stable under Gal(k/Q(2)). Since sp.
is]Ja homomorphism, @(X, 1) will coincide with the universal polynomial of type
E, defined by once we see that u,, .-, us are algebraically independent
over Q. At any rate, the coefficients +e¢, of @(X, ) are contained in
Zluy, -, u240]524°CZ[u1, e, ust(Es).

THEOREM 8.3. Assume that A=(po, -+, qs) is generic over Q. Then the poly-
nonual O(X, ) has the coefficients in the polynomial rving Z[A1=Z[po, -+, qs]-
The elements u,, ---, ug are algebraically independent over Q, and we have

(810) Q[up AR u8:IW(E8) = Q[po, ) Q:«x] »
which also coincides with Q[ e,, €5, €12, €1s, E1s, €20, €24, E30]. AN other words, both
{Po, -+, qs} and {es, -+, 50} form the fundamental invariants of the Weyl group

W(Es). The explicit relation between them is given by the formulas (2.25) of
Theorem (E,).

THEOREM 8.4. Under the same assumption, the polynomial D(X, 2) is irre-
ducible over the rational function field Q(A)=Q(po, -+, qs). The splitting field of
D(X, ) over Q(R)

(8.11) K =Q(A) Uy, -+, Usso)
is a Galois extension of Q(A) with the Galois group
(8.12) Gal (KX/Q(A)) = W(E,) (the Weyl group of type Es)
and it is a purely transcendental extension of the prime field Q:
(8.13) H = Quy, -+, Ug).
THEOREM 8.5. For 2 generic, the specialization map
Sheot E(k(t)) —> &

is an injective homomorphism, whose image >5-0Zu; is a submodule of rank 8 in
H=Q(u,, -+, us) with W(Ey)-action. In particular, each minimal section P is
uniquely determined by u=sp.(P).

More explicitly, for each root u of the equation @(X, 2)=0, there is a unique
rational point P=P(u) of E:(k(t)) with sp(P)=u. It is of the form (8.5), i.e.,
P=(x, y) with

x = gt*+at+b, y = ht*+ct®*+di+te,

in which g, h, a, -+, e are determined by u as follows:

{g:u'z, h=u?

(8.14)
a,b,c,d,e =Q[uy, -, us J[u " INQA ).
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These results (and Theorems [7.2, (7.6)) will be proven almost at the same
time.

PrROOF OF THEOREM 8.3. Let us analyse the condition for the point (8.5)
to belong to E(K), by means of the elimination method. For that purpose, we
substitute (8.5) into the equation [8.I) and look at the coefficients of ¢™ for
m=6, 5, ---, 0. Then we get 7 polynomial relations among «, b, ---, g, I over

QLbo, 5 gs]:

(8.15), h*=g°

(8.15), 2ch = 14-3ag®*+ p.g

(8.15), c®*+2dh = 3a’g+3bg*+p.g+psa

(8.15), 2cd+2eh = a®*+6abg+p.g+ p2a+psb+gs
(8.15)s d*+2ce = 3a’b+3b°g+pog+p1a+psb+q,
(8.15), 2de = 3ab®+poa+pib+q:

(8.15), e = b+ pob+qo.

Now, we set u=g/h in view of [8.7) Then, by (8.15);,, we have
g=u'? h=u"?%.

The next 3 relations (8.15),, ---, (8.15), determine ¢, d, ¢ as elements of
Qlpo, -+, qs1[u, u™*, a, b]. Substitute these into the remaining 3 relations, and
we get 3 relations among u, a, b over Q[p,, -+, ¢;]. Then, eliminating ¢ and
b from them, we obtain a monic polynomial of degree 240 in u with coefficients
in Q[po, -+, qs].

In carrying out the elimination process sketched above (and also for con-
structing numerical examples), it is useful to note that we are dealing with a
weighted homogeneous equation. Namely we have

xyffpoﬁx;bzﬁsqoqlqzqslabcdeghu
10 15 6‘20 14 8 2 30 24 18 1214103915—~2~—31

where the second row gives the weight of the letter above.
Let us introduce the homogeneous elements of weight 0:

{ A=a/ut, B=b/u", C=c/u®>, D=d/u®, E=c/u",
Pi = i/uZO—'ﬁi, Ql = qi/uBG—Gi (Z‘:Oy 11 2: 3) .
Then (8.15),, -+-, (8.15), imply

(8.17) C,D, E<Q[P), -, Q;1[A, B]

(8.16)
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(for instance, C=(14+3A+P;)/2, etc.). Substituting these into (8.15);, ---, (8.15).,
we obtain 3 relations of B over Q[ P, ---, Q,][A] of the form:

(8.18) B+ fo(A)-B+f(A)=0
(8.19) Fi(A)-B*+f4(A)- B+ fi(A) =0
(8.20) B+ f4(A)- B*+f{(A)- B+ f{(A) =0,

where f4(A), --- are polynomials of degree d in A over Q[P, ---, Q,]. Under
the last two are equivalent to the following:

(8.19) ho(A)-B4+h(A)=0

(8.20) hy(A)-B4+hs(A)=0.

Eliminating B from (8,19), [8.20) and we obtain two relations of A
over Q[ P, -, Q] of degree 8 and 7:

(8.21) Ao =0,  (310--P)- AT+ - =0.

In particular, we see that A is integral over Q[F, ---, Q.], and so are B, C,
D, E, by [8.18) and [8.17) Next we eliminate A from to obtain a rela-
tion R=0 among P, ---, Q,. In other words, R is the resultant of two rela-
tions in [8.2I). On the other hand, let L be the resultant of /,(A) and h,(A)
appearing in [8.19}). Then we have

(8.22) R = const. L% F

where F is a polynomial in Z[PF,, ---, Q,] with the constant term 1. Writing
Py, -+, Q, in terms of p,, -+, g; and u by (8.16), and multiplying u**° to F, we
finally obtain a monic relation of u over Z[p,, -+, ¢s]:

(8.23) D(u) = u***+60p,u*4+1764pu**°+ --- = 0.

Conversely, for any root u of we have a common root A of which
uniquely determines B satisfying [8.18), ---, [8.20), and also C, D, E by [8.17).
Hence we obtain, for a given u, at least one set of g, £, a, ---, ¢ satisfying all
the relations of and thus a rational point P of the form (8.5) such that
sp(P)=u. Noting that @(X) is separable (which can be checked by specialzing
p: and ¢; to numerical values), we see that @(X) divides @(X, 1) defined by
[8.9) Therefore, comparing the degree, we conclude that

(8.24) O(X)=0(X, ).

This proves the first assertion in [Theorem 8.3,

Next we compare the coefficients of X?¢ in for d=2, 8, 12, 14, 18, 20,
24, 30, which are the weights of the fundamental invariants of the Weyl group
W(Es) (cf. [75). Then we find the following explicit formulas:
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&, = 60p,,

g5 = 720, 47817074,

£12 = 15120g,+ -+,

€14 = 79200p,4 -+,

€15 = 2620800g,+ ---,

20 = 11040480p0+ -+,
€5, = 419237280¢,+ -,
&30 = 659458800007, ,

(8.25)

where --- stands for a sum of terms in p; or ¢; of lower weights.
Obviously it follows that

(826) QEEZ) Tty 830] = Q[psy .bZ) dss pl; qo, po; qdi, Qo] .

This shows first that e, ---, &5 are algebraically independent over @, since p;,
g; are so by assumption, and second that they form the fundamental invariants
of W(E,) because they have the right weights. For the same reason, p,, -, ¢
form the fundamental invariants, which proves [8.10). It is by now clear that
uy, -+, ug are algebraically independent over @.

Writing out the part --- of (8.25) and letting ¢,,=(—1)"¢], we obtain the
formula expressing p;, ¢; in terms of ¢ (d=1, 4, ---, 15), which is nothing but
the formula (2.25) of (Es). To emphasize the dependence of pi, g,
upon u,, -+, Us, wWe write it here in the form:

(8.27) b= Izo-ez’(ub e, Ug), qdi = Tocgi{uty, =+, Ug),

where [, stands for an invariant of weight w for the Weyl group W(E,).
Thus we have proven (and of [Theorem 7.2).

PrOOF OF THEOREM 8.4. For the splitting field KX of @(X, ) over Q(2),
we have

K =Q(po, -+, qa)thy, =+, Usso) = Q(Uy, -+, Usg)

by since all u; are Z-linear combination of u,, -+, us. Next, taking the
field of fractions in both sides in we have

(828) Q(ub Tty uB)W(Es) = Q(pm Tt 93) .

By Galois theory, it is then immediate that Q(u,, ---, us) is a Galois extension
of Q(b,, ---, q;) with Galois group W(E,). Moreover this Galois group acts
transitively on the 240 roots u; of the polynomial @(X, 1), since the Weyl group
W(E,) acts transitively on the “roots” of E;. This proves the irreducibility of
@ over Q(p,, -+, q;). Thus we have proven [Theorem 8.4
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PROOF OF THEOREM 8.5. First of all, the specialization map sp. is injec-
tive, because u,, -+, u; are linearly independent over @ (they are even alge-
braically independent).

To prove other assertion, we use the notation in the proof of Theo-
rem 8.1. Take a root u of @(X, A)=0 and define P;, Q; by (8.16) using this
u. As noted before, we have a common root A of which is obviously
integral over Q[ F,, ---, @;]. On the other hand, applying the Euclid algorithm
to the 2 relations in we obtain a relation of degree 1 in A (one step
before getting the resultant R). This means that A is in the quotient field of
Q[P, -+, Q,]. Hence A belongs to the normalization of the ring Q[P,, -, Q],
which is contained in V=Q[u, ---, us][u~']. Thus a=u*-A belongs to V.

Similarly, B is integral over Q[P, ---, Q;]JLA] by [8.18), hence over
Q[P -+, Q,], and it belongs to Q(F, -+, Q)XA)=Q(F,, ---, Q) by [8.19}.
Hence we have BV and b=u'-B=V. By and (8.16), we see also ¢, d,
e=V.

This completes the proof of [Theorem 8.5.

Step 5. It follows from that the specialization map sp.. is a
group isomorphism of E;(k(t)) to >3%_,Zu, for A generic, and we can introduce
the lattice structure on the latter to make sp.. a lattice isomorphism. In parti-
cular, we have

(8.29) (P, Pj>) = (Luy, uj>) =I.

Now we observe that the condition (#) in Step 2 is equivalent to the non-
vanishing of the invariant §, in (E;). Indeed, if () holds, then the
Mordell-Weil lattice E(K) is FE; so that it has 240 roots P, and sp.(P)=0 by
(8.7). Since g, is the constant term of @D(X, )= (X) (cf. the end of §7),
we have 0,+#0. Conversely, if there is a reducible fibre for f:S;— P!, the
non-identity components give rise to zeros of @(X), hence §,=0 (cf. [S4]).

Now we specialize the generic u=(u,, -+, ug) to u°=(us, -+, us) in Q° such
that 04(u°)#0. (For the notion of specialization, we refer to [W2].) Then
A=(pq, -+, qs) specializes to 2°=(p3, ---, ¢3) in Q%, which is uniquely determined
from u° by or by (2.25). The Mordell-Weil lattice E,(K) specializes to
E,(K), and the 240 roots {P; | 1<7<240} in the former specialize to {P:} in
the latter. Each Pj is a Q(¢)-rational point of E;. of the form (8.5):

x:(u‘;)—2t2_+_...’ y:<u;)_3t3‘i_"',

as it is obtained from a Q(u,, ---, u)(¢)-rational point P; of E; (given by Theo-
rem 8.5) under the specialization of (u,, ---, ug) to (u3, -, us)=Q°s.
On the other hand, recall that we have
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<Pi’ Pj>:1‘—(Pin),

since there are no reducible fibres. By the invariance of the intersection num-
ber under specialization (cf. [W2]), we have therefore

(8~30) (<P§» P;’>>i,j§8 = (<Pz‘; Pj>>i.j§s = [s .

Thus we have shown that, given any u°<@Q% such that §,(u°)+0, we can
define an elliptic curve E=FE,, defined over Q(¢), having the 8 generators {P;}
of the Mordell-Weil group E(Q(#)) of rank 8, satisfying [8.30). Further, if

0,(u°)#0, then all u; (1=<:/=240) are distinct, and the proof of
(and 8.3) gives the algorithm to uniquely determine the rational point P; for
each u3.

This completes the proof of (E) stated in §2.

9. Case (E,).

The remaining cases (E,) and (E;) are similar to the case (FE;), and indeed,
the formulation of the results and the proof can be given in a surprisingly
parallel way. It should be noticed that the crucial step using the elimination
argument is considerably simpler here.

In this section, we treat the case (E,).

Thus we consider the elliptic curve E=E;

0.1 ¥ = x4 x(potpri+t)+H(Zizogat’)
/2 - (pO) pl’ Qo, 91; Qz: 43: 44) == A7 .

As before, K=£k(t) is the rational function field over an algebraically closed
field % containing p; and g¢;.

Step 1. The elliptic surface f:S;—P* has a reducible singular fibre of
type Il at t=co:

(9.2) f—l(w): @o+@1, (@0'@1):2’

where ©,, @, are smooth rational curves tangent at the unique point of their
intersection. The associated algebraic group is:

(9.3) ST (0)f = 0F5U0%F = G XZ/2.

Step 2. Assume that (#) f has no reducible fibres other than f~'(0).
This is certainly the case if 2 is generic or sufficiently general. Then the
narrow Mordell-Weil lattice E(KX)° has rank r=7 and det =2 by [4.10) and
(411} Hence it is isomorphic to the root lattice £, because its opposite lattice
is the orthogonal complement of @, (a “root”) in E;, where Ej is itself the
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orthogonal complement of <(0), F) in NS(S;) (cf. §7 (i) and Step 2 in case
(Eg)). In general, we call such an E; the “E,frame” of a rational elliptic
surface with a section (O) (cf. [S4]). Thus we have

(9.4) E(K) = E¥, EK) = E,.
There are 56 minimal sections of E(K) of norm 3/2. Recalling that

0 (PO, =1

(P, P)= 2+2(PO)—{ 1/2  otherwise,

for any P E(K), P+0O (see [(4.1I7)), P is a minimal section if and only if (PO)
=0 and (P@,)=1. Then we have:

LeEMMA 9.1. Under the assumption (#), there are exactly 56 rational points
P=(x, v) in E(K) of the form:

(9.5) x =at+b, y=ct*+dt+e (a,b, - ,eck).
Proor. Using argue as in Lemma 6.1 g.e.d.

Step 3. Consider the specialization homomorphism :
(9.6) ‘ SPe: E(K) —> [ (c0)¥ = G X Z/2.
LemMMA 9.2. If P s given by (9.5), then
9.7) spP) = (—¢, ).

Proor. We have to show that the G.-component spL(P) of sp.(P) is equal
to —c¢, for which it suffices to see that sp..(@)=—2¢ for Q=2P= E(K)°. By the
addition formula (or its variant: the duplication formula), this can be

easily verified (cf. the proof of (6.17) of Lemma 6.2). g.e.d.
Step 4. Now we assume that A is generic over @, i.e., po, -+, ¢, are alge-

braically independent over @, and let k2 be the algebraic closure of Q(1)=
Q(po, -, q;). Then the condition (#) holds, and hence we have E;(K)= E¥ by
9.4). We choose a basis {P,, ---, P;} of E;(K) with Gram matrix ((FP;, P;))
=/,, and arrange the 56 points P; (1<7<56) in the same way as in §7 (V).
Letting

(98) Uy = Spéc(Pl) = —C; &€ k 5
we define the polynomial
9.9) O(X, ) = IIE(X—u:) € QOLX]T.

As in the case (FE;), this will coincide with the universal polynomial of type
E. defined by [7.1), provided that u,, ---, u, are algebraically independent over
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Q. Note O(—X, H)=0(X, A).

THEOREM 9.3. Assume that A=(po, =+, qs) s generic over Q. Then the
polynomial O(X, 2) has the coefficients in the polynomial ving Z[po, -+, qul. The
elements u,, -+, U, are algebraically independent over Q, and we have

(9-10) Ql:ul; Tty u7]W'(E7) = Q[Z)O) pl; QO) Ty 04] ’
= Q[ &, €6, €5, €10, €13, €14y E15] -

Thus both {po, -+, g} and {es, -+, €15} form the fundamental invariants of the
Weyl group W(E,). The explicit relation between them is given by the formulas
(2.21) of Theorem (E.).

THEOREM 9.4. Under the same assumption, the polynomial (X, 2) is irve-

ducible over the rational function field Q(A)=Q(pe, ---, q.). The splitting field of
D(X, 2) over Q(A)

9.11) K =QA)(uy, -+, Use)

is a Galois extension of Q(A) with the Galois group

(9.12) Gal (X/Q(2)) = W(E.) (the Wey!l group of tvpe E.)
and it is a purely transcendental extension of Q:

(9.13) K =Quy, -, u:).

THEOREM 9.5. For A generic, the composed map
(9.14) SPle = priespe: E(k(t)) —> Go(R)XZ/2 — G (k)= F

is an injective homomorphism, whose image i, Zu; is a submodule of rank 7 in
K=Quy, -, us) with W(E,)-action. In particular, each wminimal section P is
uniquely determined by u=sp(P)(=--c).
More explicitly, for each root ¢ of the equation @(X, 2)=0, there is a unigue
rational point P=(x, v) of E,(k(1)) such that
x = at+b, y =ct*+dt+e,

where a, b, d, e are determined by ¢ as follows:

a=c*—q
I d=d(c) € QLuy, -, uJNQ(A)(c)
b= —a’+2cd—q,

(9.15)
1 e = (3a*b—d*+pia+q.)/(2c),

d(c) being certain rational function of c¢ with coefficients in Q(A)=Q(po, -, qa)
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which is also expressed as a polynomial in uy, -, Uq.

PROOF OF THEOREM 9.3. As before, we substitute [[9.5) into [9.1)] and look
at the coefficients of ™ for m=4, 3, ---, 0. Then we get 5 relations among

a, b, -, eover Q po, -, gl

= a+q.

2c¢d = a®+b+qs

(9.16) d®*+2ce = 3a*b+p.a+q.
2de = 3ab®+poa+pib+q;
e* =b"+pob+qo.

By the first 3 relations, a, b, ¢ are determined as elements of Q[po, =, Gu]
[c, ¢t d], as in (9.15). Substituting these into the last 2 relations, we get 2
monic relations of d over Z[p,, -+, gl [c] of degree 3 and 4:

(9.17) d*+ - =0, d*+4 - =0.

Then, eliminating d from them, we obtain a monic polynomial of degree 56 in
¢ with coefficients in Z[po, -+, ¢s]:
(9.18) @(c) = c*—36q,c**+594¢2c"+(72¢;—6084¢3)c*+ --- = 0.
Note, as before, that we have the weighted homogeneity, the weights being
given in this case by
xyt‘popx go G1 G2 (Gs (]4[(1 b ¢ d e

9 4/12 8 18 14 10 6 2|2 6 1 5 9

Now, for any root ¢ of [9.18), we have a common root d of which
uniquely determines a, b, ¢ by the formulas in (9.15). Hence, for each ¢, there

is at least one rational point P of the form [0.5). As before, this implies:

(9.19)

(9.20) O(X)= (X, 2).

This proves the first assertion in Theorem 9.1.

Next we compare the coefficients of X¢ in [9.20) for d=2, 6, 8, 10, 12, 14,
18, which are the weights of the fundamental invariants of the Weyl group
W(E,) (cf. [7.5). Then we find the following:
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g, = —36q,,

g¢ = 72q,—6084q3,

gg = 60p,—1800g,9,+43875¢3,
9.21) g0 = —504g,+ -+,

g1p = —b40p,+ -+,

e, = 3828¢,+ -+,

g1 = —29496¢,+ -,

where --- stands for a sum of terms in p,; or ¢; of lower weights.
Hence we have

(9.22) Qles, -+, e15] = Q[qs, g3, D1y G2 Dos G15 G0l -

which proves together with the algebraic independence of u, -
over Q.

Letting &;,=(—1)*¢], we obtain from the formula expressing p;, ¢; in
terms of ¢ (d=1, 3, ---9), which is nothing but the formula (2.21) of [Theoreml
(E;). In particular, we can write

y Uz

(9-23) D= 112_4i(u1’ ey Us), qg; = ]18-4;‘(1‘1, ey Un),

where I, denotes an invariant of weight w for the Weyl group W(E,). Thus
we have proven (and of [Theorem 7.2).

Theorems and 0.5 can be proven exactly in the same way as before, so
we omit the proof.

Step 5. It follows from that the specialization map sp. is a
group isomorphism of E;(k(t)) to 331-,Zu; for A generic, and we can introduce
the lattice structure on the latter to make sp., a lattice isomorphism. In parti-
cular, we have

(9.25) (P, Pp) = Kus, up)=1I,.

Now we observe that the condition (#) in Step 2 is equivalent to the non-
vanishing of the invariant §, in (E;). Indeed, if (#) holds, then the
narrow Mordell-Weil lattice E(K)° is E, so that it has 126 roots P, and we
have sp.(P)#0 by the same proof as [8.7). Since d, is the product of these
(cf. the end of §7), we have d,#0. Conversely, if there is a reducible fibre
for f:S;— P! other than f~!(o0), then its non-identity components, say ©,
give rise to the roots (0-0)=-2 of the “E,-frame” in NS(S;), which implies
3,=0 (cf. [S4]). The condition §,#0 is also equivalent to the smoothness of
the affine surface defined by [9.1)

Now we specialize the generic u=(u;, -, u.) to ¢c=(cy, -+, ¢;) in Q7 such
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that d4(c)#0. Then A=(p,, ---, q.) specializes to A°=(p}, --+, ¢;)=Q", which is
uniquely determined from ¢ by (9.23) or by (2.21). The Mordell-Weil lattice
E;(K) specializes to E;-(K), and the 56 minimal vectors {P; | 1<:<56} in the
former specialize to {P;} in the latter. Each P is a Q(¢)-rational point of Ejo
of the form as it is obtained from a Q(u,, ---, u,)(t)-rational point P; of
E; (given by under the specialization of (uy, ---, u,) to (cq, =+, 1)
=Q".
On the other hand, we have

<Pi, Pj> = 1/2—(Pin)J

since f !(o0) is the only reducible fibre. By the invariance of the intersection
number under specialization, we have therefore

(9-26) (<P;, P;‘>>i,j§7 - (<Pi, Pj>)i,j§7 = I7 .

Thus we have shown that, given any ¢=Q" such that d,(c)#0, we can de-
fine an elliptic curve E=E,. defined over Q(t¢), having the 7 generators {P;}
of the Mordell-Weil group E(Q(2)) of rank 7, satisfying [(9.26) Further, if d:(c)
#0, then all ¢; (1=/<56) are distinct, and the proof of (and 9.1)
gives the algorithm to uniquely determine the rational point P¢ for each c;.

This completes the proof of (E,) stated in §2.

10. Case (E;).

Finally we consider the case (FE,).
The elliptic curve E=E; is given by

(101) yZ — x*_‘_x(po_{_plt_}_p2t2)+<qo+qlz+q2 tz_l_lul)
;( = (po; pb p2, (]u) 41, C]z) & AG .

As before, K=£~(t) is the rational function field over an algebraically closed
field &£ containing p; and g;.

Step 1. The elliptic surface f:S;—P' has a reducible singular fibre of
type IV at {=co:

(102) f~1<°°> =0,+60,+06, ’

where ©,, ©,, @, are smooth rational curves meeting transversally at the uni-
que point of their intersection. The associated algebraic group is:

(10.3) f o)t =050 U0 =G XZ/3.

Step 2. Assume that (#) f has no reducible fibres other than f~(c0). This
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is certainly the case if A is generic or sufficiently general. Then the narrow
Mordell-Weil lattice E(K)° has rank »=6 and det =3 by [4.10) and [4.1I)
Hence it is isomorphic to the root lattice E;, because its opposite lattice is the
orthogonal complement of T.=<@,, @,>)= A, in the Ei-frame E; in NS(S;) (cf.
§7 (i) and Step 2 in case (E,;)). Therefore we have

(10.4) E(K)= E¥, E(K)y = E,.
There are 54 minimal sections of E(K) of norm 4/3. Recall that
(P, Py = 24+2(PO) { 0 (PO =1
’ - 2/3 otherwise,

for any P= E(K), P+O0O (see [4.5) and [4.17)). Hence P is a minimal section if
and only if (PO)=0 and (P&;)=1 for /=1 or 2.

LEMMA 10.1. Under the assumption (#), there are exactly 27 rational points
P=(x, v) in E(K) of the form:
(10.5) x = at+b, y =t*+di+e (a,b, d,esk),
and the corresponding sections (P) intersect one and the same component of f~'(c0),

say O,.

ProOOF. The first assertion is shown in the same way as Lemma 9.1. Now
take P, P’ as in [10.5) By the addition formula [5.9), we see that P— P’ passes
through the identity component @, (so that P—P’ belongs to E(K)°), which
proves the second assertion. g.e.d.

Step 3. Consider the specialization homomorphism :

(10.6) Pt E(K) —> f"H0)* =2 G, <X Z/3.

LEmMA 10.2. If P is given by (10.5), then
(10.7) sp(P) = (—a/2, 1).
The proof is similar to that of Lemma 91, and will be omitted.

Step 4. Now we assume that A is generic over @, i.e., p,, -+, ¢, are alge-
braically independent over @, and let k2 be the algebraic closure of Q(A)=
Q(po, -+, g2). Then the condition (#) holds, and hence we have E;(K)=E¥ by
(10.4). We choose a basis {P,, ---, Ps} of E;(K) with Gram matrix ({P;, P)
=I,, and arrange the 54 points P; (1<:/<54) in the same way as in §7 (ix).
Letting

(10.8) U= —2:sp(P)=a, €k,
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we define the polynomial
(10.9) VX, D= IIL(X—u) € QALX].

As before, this will coincide with the universal polynomial of type E. defined
by [(7.8), provided that u,, ---, u, are algebraically independent over Q.

THEOREM 10.3. Assume that A=(po, -+, q2) is generic over Q. Then the
polynomial U(X, 2) has the coefficients in the polynomial ring Z[pe, -+, go). The
elements u,, -+, us are algebraically independent over Q, and we have

(10]—0) Q[uly Ty ue]W(EG) = Q[po: ply pZ) o, 41, (]2] s
= Q[e,, &5, &6, &5, €9, €12] .

Thus both {pe, -, g2} and {es, -+, €12} form the fundamental invariants of the
Weyl group W(Es). The explicit relation between them is given by the formulas
(2.15) of Theorem (E).

THEOREM 10.4. Under the same assumption, the polynomial ¥ (X, 2) is irre-
ducible over the rational function field Q(A) = Q(po, -, q2). The splitting fleld
of U(X, 2) over Q(A)

(10.11) H = Q(AN(u, -5 Usi)

is a Galois extension of Q(A) with the Galois group

(10.12) Gal (X/Q(R) = W (Es) (the Weyl group of type E;)
and it is a purely transcendental extension of Q:

(10.13) K =Quy, -, ue).

THEOREM 10.5. For A generic, the composed map
(10.14) SPple = Priespe s E (k1)) —> Go(R)XZ/3 —> Go(k) =k

is an injective homomorphism, whose image 2i-oZu:/2 is a submodule of rank 6
in X=Qu,, -, us) with W(E¢)-action. In particular, each wminimal section P is
uniquely determined by spL(P)=—a/2).

More explicitly, for each root a of the equation ¥(X, 2)=0, there is a unique
rational point P=(x, v) of E(k(t)) such that

x = at+b, = t*+dt+e,

where b, d, e are determined by a as follows:



716 T. SHIODA

b= Ba(lhy e, Ug) € Q[ul) ey ue] N QA @)
(10.15) d = (a*+sa)/2
e = (3a’b—d*+p.a+p.b+¢q.)/2.

Here Bo(u,, -+, us) is a certain rational function of a with coefficients in Q(A)=
Q(pe, -, q2) which is also expressed as a polynomial in wu,, ---, Us.

ProorF oF THEOREM 10.3. As before, we substitute (10.5) into [10.1} and

look at the coefficients of ™ for m=3, ---, 0. Then we get 4 relations among
a, b, -, e over Q[poy, -, q2]:
J 2d = a’+p.a
d*+2e = 3a®b+p.a+psd+g,
(10.16) D1 D20+¢

1 2de = 3ab®*+poa+pib+q,
e* = b+ poeb+q,.

By the first 2 relations, d, e are determined as in [(10.15) Substituting these
into the remaining relations in (10.16), we get 2 relations of b over Z [ p,, -+, ¢.1[a]
of degree 3 and 2:

(10.17) bt =0, ab+ - =0.

Then, eliminating b, we obtain a monic relation ¥ (a)=0 of degree 27 in a with
coefficients in Z[p,, -+, ¢g-1: explicitly, we have

(10.18) U(X)= X"+12p, X" 4+60p3X*
—48p, X**+(96g,+168p5) X*! - -
+ (480904294 p3+528pog.) X **
—(1344¢,4-1008p,p3) X ¥+ ---
+(17280q,+4768p,p5—1248¢3
+1200p3q.+608pTp,+252p5) X P4 ---
The weights in this case are defined as follows:

x ¥y t|
(10.19) |
4 6 3|

Do D1 P2 G0 qu (]zidbde
8§ 5 2 12 9 611 4 3 6

The rest of the proof is completely analogous to that of [Theorem .3 or
9.3, and it can be safely omitted.

Also Theorems [0l4 and [0.5 can be proven exactly in the same way as
before.

Step 5. It remains to check that the condition (#) in Step 2 is equivalent
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to 0,#0 in (Es), but again this can be verified by the same method.
(These conditions are also equivalent to the smoothness of the affine surface
defined by [10.1).)

Finally we specialize the generic u=(u,, --, us) to some a=(ay, -+, Gg) in
Q° such that d,(a)*0. Then we obtain an elliptic curve E defined over Q(t),
having the 6 explicit generators {P;} of the Mordell-Weil group E(Q(t)) of
rank 6, such that the Gram matrix ((P;, Pj))=I;. Further, if §,(a)#0, then
all a; (1<i<27) are distinct, and the proof of Theorem 10.1 gives the algorithm
to uniquely determine the rational point P; for each a;.

This completes the proof of (Eq).

REMARK 10.6. As we have seen above, the cases for E; and E; can be
treated exactly in the same way as the case for FE,, and thus, for the purpose
of just proving (E¢) or (E,), the last two sections could have been
spared by pointing out the analogy.

However, we have chosen to give the detailed formulation in each case,
allowing some repetition. The reason for this is as follows. We think that
each pair of Theorems and 9.3 and 9.4, 10.3 and 10.4, constitutes the
fundamental theorems for the algebraic equations of type E, for »=8, 7, 6,
which are comparable to the classical theory of the generic algebraic equations
(cf. Introduction). As such, these results will have ample applications (see e.g.
for an application to the deformation of singularities). Moreover, for r=6
or 7, they are closely related to the algebraic equation for the 27 lines on a
cubic surface or the 28 double tangents to a plane quartic curve, and our results
based on the Mordell-Weil lattices will throw some new light on these classical
topics, which we hope to discuss in some other occasion (cf. [S6]).

REMARK 10.7. We have greatly benefited from the recent progress of a
personal computer, which enables a mathematician like me without too much
knowledge of computer to use it for the useful purpose. We have used it both
in carrying out the elimination process in the cases (E,) and in constructing
numerical examples.

It should be noted that our method is safe against the possible errors caused
by a computer or a software (we have encountered some bugs, indeed), because
we have a safety check: after all, a rational point obtained must satisfy the
equation of a given elliptic curve! For instance, take Example (E,) in §3 and
check whether or not the coordinates (x, y) of the points P; satisfy the equa-
tion y*=x°+ ... given there. If we made any mistake in the course of com-
puting the fundamental invariants of the Weyl group or in determining the
rational points P;, there would be little chance for such a point to satisfy the
given equation.
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Addendum (June 12, 1991).

I) Some of questions mentioned at the end of the Introduction have since been
settled.

Page 676, Paragraph (2): For the Galois representations of type E;, E., Es,
see the article [S6, §6-7].

Page 677, Paragraph (4): Indeed, this is the case. We now have an effec-
tive version of Néron’s construction; see [S7].

ID I would like to thank Professor N. Elkies who has kindly made several

comments on this paper in his letter dated July 25, 1990. With his per-
mission, let me include here some of his remarks which might be helpful
to other readers. (A few minor points have been incorporated in the text).
a) The reader should be aware of “the consistent use of the same notation
for a vector (such as a root or dual root vector) in the space containing a
root system, and the inner product of that vector with a generic vector in
the same space”. It is expected that the reader will get used to it, since
this is a useful point of view.
b) Page 695, Lemma 6.2: “This partition of 24 minimal vectors of D,
into three sets of 8 is the well-known partition of the twenty-four units
in the Hurwitz quaternions into the three cosets of the normal subgroup
{+1, +4, +7J, =k}, each forming an orthogonal frame for R*:.” |
¢) Page 700, paragraph (ix): “I suspect that the facts about E¥ that permit
this construction will not be familiar to many readers of this paper; at any
rate they were new to me. But it’s easy to derive them directly from the
fact that E, is a root lattice of discriminant 3: the inner product gives
rise to a nondegenerate ((1/3 Z)/Z)-valued quadratic form on E¥/E,=Z/3;
the short vectors of E¥ must all be in the two nontrivial classes of E¥/E,,
and divided equally between them. The Weyl group permutes each of the
two classes because it is generated by reflections u—u—(a, u)a=umod E,.
Provided » and u’ are in the same class mod E;, (1, u’)mod 1 is independent
of the choice of u, u’ and is either 1/3 or 2/3, but the latter cannot occur,
for then if u,, u,, u; are any minimal vectors of E¥ in the same class mod E,
we would have (u;, u;)=0;;—1/3 whence u,+u,+u,=0, so the minimal
vectors would span only a rank-2 sublattice of E¥, which is ridiculous.”
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