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Introduction.

Let & be a separable complex Hilbert space and {®,.}.cz be the countable
family of copies of & where Z is the set of all integers. Let 9 be the direct
sum %}Z@Q‘n of {8} .cz. A unitary operator U on 9 is called a shift operator

if U maps &, onto &,4, for all n in Z. We denote by S the shift operator
on 9:
x:E@En'—_)y: 2@7]7“
nez nezZ

where 7,=&,-1.

A study of invariant subspaces of the shift operator S was originated by
the Beurling’s paper [2], in which he completely described the structure of
invariant subspaces of the unilateral shift operator of multiplicity one. The so-
called Beurling’s theorem for invariant subspaces was stated in Helson [4] and
Halmos [3]. They demonstrated the theorem from geometric consideration in
contrast to a function theoretic proof by Beurling. Halmos, in his paper [3],
considered the case of countable (and finite) multiplicity and noticed that the
study of shift-invariant subspaces might be useful for the case of general bounded
linear operators on a Hilbert space. The works [6], of McAsey, Muhly and
Saitd were the first attempt to characterize invariant subspaces of a family of
shift operators. But they seem to study non-self-adjoint algebras rather than
invariant subspaces. Thus the underlying Hilbert space in their paper heavily
depends on the structure of algebras.

Our purpose is to study the structure of invariant subspaces of a family &
of shift operators on a given Hilbert space. In our discussion, we use geometric
methods in the theory of operator algebras as in [6] and [7]. In the present
paper, we give a necessary and sufficient condition for a family S under which
every invariant subspaces is of Beurling type. The condition, of course, is
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deeply related to the underlying Hilbert space. In the case where & does not
satisfy the condition, the structure of invariant subspaces of S seems to be
complicated. However, for the case of multiplicity one, the author has succeeded
in showing the structure of those spaces [11].

For a family S of shift operators, we denote by W(S) the set of diagonal
operators corresponding to the operators in S. In this paper, the diagonal part
of a shift operator U means the unitary operator W on $ such that U=WS.
Since every shift operator is unitarily equivalent to S, we assume that S con-
tains S, that is, W(S) contains the identity operator I on . Indeed, for an
operator U in S, W=US* is of the form W:néz@u"’ where each u, is a uni-

tary operator on & For this unitary operator W, we define a unitary operator
V= Ez@vn as follows; vp=uUnlin_1--u; (n=1), v,=1 and v,=ul, u¥,s - u¥
ne

(n=—1). We put S’=V*SV. Then & contains S and it follows that the sub-
space M is invariant under S if and only if V*IM is invariant under S'.

An invariant subspace M is said to be simply invariant if the closed linear
span [SM] of SM is a proper subspace of M. In §1, we study the relation
between the structure of simply invariant subspaces of S and the properties of

S. We prove that each pure simply invariant subspace I, i.e. ﬁo[S"Sm]: {0},
n=
is of the form

M=MDLSMIDLS* M 1D -

under the condition that W(S) is a group and S*W(S)SCW(S) (Proposition 1.7).
In particular, in the case where S*W(S)S=W(S), we have M,=[S"M,]=
S*W(S)M,]. Obviously, each simply invariant subspace does not reduce &S.
However, in general, there are many examples of non-reducing invariant sub-
spaces M such that [SM]=M. At the end of this section, we prove that only
reducing subspaces WM have the property [SM]1=M under the condition that
W(S)* is a group for some integer £>0 and S*W(S)S=W(S).

We now recall the Beurling’s theorem [4, Lecture II, Theorem 3]. Namely,
every simply invariant subspace I of the shift S on L%T) is of the form M=
M H*T), where M, is the multiplication operator by a unitary function » in
L>(T). We easily find that M, commutes with S. In this context, we say that
S has Property (B) if S satisfies the following condition: every pure simply
invariant subspace M of S is of the form M=UN, where N is an invariant
subspace of S such that N, is contained in &, for all #=0 and U is a partial
isometry on $ which satisfies a suitable condition (Definition 2.3). In §2, we
seek a necessary and sufficient condition for S to have Property (B). We denote
by M(S) (resp. D(S)) the von Neumann algebra generated by S (resp. W(S)).
We prove that if S has Property (B) then M(S) must be the crossed product of
a von Neumann algebra D, on & by Z with respect to a spatial *-automorphism
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a of D, (Proposition 2.7). Ultimately we prove that S has Property (B) if and
only if a leaves the central finite projections in the commutant D} element-
wise fixed (Theorem 2.12). Hence we find, in the case of tensor product, that
for each group A of unitary operators on &, the family of shift operators S=
SQA on L¥T)RXK always has Property (B). At the end of this section, we
show some results concerning the reducing subspaces generated by simply
invariant subspaces.

§1. Decompositions of invariant subspaces.
Let M be a subspace of the Hilbert space H= ZZEBS?,,, where each &, is a
ne

copy of a Hilbert space & Throughout this paper, we mean by a subspace a
closed subspace. Let g be a set of bounded linear operators on . We say
that M is invariant under g if gMCM and M reduces g if, in addition, g*M
CM. Let S be a family of shift operators on §. We denote by M(S) the von
Neumann algebra generated by the set S\US*. If Mis invariant under I, then
M is also invariant under the strongly closed linear span of 4. Hence we im-
mediately have the following proposition.

ProPOSITION 1.1. A subspace M reduces S if and only if M=PH for some
projection P in the commutant M(S) .

Let us consider the von Neumann algebra M(S). We denote by L*T) the
Hilbert space of square integrable scalar valued functions on the unit circle T
in the complex plane with respect to the normalized Lebesgue measure and
L=(T) the set of all essentially bounded functions on 7. When S={S}, M(S)
is spatially isomorphic to the von Neumann algebra M= QC(®) on LA T)QK,
where M =y, is the von Neumann algebra of all the multiplication operators
M; on L¥T) by a function f in L=(T") and C(R®) is the scalar multiples of the
identity on & We denote by & the set of all shift operators on §, then M(S)
becomes the full operator algebra B($). Hence, for an arbitrary family S, M(S)
contains M= QC(R®) and is contained in B($). For a family S of shift opera-
tors on 9, we put W(S)={W : W=US*, UcS}. Every operator W in W(S) is a
unitary operator on $ such that WQ,=8&, for all n in Z, hence W is of the
form nEE}ZEBun, where each u, is a unitary operator on & We denote by U(R)

the group of all unitary operators on & In the following, we shall show some
examples of W(S) and von Neumann algebras M(S).
ExaAMpPLE 1.2. Let W(S)={W= Zz@un: Un—=uy for all n in Z, u,= A}, where
ne

A is a subset of U(®). Then we can consider S as the tensor product s&QA on

L¥T)YRK, where s means the usual shift operator on L%T). Hence we have

M(S)=M<ryQM, where M is the von Neumann algebra generated by A.
EXAMPLE 1.3. Let a be a *-automorphism of B(R) and A a subset of U(R).
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Let W(S)={W= ‘Z"’z@u": up,=a "(u,) for all nin Z, uocA}. Then M(S) is the

crossed product R(M, ) of M by Z with respect to «, where M is the von
Neumann algebra on & generated by the set {a™(u,): u,€A, n=Z} (cf. [10;
p. 3647).

ExXxAMPLE 14. Let W(S)= {W:né@un: u,=1 or —1 for each n in Z}.
Then we have M(S)=B(L¥T))QC(K).

Let M be an invariant subspace of S which does not reduce S. Then we
have two possibilities, that is, either [SIMISM or [SWM]=M, where [SM] is the
closure of linear span of SIMM. If M reduces S, we have [SMI=M because WM
=SSHRCSMCSMCIM. Moreover, in the case where S={S}, only reducing
subspaces have the property [SIM]=MN. But, in general, there are non-reducing
subspaces M such that [SMI=MW even if dim {=1 (cf. Example 1.5). When M
is a non-reducing invariant subspace such that [SIM]=M, the structure of M
seems to be very complicated. It is our purpose to analyze the structure of
invariant subspaces M of S such that [SM] is a proper subspace of M. Such
a subspace M is said to be simply invariant. It is then asked whether [S*M]
CLSM] or not if M is a simply invariant subspace. Unfortunately, we have
examples of simply invariant subspaces M such that [SMISM but [SEM]=
[Sm].

ExampLE 15. Let szz(T):né@[en], where ¢,(z)=z" on T. Let W(S)
= (W= Gun: up=1 for all n=—1, u,=1 or —1 for n20}. For f:rg)z(l/Z")e_n
in  we put M=[f1Ple-,JPH¥T). Then we have MO[SM]=[g], where g=
f—(1/6)e-, and [SWM]=["JPHXT)=[S*M] where f’=§)1(1/2“)e_n.

In the next example, we give an example of a simply invariant subspace
such that [SMICM, [S*MISTSM] but SIMOSLSMDE ISMISLS2M].

EXAMPLE 1.6. Let §=LAT)RXL¥T) and S=sQA, where A={s"},-. We
put M={fe9: F(n, m)=0 for all (n, m)& L,\JL,}, where 7 is the Fourier trans-
form of f and L,={(n, m)eZ?: m=0}, L,={(n, m)eZ?: n=0, m=—1}. Then
we have that MO[SM]={fH : fn, m)=0 for all (n, m)=(0, —1)}, [SMISLSM]
={fe$: f(n, m)=0 for all (n, m)=#(l, —1)} but SMOLSMD={f=H: f(n, m)=0
for all (n, m)e& L}, where L,={(n, m)eZ: n=1, m=—1}.

Let M be an invariant subspace of S such that M= nf.j\l'[S”SJJE]:{O}. Then

[S*™M] is a proper subspace of [S™M] for all n=0. Indeed, if we have
[smor IR ]=[S™IM] for some integer n,>0, then [S™oH*M]=[S™M] for all integer

k=1, that is, ﬁl [S™M]=[SmM]+ {0}. We put M,=[S"MIO[S**M], then we
n=

have M=M,PBM,PM,P ---. An invariant subspace M of S such that M= {0}
is called a pure simply invariant subspace.



Invariant subspaces of shift operators 343

PROPOSITION 1.7. Suppose that W(S) is a group such that S*¥*W(S)SCW(S).
Then, for each pure simply invariant subspace W of S, we have M,=[S"M,] for
all n=0. Moreover, in the case where S*W(S)S=W(S), we have WM,=S"[W(S)M,]
for all n=1.

PRrOOF. Obviously sM,CsM. For each xM,, y=M and each W,, W,, W,
. €W(S), we have

W1S(x), WsSW,S(y)y=<x, S*WIW:SW,S(y)>=0.

Hence SM, is contained in MW, =[SMIS[S2M]. Similarly we have SW,CM, 1.
Since I has a decomposition

m:%o@wl@mz@ Ty

[SM] also has a decomposition

[SM]=[SM, ]DLSM IDLSM]D -+

By the definition of M, we have

My=MOLSM]=MBMOLSMDNBMOLSM DD --- .

Thus M,=[SM,_,] for all n=0. If S*¥W(S)S=W(S), that is, W(S)S=SW(S),
then we have S*"=S"W(S). Hence the second assertion holds.

Next, we give a decomposition theorem concerning simply invariant sub-
spaces.

THEOREM 1.8. Suppose that W(S) is a group such that S*W(S)SCW(S). Then,
for each simply invariant subspace M of S, M has a decomposition

M=M, DM,

such that M, is a non-zero pure simply invariant subspace and M, is a reducing
subspace.

Proor. Put M,= 51[8”3]&] and M,=MOM,. Since SFW(SP*W(S)SCTW(S),

we have S*[S™RICLS**M] for n=2. Thus, M, reduces S and M, is invariant
under S. Since M,SLSM,]=MO[SM]+ {0}, M, is a simply invariant subspace.

Moreover (M ;)= {0} because (M,).= 50[5"(%p)] is contained in M, and M,.

Under the hypothesis of [Theorem 1.8, we can easily find that for each non-
reducing invariant subspace M of S, we have [S*MMIS[S*M] for all n=0.
Moreover, we find that the decomposition of M in [Theorem 1.8 does not hold if
we drop any of the conditions of W(S). In fact, we have examples of simply
invariant subspaces such that [SM]=[S*M] in Example 1.5 (W(S) is a group)
and Example 1.6 (S*W(S)S=W(S)). In this case, M,=[SM] is not a reducing
subspace of .
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For an invariant subspace M of S, we denote by %y the smallest reducing
subspace containing M. We put [W(S)]= UZS*"G(S)S” where G(S) is the group
ne

generated by W(S), and [S]1=[W(S)]1S. Then we have Rigp=[ gz[s]nsm]. Thus,
if W(S) is a group such that S*W(S)S=W(S) then we have Rp=M_..=[ E}Z‘S”SJR].

THEOREM 1.9. Suppose that W(S) is a group such that S¥W(S)SCW(S).
Then, for each simply invariant subspace M of S, O s decomposed into three
reducing subspaces;

() 5=, DM, BM,
such that mm:m%@mu. Moreover, in the case where S*W(S)S=W(S), we have

(i) R, =(Myp)-== 2, SS"LW(S)Mo] .

ProoF. For a simply invariant subspace M of S, we have the decomposi-
tion M=M,HM, by [Theorem 18. Since M, reduces S, Ry, is orthogonal to
M, and mm:m%@im,. We put M. =HORy. To show the decomposition (i),
we assume that S*W(S)S=W(S) and M is pure. By [Proposition 1.7, we have
M=MPM,PWMPD --- and M,=S*"[W(S)M,] for all n=1. Moreover we have
that [S™M=S"[W(S)M,] for all n=<—1 and the subspaces {S*[W(S)M.]1}rez
are mutually orthogonal. In fact, for x, yeM, W, W,esW(S) and n, meZ
(n<m), it follows that

(SMW (), STW oyl =<x, W.S™ *Wy(y)>=L<x, W(S* "W ,S*"™)S™"*(y),=0.
Hence we have, for all n0,
SPM=[S" M JBLS* W (S)MJDLS™* W (S)MID -+

=SMW(SMIDS MW ()Mo JDS* IV (S)MID - .
Consequently we have mmzERKGJZS"SJE]:HQ@S“[W(S)EJROJ.

CoROLLARY 1.10. Let u be a unitary operator on & with the spectrum o(u)
={e%1, ¢%%2}. Let A={l, u} and S=s®A on LYT)RQR. Then, for each simply
invariant subspace M of S, O has the decomposition in Theorem 1.9.

PrROOF. We may assume that e?%1£¢'%2, We show that the linear span
Lin A of A contains a unitary operator v on & such that +*=1. Since A con-
tains the identity 1 and u=e?%1¢,+¢'%2¢, where ¢, and ¢, are the spectral pro-
jections of u#, Lin A contains e; and ¢,. We put v=e¢,—e, and S’'={sX)1, sQuv}.
Then W(S")={I, 1Qv} is a group such that S*W(S)S=W(S’) and Lin W(S)=
Lin W(S’). Since Lin S=Lin &’, the structure of invariant subspaces of S is the
same as that of S$’. Thus the assertion holds by

From [Corollary 1.10, we immediately have the following.
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COROLLARY 1.11. Let u be a unitary operator on & Let A={1, u} and S=
SQA. If dim 82, then for each simply invariant subspace WM of S, § has the
decomposition in Theorem 1.9,

In the above theorems, we have shown the structure of reducing subspaces
and simply invariant subspaces of S. However, in general, there are many non-
reducing subspaces M such that [SM]=M. For example, the subspace [SM]=
[f/1PHXT) in Example 1.5 is such an invariant subspace. In the next prop-
osition, we give a condition of S under which every non-reducing invariant
subspace has the property [SWM]EM.

PROPOSITION 1.12. Suppose that W(S) satisfies the following conditions.

(1) W(S)* is a group for some integer k=1.

2) S¥W(S)S=W(S).

Then a subspace M is simply invariant under S if and only if M is a non-reducing
invariant subspace of S.

PrOOF. Let M be an invariant subspace such that [SM]=M. Since W(S)*
is a group, we have W(S)* "=W(S)* for all n=0 and W(S)* contains W(S)*.
By condition (2), we have S*=W(S)*S™ for all n=1, so that S*+ M=W(S)* 1S +19R
=W(S)* S M=SW(S)*S*FM=SS*M. Since [S"M]=M for all n=1, we have
M=[S*M]=S[S*M]=SM. Thus S*M=M. Moreover we have S*MCM. In
fact, S*M=S*W(S*MCS*W(S)*M=S** W (S)*S*M=S**+1 S M.

COROLLARY 1.13. Let u be a unitary operator on & such that u*=1 for some
integer k>0. Let S={s®1, sQu}. Then WM is simply invariant under S if and
only if M is a non-reducing invariant subspace of S.

We now denote by Alg (S) the algebra generated by S. Suppose that W(S)
is a group and S*W(S)S=W(S). Then Alg(S)={T=B(®): T=D,S+ --- +D,S™,
D;eD(S), 1=i=<n, n=1} and M(S) is the closure of the algebra {T<B(D): T=
DS ™+ - +Dy+ - +D,S* D, D(S), —m=i=n, m, n=0} with respect to
the o-weak topology on B(P). Hence Alg(S)+D(S) is a subdiagonal algebra
with respect to the natural conditional expectation ¢ of M(S) onto D(S) (cf. [1,
Definition 2.1.17). We here remark that, in the case of general subdiagonal
algebras, the decomposition (i) in has been shown by Loebl and
Muhly [5, Theorem V.2]. ‘

§2. The structure of invariant subspace.

Let S be a family of shift operators on . We shall study relations be-
tween the structure of invariant subspaces of S and the properties of the von
Neumann algebra M(S) generated by S. Throughout this paper, we assume that
W(S) is a group and S*W(S)S=W(S). Then the von Neumann algebra M(S) is
generated by the two groups W(S) and {S"},cz. We now consider the von
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Neumann algebra D(S) generated by W(S). For each n in Z, the projection P,
of § onto &, belongs to the commutant D(S)’. The induced von Neumann alge-
bras D(S),, with respect to P, are all isomorphic each other because of the
hypothesis S*W(S)S=W(S). In fact, the natural isomorphism @, from D(S)p,
onto D(S)p, is given as follows;

@ (TP)=S"TS*"P, (TeD()).

We point out that if D(S) is a factor, then D(S)p, are all isomorphic to D(S)
(cf. [9; 3.13, Proposition]). Among the induced von Neumann algebras {D(S)p,} nez,
we especially denote by D(S), the von Neumann algebra D(S)p, on & and we
sometimes regard D(S), as a subalgebra of the full operator algebra B(®) on &.
Furthermore, we denote by D(S); the reduced von Neumann algebra D(S)p, on
. For an element x in B(R), we denote by #(x) the operator gz@xn on
@zngz@g?n, where x,=x for all n in Z.

At first, we show some typical simply invariant subspaces. We put
H:= DR, .
n=0

Then 42 is a pure simply invariant subspace of an arbitrary family S. Further-
more, for each subspace M, of &, we put

M= 3 BLS"My],

then I is a pure simply invariant subspace of & and S$™, is contained in &,
for all n=0.

DEFINITION 2.1. A simply invariant subspace M is said to be of type-H? if
Me=MS[SM] is contained in &,.

PROPOSITION 2.2. Let M be a type-H? simply invariant subspace of S, then
M_.. is expressed as

M= n%)ZGBeRn:i(e)@

for some projection e in the commutant D(S);. Moreover i(e) is a projection in
the commutant M(S) .

PrOOF. By the reducing subspace M_.. has a decomposition
M= n‘éZ@S"[W(S)SJ?o]. Since P, commutes with W(S), [W(S)M,] is a subspace

of &. The projection ¢ of & onto the subspace [IW(S)M,] is an element of the
commutant (D(S),)’'=D(S);. Furthermore i(e) belongs to M(S). In fact, for
W= Ez@uneW(S), we have

ne
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i@W= % Seu,= 5 SHS*i()S"NS*"WSS*P,

nez

= EZS"z'(e)Po(S*"WS")POS*"P,,——- EZS"PO(S*"WS")Poz'(e)S*"Pn
ne ne.

=3 Du.e=Wie).
nezZ

Obviously, 7(¢) commutes with S and S*.

Here we recall Beurling’s theorem [4; Lecture I, Theorem 3] for invariant
subspaces of the usual shift S on L%T). Namely, every simply invariant sub-
space M of S is expressed as M=M,H*T), where M, is the multiplication
operator by a unitary function u# in L*(T"). Beurling’s theorem has been gener-
alized to the case of arbitrary multiplicity by Halmos [5]. The shift S on
(b:né)z@(@n can be regarded as a multiplication operator on the Hilbert space

L¥T, & of all ®valued L:functions on 7. In fact, (SG)(2)=zG(z) for G=G(z)
in L¥T, &. By Halmos’ theorem, every pure simply invariant subspace M of
S is expressed as M=MpJ9(2, where My is the multiplication operator on LT, &)
by a B(®)-valued measurable function F/=F(z) on T whose values are isometries
of & C& onto K.

We now consider the von Neumann algebra M(S) on LT, & generated by
S and its commutant. For a von Neumann algebra M on &, let LT, M)
denote the M-valued essentially bounded measurable function on 7. We denote
by My~ > the von Neumann algebra of all the multiplication operator My on
LT, ® by F in L=(T, M). Then we have M(S)=Mi=cr c» and M(S)=
Miscr pegy, (cf. [10; Theorem 7.10]). In the case of multiplicity one, we have
M(S)=Mery and (Mpepy)’ =Mp=;. In connection with Beurling’s and Halmos’
theorems we give the following definition, which is fundamental in this paper.

DEFINITION 2.3. A family S is said to have Property (B) if every pure
simply invariant subspace M of S is expressed as M=UNR, where N is a type-
H? invariant subspace of S and U is a partial isometry in the commutant M(S)Y
whose initial space is N.. and whose final space is M-_..

We here note the equivalence of projections in a von Neumann algebra M.
Two projections ¢ and f in M are said to be equivalent and this relation is
denoted by e~f, if there exists a partial isometry » in M such that e=u*u
and f=uu* We say that ¢ is dominated by f, and we denote by ¢<f this
relation, if e is equivalent to a subprojection of f (cf. [9; Chapter 4]). For a
subspace M of P, we denote by Py the projection of § onto M.

Let M be a subspace of the form M=UN in the above definition. Then N
has a decomposition

m:%o@ml@mz@
such that Ne=NRS[SR]C R, and N,=S*"[W(S)N,JCK,. Since U*U=P,__",we
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have
M=UR=UNRPURBURD ---

and it follows that SUR,=USN,=UN,., for all n=0. Hence we have M,=
UNSLSURI=UN,, so that M,=UN, for all n=0. Since N is of type-H? we
have P,__=i(e) for some projection ¢ in the commutant D(S);. Hence we have
Py _.~i(e) in M(S) by the partial isometry U. Moreover, it follows that
P orma~Powrag=1(e)P,=P, in D(S). In fact, V=UP, is a partial isometry in
D(8) such that V*V=Pysg=FPo and VV*=Pysom, because U[W(S)N,]=
W (S URI=[W(S)M,]. Furthermore, we find that Py ~i(e)P, <P, for all n=1.
We here remark that the subspace [W(S)M,] and & are wandering subspaces,
that is, {S*"[W(S)Mo]} nez and {S™R,}ncz are sequences of mutually orthogonal
subspaces.

DEFINITION 24. A projection P in B(9) is called a wandering projection
for S, if P commutes with W(S) and PS®"P=0 for all n+0. ‘

DEFINITION 2.5. A family S is said to have Property (W), if every wander-
ing projection for S is dominated by P,.

In the above, we proved that if S has Property (B) then S has Property
(W). In the following, we show that Property (W) is also a sufficient condition
for S to have Property (B).

ProrosiTiON 2.6. A family S has Property (B) if and only if S has Prop-
erty (W).

PROOF. Suppose that S has Property (W). Let I be a pure simply invariant
subspace of S. Then the wandering projection Pwcom, is dominated by P,.
Namely, there exists a partial isometry V in D(S) such that V*V <P, and
VV*=Pwong We put V= 3 S"VS*n.  Since SW(S)S*=W(S), ¥ commutes

with W(S), and obviously VS=SV. Hence V is a partial isometry in M(S)
such that V*S*"[W(S)M,]CR, for all n in Z. If we put N=V*M, then N is a
desired invariant subspace of type-H?2

There are many kinds of families S such that W(S) is a group and S*W(S)S
=W(S). In general, S does not necessarily have Property (B). For example,
the family & of all shift operators on § does not have Property (B). In fact,

M= i PR, is a pure simply invariant subspace of & but the commutant M(S)
n=1

=B(®)=C(9) contains no partial isometry U such that U42=9. Furthermore,
McAsey, Muhly and Sait6 [6], has given a necessary and sufficient condition
for S to have Property (B) in the case where M(S) is the crossed product deter-
mined by a finite von Neumann algebra M in the standard form and a trace
invariant *-automorphism. Though the von Neumann algebra M(S) in their
paper are special ones in B(9), we can apply their technique to the general case.
In the following, we give a necessary condition for S to have Property (B).
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PROPOSITION 2.7. Suppose that S has Property (B). Then M(S) is the crossed
product of D(S), by Z with respect to a spatial *-automorphism a=Ad u of D(S),
for some unitary operator u on & Moreover, a=Ad u leaves the set of all cen-
tral finite projections in D(S), element-wise fixed.

PrROOF. Since P, (resp. P-;) is a wandering projection, P; (resp. P-;) domi-
nated by P, in D(S)" from [Proposition 2.6, Let V be a partial isometry in D(S)’
such that V*V=P_, and VV*<P,. Then Vg=SV S*is a partial isometry in D(S)’
such that V#Vs=P, and VgV%<P, because V is in D(S) and S*D(S)S=D(S).
Hence P,>P, and P,<P,, so that P,~P, by virtue of the Bernstein type theorem
[9; Theorem 4.7]. Let U be a partial isometry in D(S)” such that U*U=P, and
UU*=P,. We put

u=the restriction of U*S to &.

Then u is a unitary operator on &, and, regarding u as an operator on &, we
have U=Si(u*)P,. Let X :ngz@xn be an element of D(S). Since UX=XU, we
have
Si(u*)P 2 Dxn)Poi(u)S*=( 2 Pxr)P1 .
neZ neZ

Namely, we have u*x,u=x,;. Since U,=S*US*" is also a partial isometry in
D(S) and U,=Si(u*)P,, it follows that u*x,u=2x,4, for all n in Z. Therefore,
we have x,=u*"x,u” for all n in Z. Since S*W(S)S=W(S), ux,u* and u*x,u
are also elements of D(S),, that is, Adu(D(S))= u(D(S))u*=D(S),. Hence
a=Adu is a *-automorphism of D(S), and X:Tg}z@a'"{xo). Since M(S) is

generated by D(S) and the group {S"}.cz, M(S) is the crossed product of D(S8),
by Z with respect to a=Adu.

We now remark that « is also a *-automorphism of the commutant D(S),
and suppose that there exists a central finite projection ¢ in D(S); such that
ale)+e. We put f=e—eale) if ea(e)+e, otherwise f=a(e)—ea(e). Then f is a
non-zero central projection in D(S); such that a(f)f=0. We put

M= f@@(é U +a (f)R) .

Then M is a pure simply invariant subspace of S such that My=MO[SM]=
fRDPa ' (f)R;. By Property (W), there exists a projection R in D(S)” such that

Py =i(f )Py (@ f)) Py RS Py, vvveeevneneesenccccccc, (%)

Hence, the central support of Py, is the same as that of R in D(S). We put
z(f)= Z"z@f”’ where f,=a ™(f) for all n in Z. Then z(f) is a central pro-

jection in D(S);, which majorizes the projection i(f)Py+i(a™(f))P.. Hence Py =<
7(f), so that R=r(f). Thus R=PP,<n(f)Py=i(f)P,. By relation (*), R is of
the form R=R,+R, R;R,=0, where R,~i(f)P, and R,~i(a™(f))P,. Since
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U=Si(u*)P, is a partial isometry in D(S)’ with initial projection #(f)P, and final
projection i(a™'(f))P;, we have i(f)Pi~i(a”X(f)P, in D(S). We put g=RP,
g1=R.,P, and g,=R,P,. Then we can consider g, g, and g, as projections in
D(S), and it follows that

fZg=gi1tg» g12:=0 and gi~gy~f

in D(S);. This contradicts that f is a finite projection in D(S);. Therefore,
a(e)=e for each central finite projection e¢ in D(S)} and this completes the proof.

Next, we shall show, step by step, that the condition in [Proposition 2.7 is
also sufficient for S to have Property (B). We denote by R(D(S),, @) the crossed
product of D(S), by Z with respect to a spatial *-automorphism a=Adu (cf.
[9; v. 7).

PROPOSITION 2.8. Suppose that M(S)=R(D(S), @) and M(S) is finite. If «
leaves the center of D(S), element-wise fixed, then S has Property (B).

PROOF. Let P be a wandering projection for S. By the comparability

theorem [9; Theorem 4.6], there exists a central projection Z in D(S), such
that

ZP<ZP and (I—Z)P,~(I—Z)P

in D(S)Y. We shall show that ZP,~ZP. Since Z is also a central projection
in D(S), Z is of the form Z= Zz@zn where z,=a "(z,) for all n in Z and z,
ne

is a central projection in D(S),. Since a(z,)=z, we have Z=i(z,). Hence Z is
also in the commutant M(S). We put

B=35"Ps#» ZP= 3 S*ZPS* and ZPy= 3 S*ZP,S**.
nez neZ nezZ
Since P, ZP and ZP, are wandering projections for S, ﬁ, 2\15 and 2\150 converge
to projections in M(S) and it follows that é\IJJ:ZI3 and 2\150:2. Since Z P,
<ZP in D(S), there exists a partial isometry V in D(S)" such that V*V=ZP,
and VV*~Q=ZP. We put VZTEZS"VS*". Then V converges to a partial

isometry in M(S)’ such that V*VZ/Z-\PO/:Z and VV*=0= %S"Qs*ngﬁgz.
ne

Namely, we have ZN@éZ in M(S)Y. Since M(S) is finite, we have Z :Z’?:é.
Thus ZP=Q, that is, ZP,~ZP in D(S). Consequently, we have P<P, in
D(S)’. By [Proposition 2.6, S has Property (B).

We note that the commutant R(D(S),, «)’ in [Proposition 2.§ is isomorphic
to the crossed product R(D(S);,, @) because a is a spatial *-automorphism [10;
P. 373], so that D(S); must be finite under the condition that M(S) is finite
[8; Theorem 7.11.8]. In the case where D(S); is properly infinite, we get the
following.

PROPOSITION 2.9. Suppose that M(S)=R(D(S),, ). If the commutant D(S),
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is properly infinite, then S has Property (B).
Proor. Let u be the unitary operator on & by which « is implemented.
We define a unitary operator W on $= ZZEB;Qn as follows; W= EZEBun, where
ne ne

u,=u*" for all nin Z. Then @(-)=W-W* is a spatial *-automorphism of B(9)
and O(D(S)={W= gz@vn:vnzvo for all n in Z, v,€D(S)}. Thus @(D(S)) is

spatially isomorphic to the tensor product C(L*T))QD(S), on L¥T)QXK. Hence
the commutant D(S)’ is isomorphic to the tensor product B(L¥T))QD(S), and
P, (resp. I) corresponds to ¢,®X1 (resp. 1Q1) in B(LYT))RD(S); where g, is
the projection of L*T) onto the one dimensional subspace of constant valued
functions on 7. Obviously, ¢,&®1 is properly infinite in B(L¥T))QD(S); and
the central support of ¢,&®1 is the identity on L*T)XK. Hence we have ¢,&®1
~1®1 [9; Proposition 4.13]. Consequently we have Py~ in D(S)’, so that for
each wandering projection P is dominated by P,. Hence S has Property (W).
In order to apply the preceding propositions, we prepare a lemma. Let ¢
be a projection in the commutant D(S)}, and §.= nZE)Z@eRn. Since W(S) commutes

with i(e), Ui(e) is a shift operator on . for each shift operator U in S. We
denote by S. the family of shift operators {Ui(e): UcS} on .. Then we have
M(S)=M(S)i(e), D(S)=D(S)i(e) and D(Sp)y=D(S)e. If e is a central projection
in D(S),, then we have M(S)=M(S.)PM(S;-.) and, for each wandering pro-
jection P for S, Pi(e) (resp. Pi(1—e)) is a wandering projection for S, (resp. S;_).
Hence we have the following lemma by [Proposition 2.6

LEMMA 2.10. Let e be a central projection in D(S),. If S, and Si_, have
Property (B), then S has Property (B).

PROPOSITION 2.11. Suppose that M(S)=R(D(S), o). If « leaves the finite
central projections in D(S), element-wise fixed, then S has Property (B).

Proor. For the von Neumann algebra D(S);, there exists a central projec-
tion e in D(8S)s such that D(S)ie is finite and D(S)s(1—e) is properly infinite [10;
V. Theorem 1.197]. Since ¢ is a finite central projection in D(S);, we have a(e)
=¢. Hence ¢ commutes with the unitary operator z on & by which « is imple-
mented. We put a,=Ad(ue) and a;_,=Ad(u(1—e)). Then «, and a,-.. are
*_automorphisms of D(S).e, D(S)(1—e) and their commutants respectively. More-
over, a. leaves the center of D(S)e element-wise fixed. Since M(S;..)=
R(D(S1-e)0, A1-¢) and D(S,;-.)=D(S)s(1—e), S;-. has Property (B) by
29. On the other hand, since the commutant D(S.);=D(S);e is finite, there
exists a unique faithful normal center valued trace T on D(S.);. By the uni-
queness of T, we have T(a.x))=T(x) for each x in D(a,);. Hence there exists
a acinvariant faithful normal trace on D(S.);. By Theorem 7.11.8 in [8], the
crossed product R(ID(S.)i, a.) is finite and this crossed product is isomorphic to
the commutant M(S,) = R(D(S,),, a.)’. Thus, by [Proposition 2.8, S, has Property
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(B) and we have the conclusion by

The preceding propositions 2.7, 2.8, 2.9 and 2.10 implies our main theorem.

THEOREM 2.12. A family S has Property (B) if and only if S satisfies the
following conditions :

(1) M(S)=R(D(S), a), where a is a spatial *-automorphism of D(S),.

(2) « leaves the finite central projections in D(S); element-wise fixed .

Let a be trivial in the crossed product M(S)=R(D(S),, «). Then, of course,
S satisfies the conditions in the above theorem and D(S)={X :né)z@xn: Xn=2Xo

for all n in Z}. Thus D(S) is isomorphic to the tensor product 1QD(S), on
L¥T)QR, so that M(S) is isomorphic to Mi«r&@D(S),. In this case, S is
regarded as the tensor product sQA on L¥T)QXR. Hence we have the following.

COROLLARY 2.13. Let $=LAT)QK and S=sQA where A is a group of
unitary operators on & Then S has Property (B).

We have shown, in that for each simply invariant subspace
M of A(S),  has a decomposition H=(M,)_HM.PM,.. We here show that if
M(S) is finite then this decomposition corresponds to a simple decomposition of
9 under the conditions in

THEOREM 2.14. Suppose that S satisfies conditions (1) and (2) in Theorem 2.12
and W(SY is finite. Then, for each simply invariant subspace M of A(S), $ has
a couple of decompositions;

1 H=M,)-LDM DM,

(2) H=N_.DN,
such that

(i) M is an invariant subspace of type-H?, that is, M= i)@e@n for some
projection e in D(S);. e

(i) UNeo=Mp)ee, UN=M, and UN =M, DM, for some unitary operator
U in M(SY.

PrROOF. By $ has a decomposition (1) such that M=M,PM,
and M, is a non-zero pure simply invariant subspace. By there
exist an invariant subspace M of type-H® and a partial isometry V in M(S)’
such that V*V=PF,__, VV*=P<mp>_m and VR,=(M,), for all n=0. Since M(S)
is finite, we have P@@mp)_wa@emm.

If we drop the condition that W(S)’ is finite, then does not
necessarily hold. We shall show this fact in the case of properly infinite.

ExAMPLE 2.15. Let & be an infinite dimensional Hilbert space with base
{5 and 9=L¥T, &). Let S={S}, where S is the usual shift on 9, that is,
(SG)(2)=2zG(z) a.e. z in T for each vector G in . Then M(S)=M=cr ccy> and
M(SY =M~y pey,. Let u be the unilateral shift on & with respect to the base
{£.}3-0. We define a function F in LT, B(R)) as follows; F(z)=1 if 0=argz
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<z, =u if #<argz<2z. Then M=M H*T, &) is a pure simply invariant
subspace such that Py_(2)=1 if 0=argz<w, =1—e¢, if #=Zarg z<2z, where ¢,
is the projection of & onto the one dimensional subspace generated by &,. For
this invariant subspace M, $ has a decomposition H=M_.DM,, then Py (2)=0
if 0argz<m, =e¢, if =argz<2zx. For an invariant subspace N of type-H?%,
we consider a decomposition of 9, D=N_.EN.. Then P,__=i(e) for some pro-
jection e in B(8®) by [Proposition 2.2, so that Py,=i(1—e). Hence Py, cannot be
equivalent to Py, for any invariant subspace R of type-H®.

Next we note that decomposition (2) in is unique up to equi-
valence in M(S)’ and D(S)’. Suppose that H=N"..PN. is a decomposition of &
satisfying conditions (i) and (ii). Then we immediately find that Py__~ Py ., in
M(S) and Py,~Py; in D(S) for all n in Z.

REMARK. Let & be a family of shift operators on §. When the set W(S)
does not satisfy conditions (1) W(S) is a group (2) S*W(S)S=W(S), we cannot
apply our results directly to the study of structure of invariant subspaces of S.
But, if W(s, S)={W: W=U(S")*, U<S} satisfies the conditions (1) and (2) for
some shift operator S’ on $, we can apply our results indirectly to the study of
invariant subspaces of S. We note that W(S) depends on S, but the structure
of invariant subspaces of S does not depend on S.
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