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In and [5], V. W. Guillemin, I. M. Singer and S. Sternberg gave Exist-
ence and Uniqueness theorem and Realization theorem concerning the abstract
transitive Lie algebra. In this paper we shall give some extensions of these
theorems, i. e. Embedding theorem (Section 5) and Existence theorem (Section 7).
The former involves as its applications Realization theorem and also theorems
concerning the graded Lie algebra, the latter may be said to be a relative
existence theorem with the higher order structure constant. We begin by
giving an abstract definition of an infinite Lie algebra and a truncated Lie
algebra of any order. Roughly speaking, we shall construct Lie algebra as a
projective limit of truncated Lie algebras. By this method, we can simplify
the proofs, especially of Existence theorem, and also state the properties of
the higher order structure constant. (It is shown in Section 3 that our infinite
Lie algebra is equivalent to the complete filtered Lie algebra [4], and hence
also to the abstract transitive Lie algebra.)

1. Throughout this paper, all vector spaces and Lie algebras are assumed
to be defined over a commutative field of characteristic 0. Suppose that a
-collection of

a sequence of finite dimensional vector spaces V,, V,, -+, Va, ++e,

Ty T Ty )
a sequence of maps 0 Vo Vv, Va ..., and

a sequence of bracket products [,7,: V,XV,2(, ) —[x, 1€ Vuoy, n=
0,12 --,(V_,=0) is given, and that the following conditions (a)—(f) are
satisfied for all n=1.

(@) =, is linear and surjective;

(b) mooa[x, Y1 =[7ax, T ¥10-y, for all x,y€ V3

(© [,7, is bilinear and anti-symmetric;

@ Jix,3,2)=0 for all x,y, z€ V,, where J] is a trilinear anti-symmetric
map of V,xXV,xV, into V,_, defined by

Jalx, ¥, 2) =[x, ¥1ns 7nzln- LY, 200 nxlno i+ [0z, X0 @a 31013
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(¢) Denote by g, the kernel of the map z,: V,— V,_,. Then [g,, g,1.=0;

() Letaeg, If [a x],=0 for all xe V,, then a=0.

Set L=prlim V,. (L is the vector space consisting of all sequences
(xq, %y, --+) such that x, € V, and 7,x,=x,-,.) For any elements X = (x,, x,, ---)
and Y =(¥, ¥y, ---) of L, we define bracket product [,] by

(L) [X, Y= x 3:0i [x0 Yodis -+

It follows from (b) and (d) that [,] satisfies the usual Jacobi identity, and
consequently this product makes L into a Lie algebra. (Note that dim L < oo,
if and only if g,=0 for all sufficiently large n).

DEFINITION. An infinite Lie algebra is the Lie algebra L=prlim V,,
determined by a collection {{V,}, {w,}, {[,]»}}, satisfying the conditions (a)—(f),
for all n=1.

Subsequently we shall denote the infinite Lie algebra simply by prlim V,,
omitting 7, and [,],, since no confusion will occur. V, is called the n-th
truncation of L, =, the projection.

DEFINITION. A truncated Lie algebra of order p is a collection of a finite
sequence of finite dimensional vector spaces V,, V-, V,, a sequence of

maps 0 Ve e 2 V, and a sequence of bracket products [,7,: V., X V,—V,_,,
n=0, ---, p, satisfying the conditions (a)—(f) for all =1 and n<p. (p=0).

We shall denote this truncated Lie algebra simply by {V,, -, V,}, or
more simply by V,. A truncated Lie algebra is not a Lie algebra in the
usual sense of the word. In this paper we shall be concerned with the ques-
tion when a truncated Lie algebra {V,, --.-, V,} can be prolonged to an infinite
Lie algebra prlim V,. This question was considered originally, we may say,
by E. Cartan [1] in the third fundamental theorem of the infinite Lie group,
and recently by V. Guillemin, I. M. Singer and S. Sternberg [3], [5], although
their formulations were seemingly different from ours, and they usually
reduced the problem to case p=1.

Let V, be a truncated Lie algebra of order p. If a subspace W, of the
vector space V, satisfies [W,, W,1,Cn,W,, then by setting W,_,=nr,W,,
p=n=1, we obtain a truncated Lie algebra {W,, ..., W,}, which we shall
call a subalgebra W, of V,. A subalgebra W, of V, is said to be transitive
if Wy=1V,.

An infinite Lie algebra M =prlim W, is said to be a subalgebra of L, if
each W, is a subalgebra of V,. If W,=V, moreover, M is said to be a
transitive subalgebra of L. We say that W,,, is a prolongation of W, in L,
and M an infinite prolongation of W, in L.

Let L=prlim V, and M=prlim W, be two infinite Lie algebras with the
same symbols 7, and [,7,.
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We say that an infinite sequence of maps {f,, fi, ---} is an embedding of
M into L, if it satisfies,

1.2) f» 18 a linear injective map of W, into V,;
1.3) Ty fo = fa-aTa;

a.4 L/ax, fayIn=Fo-ilx, ¥],  for any x,y€ Wa;
for all n.

In this case we say that {f,} is a lift of each f,, and f,(p>n) a lift of
fa. If each f, is surjective, {f,} is an isomorphism (an automorphism, if
L=M) of M onto L.

Similarly, let {V, ---, V,} and {W,, ---, W,} be two truncated Lie algebras.
A map f,: W,— V, is said to be an embedding of truncated Lie algebra W,
into V,, if there exists a sequence of maps {f,, -, f,} such that (1.2), (1.3)
and (1.4) are satisfied for all n<p. Every map f, (n<p) is said to be a
reduced map of f,.

2. In this section, we shall prove some elementary properties of an in-
finite Lie algebra L=prlim V,. Hereafter, we shall omit the subscript » on
Ta [,1, and J,. We denote by #™ the n-th iterate of #. Thus z™ is the map
Vare— V, for any k. (z° =identity map). We denote by G, the kernel of the
map n*: V,— V, Clearly Go=g,=V,, G;=g, and G,Dg,. We shall keep
these notations G, and g, for L throughout this section.

2.1 Let ac G, (n=1). If [a, x)=0 for all x& V,, then a=0.

Proor. Suppose a =0, then for some m (1<m=<n), x™a=0, 2™ a=x0.
Therefore ™ 'a € g,_p4y.  Since [7™ 'a, z™ 'x]) = 2™ [a, x]’ =0 for all xe V,,
and #™*': V,— V,_n... 1S surjective, we have 7™ 'a=0 by condition (f). This
contradiction proves our assertion. QED.

(2.2) Ifa,beV,,7ta=0,7"=0,1=0, m=0 and [+m < n+1, then [a, b]’=0.

ProOOF. We prove by induction on =.

If =0 or 1, our assertion is trivial. We shall prove (2.2) under the
assumption that this is true for V,., (n=2). If [=0o0r m=0, then [aq, b}'=0
is trivial. If [=1 and m =1, then ma, zbe V,_, and nl"Y(za)=0, z™ (xb) =0,
(l—1)+(@m—1)=<n. Therefore by the induction assumption, we have [ra, b}’
=0. Since #[a, b =[za, b}’ =0, we have [a, b] = g,.,. Let u be an arbi-
trary element of V,_, and # an element of V, such that 7z=wu. By condition
(d), [[a, b1, ul’=[[a, &/, nb]}'—[[b, @]/, wa]’. On the other hand, zn'[a, #7]’
=[ra, 'a]' =0, ™ (zb)=0 and [+(m—1)< n. Therefore, again by the induc-
tion assumption we have [[q, #]’, #b]’=0. Similarly [[b, #]/, 7a]’=0. Hence



4 I. HavAsHI

[[a, b1, u]’=0 for any u V,_,. Then [qa, b]’'=0 follows from (f). QED.
As a particular case of (2.2), we have

2.3) If a€ G, and be g,, then [a,b] =0.

We say that #= V, is over ue V,, if n>k and n"%=u. Let a=G,
(n=1), ue V,_, and @ be an arbitrary element of V, over u. Then it follows
from (2.3) that [a, #]’ is determined by ¢ and u, and is independent of the
choice of #. Thus the action of G, on V,_, is well defined, which we denote
by au="{a, #]’. It follows from (2.1) that the induced map G,—Hom (V,_,,
Va.-0 is injective.

Let a, be G, (n=1) and @, b be arbitrary elements of G,,., over a, b
respectively. Then we can easily see by making use of (2.2) that [&, 5]’ is
an element of G, determined only by a and b. Thus we can define a product
[,1on G, by [a, b]=[a,b]. Then evidently

2.4 wla, b]=1[a, b]’, a,beG,.
Moreover

(2.5) G, is a Lie algebra acting on V,_,. (n=1).
That 1is, [a, b]u = a(bu)—blaw), and consequently

[[a: b:‘, C:I+[I:br C__.l’ a]+[[c’ a]’ b] = 0, a: br (S Gn’ uec V‘n-l .

Proor. Let i< V, be an element over u, and &,b, i e V,,, be elements
over a, b, # respectively. Then our assertion follows from J'(a, b, #)=0. We
can also prove in a similar device that

(2.6) g, 15 an ideal of G, and acts trivially on G,_,C V,_. Furthermore, if
n=2, g, 1s abelian.

From now on we shall call g, the n-th isotropy algebra of L.

3. In this section, we prove two propositions, by which we are assured
that an infinite Lie algebra is algebraically the same with a complete filtered
Lie algebra [4], and hence also with an abstract transitive Lie algebra [3], [5]-

of a complete filtered Lie algebra is as follows. A filtered Lie
algebra is a Lie algebra I with a decreasing sequence of subalgebras L=L_,
DL, DL, DL,D -, such that

@) N Li=0;
(t2) CLi, L C Liy; G+ = —1);
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(6L for every A L,;, 1=0, such that A« L., there is an element Xe L,
such that [A4, X1« L;.

A~complete filtered Lie algebra is a filtered Lie algebra such that

(f5) if we define a uniform topology in L, by taking {L;} as a basis for
the neighborhood system of the origin, then L is complete with respect
to this uniformity.

PROPOSITION 1. Let L=prlim V, be an infinite Lie algebra. Denote by
L, the kernel of the natural projection L—V,, n=0. Then LDL,DL,D - is
a complete filtered Lie algebra.

Proor. Let X=(0, -+, 0, Xj4y, Xypp, ) E L; and Y =(0, -+, 0, ¥js1, Vjrar =)
€ L,. Then, by applying (2.2) to V., We have [Xiyj1, Virjei])’ =0. Hence
by (1., [X,Y]e L;.;. Thus we have proved (f2). Since L;;CL; (j=0), we
see that L; is a subalgebra of Lie algebra L. Completeness of L with respect
to the uniformity defined by {L,} is clear from the definition of the projective
limit. Other conditions for L to be a filtered Lie algebra are easily checked
and our assertion is verified. QED.

PROPOSITION 2. Let LD LD ILSD -« be a complete filtered Lie algebra.
Then we can construct an infinite Lie algebra L=prlim V,, such that {L?} is
isomorphic to the complete filtered Lie algebra {L;} determined by L just as
stated in Proposition 1.

Proor. Let {L?} be a filtered Lie algebra which is not necessarily com-
plete for a moment. We define an infinite Lie algebra as follows. Denote by
V., the quotient vector space L°/LY, and by p, the natural projection L°— V,,
n=0,1, ... Then by (f3), dim V,<co. Since LY is a subspace of L}_,, pro-
jection m: V,— V,_; is naturally defined. Next, for any x,yeV,, we take
X, Y e L° such that p,X=1x, p,Y =y, and define [,]’ by [x, v =p,.,[X, Y.
(Since [L° L1 LY, pn-i[X, Y] depends only on x and y). We can check
easily that these vector spaces {V,}, projections {r} and bracket products
{[,]’} satisfy all the conditions (a)—(f). Thus we have obtained an infinite
Lie algebra L—=prlim V,. Let {L;} be the complete filtered Lie algebra deter-
mined by L just in the way stated in Proposition 1. We define a map f: L°— L
by f X=X, p,X, -)e L, X L°. Then we can easily verify that (1) f is
injective, (2) f is a homomorphism of Lie algebra L° into Lie algebra L, (3)
fLY=L,NfL" and (4) fL° is dense in L. Now, by these properties (1)—(4) of
f, we can conclude that L° is complete if and only if fL°= L. Therefore,
under the assumption that {L?} is a complete filtered Lie algebra, the map f
is a Lie algebra isomorphism of L° onto L, which sends L? onto L,. QED.

4. In this section we shall briefly describe the associated graded infinite
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Lie algebra of an infinite Lie algebra and the related homology groups. From
now on, in this paper we always denote by L the infinite Lie algebra deter-
mined by {V,}, and by g, the n-th isotropy algebra of L.

We define a bracket product [,]° in the direct sum f}gn as follows. Let

n=0
acg; and be g;. Set [a, b]°=[a,b]), where @ and b are arbitrary elements
of V;y; over a and b respectively. Then we can easily check, using (2.2), that
[a, b]° is a well defined element of g, ,, and also that the product [,]°
satisfies the usual Jacobi identity. Thus we obtain the so-called graded Lie

algebra f}gn with bracket product [,7°
n=0
Setting L;= ¥ gp (1= —1), we have a filtered Lie algebra {L;}. Then as in

n=t+1

the proof of Proposition 2, we can construct the corresponding infinite Lie alge-
bra, which we shall denote by Gr(L):f} gn. An infinite Lie algebra L is said
nz0

to be graded, if it is isomorphic to Gr(L).

If aes g, ve g,=7V, we shall write a-v instead of [a, v]°, thus we have
amap g, XVy2@,v)—~a-veg,.,.

Let U and V be any vector spaces. We identify the vector space of all
[-linear anti-symmetric maps of U X --- X U (I times) into V with the space
VR AW U*), where U* is the dual space of U. We define the boundary

operator 0: gi. @ ATV =g @ AV E) by (0F)(wy, sy -+, ¥)) Zﬁl(—)j“kf(vl,
Dy =00y V)= Vpy Uy o, V€ Vo, fE 2000 Q ATV E), where the symbol ¢ indicates
that the argument v is omitted. We can easily see that ¢°=0. We denote
by H%(L) the homology group at g, AU V¥, 1,7 =0, with respect to the
boundary operator 9. Suppose more generally that U is a vector space and
a projection 7: U—V, is given. Then 0: g, Q@ A" U*)—g,QAN(U*) is
defined by (@f)(u,, -+, uj):kzjjl (1% (uy, -y Gy, -y Uy) - (FUhy), Uy, -, u;€ U In
this case also we have 9*=0.

Let {V,=h, hy, ---} be a sequence of subspaces A, of g,, such that
hy-V,Ch,., for all n. Then the homology group at 7; A/(V¥) is similarly
defined, which we denote by HY({h}).

LEMMA 1. Let U be a vector space, and 7 a projection of U onto V,. Let
feh, @ A™MU*) (m=1) and assume 0f=0. If HY({h}) =0, for j=1, .-, m,
then there exists an element o & hyy;Q A™(U*), such that do = f.

Proor. Let G be the kernel of the projection 7. Let ¢: V,—U be a
linear map such that #p = identity map of V,. Then we have U=GPoV,,
where the symbol €& means the direct sum. Let a,, -+, a,-;€G. We define
fiay -y an-) € L@ N(VE by fiay -y G-y, -+, V) =J(aQy, ++, Qg PV, =+,
OV, Vyy ey V€ Vi 7=0, -, m. From (9)ay, -+, Gpejy QU =+, @V;5) =0, we
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obtain o(fj(ay, .-+, an-7)=0. (In particular, we have f(a,, -+, a,)=0, for j=0.)
Therefore, by the assumption H*¥({h})=0, there exists an element o,(a,, -,
Am-;) Of Ry, @ ATV ¥ such that 0(o;(ay, =+, Ap-p) =S50y, -+, Gp-;), for each
j=1, ..., m. Moreover we can assume that ¢,: GX .- XG>3(a,, *++, p-j)
—01(ay, v, Up-f) € hig, Q@ ATY(VE) is (m—j)-linear and anti-symmetric. Then

T

vy Urm-py), Where u,=a;,+9v, € GHoV,, k=1,--,m—1 and the sum X is

m
the desired o is given by o(uy, =+, Up_)= Z} 288N T 0(Graiys 5 Cran-ip) Vecm-ja1y
f=

taken over all permutations ¢ of {1, ..., m—1} such that z(1) < --- <z(m—j)
and t(im—j+D < - <z(m—1). QED.

5. Throughout this section, we assume that {W,, W, .-, W,, W,,,} is a
truncated Lie algebra of order p+41 such that dim W,=dim V,. Let ¢: W,
— W, be an arbitrary linear section. (By a linear section ¢ we mean a linear
map such that n¢ =identity map of W,.) Then we have a transitive sub-
algebra oW, ={W,, ---, Wp, oW,} of W ..

LEMMA 2. Let ¢: W,— Wy, be a linear section. Assume that there exists
an embedding f': ¢W,— Vyyy, and that HP(L)=0. Then there exists a unique
embedding f: Wy — Vs, which coincides with f on ¢ W,.

Proor. We denote by f; the embedding W, — V; reduced from f7, (k< p).
Let & be the kernel of the projection W,,,— W,. Then we have W,.,=hDoW,.
In order to extend f/ on W, to f on W,,,, satisfying (1.3) and (1.4) with =
replaced by p+1, we have only to define a map f: h— g,,, satisfying

(6.1 Lfa, f'x] = fla, x]’ for any ae h and xe oW,.
Putting f,W,="U and zf'x=u, we have from (5.1)

(fayu=fpla, of jul’, ach, uelU.

Since =nf,[a, of'ul’ =fp-i[ra, fr'u]’=0, we have f,[q, ofp,'u]leg,  Define
T, g, QU* by To(w)=f,la, ¢f3'ul’, ue U. Then 0T,=0. In fact, 9T,(u, v)
=Lfola, pf5ud, vY—Lfola, of 397, ) = fo-ilza, Lofstu, of 011 =0. u, ve U.
Besides, we can see that since dim W,=dim V,, #?: U— V, is a surjection.
Therefore by Lemma 1, there exists an element, say fa, of g,., such that
o(fa)=T, i.e. (fa)yu=T,(u) for all ue U. Moreover, since 0: g,., — g, QU*
is an injection, fa is uniquely determined. Finally, injectivity of the map
h=a—faec gy, is obvious. Therefore the resulting map f defined on W,,,
also satisfies (1.2) with n replaced by p+1. QED.

PROPOSITION 3. Assume that HP(L)= H?*(L)=0 and that there exists an
embedding f,: W,— V,. Then we can lift f, to an embedding f: Wpiy— Vpir.

Proor. Set f,W,=U. Let 0:U—Vyy, and ¢: W,— W,., be arbitrary
linear sections. Define Fe V,Q A*U*) by
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(5.2) F(u, v)=f,lefp'u, of pv]’ —[0u, 6v)’ for u,veU.

Then it is easily checked using J'=0 that Fis a cycle € g, @ A*(U*). There-
fore there is an element o € g, QU* and do=F. Define f': oW,— V,., by
S(px) = 6'(fpx), where 6’ =0+0, x& W,. Then for any x,y € W,, [ f¢x, f'¢y]’
=[0fpx, 01, y1 +@0) [fpx, [,¥)=Splox, ¢y]’. Thus f’ is an embedding of ¢W,
into V,.,. Now we can apply Lemma 2 and our assertion is verified. QED.

We generalize Lemma 2 as follows.

PROPOSITION 4. Let {W4, -+, Wiy} be a transitive subalgebra of {W, ---,
Wy}, Assume that there exist embeddings fp: Wp—V, and [ Wi— Vs,
such that f' is a lift of the restriction of fp to Wi If HP(L)=0, then we can
lift f, to an embedding [y, 0f Wy into Vpu,, which coincides with [/ on Wiy
Furthermore such fpy, is uniquely determined.

Proor. Let ¢: W,— W,., be a linear section such that oW,C Wi,.
Then we can take a linear section 0: U= f, W, — V4, such that

flox=0f,x  for all xe W,,.

Define Fe g, A¥(U*) by (5.2) with new ¢ and 6. Then F(u,v)=0, if u,v
€ oW

Now we wish to solve the equation 0o =F, with unknown o< g,,,QU¥,
under the condition o(u)=0 for ue f,W), Since dim Wi=dim V,, we have
m?f,W1, ="V, Therefore U=f,W,@G, where G is a subspace of the Kkernel
of the projection #?: U— V, Since 0F=0, we have F(a, b) =0 and 0(F(a@))=0
for a, b= G, where F(a) is an element of g, @ U* defined by F(a)(u)= F(a, u),
in the same way as in the proof of Lemma 1. Owing to these properties of
F, our equation reduces to d(c(a))=F(a), ac G. Then, using Lemma 1, we
have a unique solution ¢(a) € gp4;-

Define fp41: @Wy— Vpry, bY fpii(epx) =0f,x+0(a), where x is an arbitrary
element of W,, and « is the G component of f,x with respect to the direct
sum U=f,W,@G. Then we can see easily that [ fp4,0%, fp+:0Y] = fL,lex, ©¥7,
for any x,ye W,. Thus fp4,: W, — V., is an embedding. Applying Lemma
2, we can extend f,4, uniquely to the embedding Wy, — V... QED.

By repeated applications of Proposition 4, we have the following theorem.

THEOREM 1. Let L=prlim V, and M=prlim W, be infinite Lie algebras
such that dim V,=dim W,, and let M’ =prlim W/ be a transitive subalgebra
of M. Assume that there exist embeddings f,: W,— V, (for some p) and {f}}:
M’'— L, such that f, coincides with f, on W,. Assume further that H*'(L)=0
for all i=p.

Then there exists a unique embedding {f,}: M— L which is a lift of f, and
coincides with {f.} on M.

THEOREM 2 (EMBEDDING THEOREM). Let L=prlim V, and M=prlim W,
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be infinite Lie algebras such that dim V,=dim W, Assume that there exists
an embedding f,: W,— V, for some p and H*(L)=H*(L)=0 for all i=p.

Then f, can be lifted to an embedding {fn}: M— L. Furthermore, if {Fa}
is another such lift of fp, then there exists an automorphism {h,} of L, such
that h, sends f,W, onto f,W, for each n.

PrOOF. The first assertion follows from repeated applications of Proposition
3. The existence of {h,} is proved as follows. Set L’=prlim f,W,. Applying
Theorem 1 to L and L/, we can extend the embedding {f,f:!}: L’— L to the
embedding {h,}: L— L. Since dim V, < oo, each h, is a bijection, hence {A,}
is an automorphism of L. QED.

APPLICATIONS. Set D(V(,):n—g0 Vo@S™MV¥. This can be regarded as the

graded infinite Lie algebra of all formal power series vector fields on V,. It
is known that HY(D(V))=0 for all 7,7 =0, (5, 7)== (0, 0), and indeed D(V,) is
characterized by this property.

THEOREM 3 (REALIZATION THEOREM). Ewvery infinite Lie algebra L is iso-
morphic to a transitive subalgebra of D(V,). Furthermore such subalgebra is
determined up to an automorphism of D(V).

Proor. Since HY(D(V))=0 for all i=0, j=1, we can apply Theorem 2
to D(V,) and L, with f,=identity map of V,. QED.

THEOREM 4. Let L be an infinite Lie algebra such that H*(L)= H*(L)=0
Jor all i=1. Then L is graded, if and only if the first structure constant of
L is 0. (As for the structure constant, see Section 7).

PrOOF. Let L be graded. Since the first structure constant of Gr(l) is
0, that of L must also be 0.

Conversely, assume that the first structure constant of L is 0. Then we
can see easily that there is an isomorphism of the first truncation V, of L
onto that of Gr(L). Since the homology groups of Gr(L) and L are the same,
we can apply Theorem 2 to obtain an embedding L— Gr(L). Since the dimen-
sion of the truncation of any order of L is equal to that of the same order
of Gr(L), the embedding is an isomorphism. QED.

We say that an infinite Lie algebra L =prlim V, is abelian if [V,, V,7’
=0 for all n. An infinite Lie algebra is said to be flat, if it contains an
abelian transitive subalgebra.

The first structure constant of a flat infinite Lie algebra is 0. Every
graded infinite Lie algebra is evidently flat. Therefore the following theorem
follows from Theorem 1.

THEOREM 5. Let L be an infinite Lie algebra such that H*(L)=0 for all
i=1. If L is flat, then it is also graded.

6. Let h, be any subspace of g,. We define 1’ C g, by A = {a=g,41;
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a-veh, for all ve V,}. Let W, be a transitive subalgebra of V,. We say
that W, is prolongable in L, if there exists a linear section 6: W,— V.,
such that [W,, 0W,) C W,. Let h,=g, N\ W, and hy,, be an arbitrary sub-
space of A®. If W, is prolongable by a linear section #, then hp,.,+0W,, is
clearly a subalgebra of V,.,. Conversely, if Wp., is a subalgebra of V.,
such that zW,,,= W,, then the kernel of the projection W,.,— W, is con-
tained in AY. If it is identical with A{, W,,, is called the normal prolonga-
tion of W, in L. We denote by {H“(W,; L)} the homology groups determined
by the sequence {h;}, where h;=g, N\ W, if i<p, and h; (1> p) is the sub-
space of g; defined inductively by h,=hL,. "

PROPOSITION 5. Let W, (p=1) be a transitive subalgebra of V,. If
H?YW(W,; L)=0, j=1,2,3 and H?¥(L)=0, j =1, 2, then W, is prolongable in L.

PrOOF. Let ¢: W,_.,— W, and 6: W,— V., be arbitrary linear sections.
Set F(u,v)=[0u, Ov]’'—¢[u, v]’, u,ve W, Then nF(u, v)=0, therefore F is
an element of g, A*W3%). By definition of ¢ and by J'=0, we have
@F)(u, v, w)=—X [¢[u, v]), w],, for any u,v,we W, where X is the sum
over all cyclic permutations of u, v, w. The right hand side of this identity
shows that 0F is a cycle belonging to A, A*(W¥). It follows from the
assumption H?4%(W,; L)=0, j=1, 2,3, that there exists an element f of
h, @ ANX(W¥) such that df =0F. Then f—F is a cycle belonging to g, ® A*(WF).
Again, by the assumption H?/(L)=0, =1, 2, there is an element ¢ of g,., QW5
such that do = f—F. Define a linear section §’: W, — V,,, by setting §’=60-o.
Then, for any u,ve W,, we have [6'u, 6/v]) =[0u, Ov]’'+(00)(u, v) = f(u, v)
+¢[u, v]’. Since f(u, v) and ¢[u, v]’ = W,, we have [0'u, 0'vle W,. Thus W,
is prolongable by &’. QED.

THEOREM 6. Let L=prlim V, be an infinite Lie algebra and W, (p=1) a
transitive subalgebra of V,. Assume that HY(W,; L)y=0 for all izp—1 and
7=1,2,3 and also HY(L)=0 for all i=p and j=1, 2.

Then there exists a normal infinite prolongation M of W, in L, such that
Sfor any infinite prolongation M’ of W, in L, there is an automorphism of L
which embeds M’ into M.

Proor. By Proposition 5, W, is prolongable in L. Let W,,, be its normal
prolongation in L. In this case we have HY(W,; L)=H“(W,.,; L). There-
fore W,,, is again prolongable in L. Continuing in this fashion, we can
obtain a normal infinite prolongation of W, in L, which we denote by M.
Since we have HY(M)=HY(W,, L)=0, i=p, j=1, 2, there is an embedding
of any infinite prolongation M’ of W, into M, owing to Theorem 2. Then,
it follows from Theorem 1, that we can extend the embedding M’— M to the
embedding of L into L, which is clearly an automorphism of L. QED.
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7. In this section, we shall make some observation on the properties of
the structure constants of the transitive subalgebra of L, and state existence
theorem.

Let W, (p=1) be a transitive subalgebra of V,, and h,=W, g, We
define an element c€ W,_, @ A*(W k) by c(u, v) =[ou, pvl’, u,ve W,_,, where
Wp-1=7nW, and ¢ is an arbitrary linear section W,.,— W,. Let ¢’ be another
such linear section and ¢’(u, v)=[¢’u, ¢’v]’. Then there is an element S of
h, @ W*_; such that ¢’ =¢-+S, and we have ¢’ =c+dS. That is, ¢/=c (mod.
oh, @W%.,)). Therefore, a class c={c} € W,.,Q AW}k )/oh, W} is
determined independently of the choice of ¢. We call ¢ the structure con-
stant of W,. If W,=V,, ¢ is called the p-th order structure constant of L.
Clearly we have n(c(u, v))=[u,v] and @c)(u, v, w)=J"(pu, ev, ew)=0, for
u, v, we W,_;, where dc is an element of W,_,® AW}, defined by (dc)(u, v, w)
= [c(u, v), wl’+[Lc, w), ul’+[Lc(w, u), v]’. Since these properties of ¢ are inde-
pendent of the choice of the representative ¢ of the class ¢, we can write
them as follows,

7.1) re=[,] and 0¢=0,

where 7 and 0 are understood as maps of W,_ @ AW }k.))/o(h, Q@ W) into
Wy @ AWk ) and W,_,Q AW }.,) respectively.

Now we assume that W, is prolongable in L. Then by the same argu-
ment as in Section 2, we have

(7.2) hy is a Lie algebra acting on Wp_,.
Next, take a linear section §: W,— V., such that [W,, 6W,1 C W,, and set
Y(u, v) =[0¢u, 0pvl’ —epc(u,v) and Z(ayu=_[0a, Gpul’—¢(au),

where u,ve W,_, and a € h,,.
Then we can see that Yeh,Q AW} and Z(@)eh,QW3$,. From
J'(Opu, 8¢v, a) =0, we obtain

7.3) ac—0(Z(a) =0 for any ae€ h,,
where ac is an element of W, Q@ A*W}*_) defined by (ac)(u, v)=a(c(u, v))
—c(au, v)—c(u, av).
Similarly from J'(8¢u, Gpv, fpw) =0, we obtain
(7.4) c2+0Y =0,

where ¢? is an element of W, ,® A*WE_), defined by c*(u, v, w) = c(c(u, v), w)
c(e(w, w), w+clc(w, w), v), u,v,we W,_,. E. Cartan’s original statements corre-
sponding to (7.2), and are respectively 2°, 3° and 4° in Chapter II,
Section 23, [I]. Formulations like [7.3) and [7.4) are due to and [5] We
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shall show that they can be written in terms of e. It is easily seen that for
any a < hy, ac is a well defined element of W,_,&@ AW ¥.)/d(h, ® W), and

becomes
(7.5 ac=0 for any ach,.

As for c¢? we wish to prove that if we set ¢’ =c¢+0S for any element
Seh,@W3_i, then (¢)*=c*+0T for some element T < h, @ A*(Wj;-). This
does not hold in general, but under the assumptions (7.2) and [7.3), we can
verify by a straightforward computation that such T is given by T(u, v)
= S(c(u, v))+SSW)v—SW)yu)—[Sw), S@)1—Z(SW)v+Z(SW))u, where Z(-) is an
element of A, W}k , which satisfies [7.3). Thus ¢? determines a well defined
element ¢* of W,_, @ A*(W3_-,)/0Ch, @ A*(W%_,)) and [7.4) can be written as

(7.6) c2=0.

PROPOSITION 6. Let W,_, be a transitive subalgebra of V,.,, and h, a
subalgebra of the Lie algebra g, satisfying hyWy_,C W,_,. Assume that W,
and W', are prolongations of W,_, in L and hy=g,\"Wy=g,\W). Assume
Surther that HP*(L)=0. Then there exists an isomorphism of W, onto Wi,
which induces the identity map of W,_y, if and only if the structure constants
of W, and W', are identical.

ProoOF. We shall only prove the existence of an isomorphism f, of W,
onto W/, under the assumption that they have the same structure constant,
because the converse is nearly evident.

Let ¢: W,.,— W, and ¢': W,_,— W/, be arbitrary linear sections. Then

'=¢+S for some S= g, W5k ,. It follows from the assumption on the
structure constant that 0S=0do for some o h,Q W} ;. Thus S—o is a cycle
g, QW35,. Hence S—o=0T for some element T < g,,,;, and we have
¢'=¢@+0+40T. Define a map f,: Wo=0oW,..Dhy—Wpr=0'W,_1Dh, by
folou+a)=¢'u+(a—o(w), where ues W,_, and a=h,. Then by a simple
calculation we see that f, is an isomorphism which we want. QED.

PROPOSITION 7. Let W, be a transitive subalgebra of V, (p=0). Assume
that HP(LYy= HP?*(L)=0 and that there exists an element cc W, Q N*(W¥) such
that rc=[,] and 9c=0. Then W, 1s prolongable in L by a linear section
¢ Wy— Viyyy such that c(u, v) =[Qu, ¢vl’ jfor u,ve W,.

ProoF. Take an arbitrary linear section #: W,— V,.,. Define Fe V,
QR N(WE) by Flu, v)=c(u, v)—[0u, Ov])’. Then we can see easily that F is a
cyclee g, Q A*(W3). Hence there is an element o< g, @ W such that
00 =F. Then ¢p=6@+o0 is the linear section which we want. QED.

PROPOSITION 8. Let W, be a transitive subalgebra of V, and hy= Wy, gp.
(p=1). Assume that 1) H?(L)=H?*(L)=0, (2) h, is a subalgebra of the Lie
algebra g, and h,Wy C Wy_y, (Wp_y=aW,), (3) the structure constant ¢ of
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W, satisfies and [(7.6). Then W, is prolongable in L.

PrOOF. We take a representative ¢ of ¢ which is given by ¢: W,_,—W,.
Then by the assumption (3), we have ¢?*+0Y =0 for some Y & h,Q A*(W)
and ac=0d(Z(a)) for some Z(a) € h, @ W}, where we can assume that s, >a
> Z(a) is a linear map.

Now we define an element ¢ € W, Q A*(W3¥), referring to the direct sum
Wyo=¢W,_1@Bh,, by leu, pv)=@c(u, v)+Y(u, v), {(a, pu) = elaw)+Z(a)u, i(a, b)
={a, b], where u,ve W,_, and a,beh,. Then ¢ satisfies n¢=[,]" and
o¢ = 0. Indeed, né(ou+a, v+b) = c(u, v)+av—bu = [pu-+a, pv+b]’, and a simple
computation shows (02)(pu,+a,, Qu,+a,, Qus+ag) = c*(Uy, Uy, Us)+OY YUy, Uy, Usg)
— 230, 0)(thg, Ug)+ 2 Z(a1)) (g tg)+ X[y, @y ]Us—a1(ayus)+ay(ayus))+ ZLay b, 5],
where each 3 indicates the sum taken over all cyclic permutations of sub-
scripts 1, 2 and 3. Then the assumptions (2), (3) imply that o¢ vanishes.
Finally by Proposition 7 our assertion is verified. QED.

Let h, be a subspace of g,, and let {h,, h,., --} be a sequence such that
hppy=h® for all n=p. We denote by H¥(h,; L) the homology group at
hy @ AV ) which is defined only for i=p.

THEOREM 7 (EXISTENCE THEOREM). Let L=prlim V, be an infinite Lie
algebra. Let W,_, be a transitive subalgebra of V,_,, h, a subspace of the p-th
isotropy algebra g, of L and ¢ an element of W, i@ AN Wk )/0(h, @ WE_).
(p=1). Assume that

(1) HY(h,; L)y=0 for all i=p and j=1,2,3 and H¥(L)=0 for all izp—1
and j=1, 2;

(2) hp is a subalgebra of the Lie algebra g,, satisfying hyWp_.C Wp_1;

(3) ¢ satisfies (7.1), (1.5) and (7.6).

Then there exists a subalgebra M=rprlim W, of L such that
(i) M is an infinite prolongation of W,y in L;

(ii) h, is the p-th isotropy algebra of M;

(iii) ¢ is the p-th order structure constant of M.

Furthermore, 1if M’ is any subalgebra of L which satisfies (i), (ii), (iii) with M
replaced by M’, then there is an automorphism of L which embeds M’ into M.

ProOOF. Let ¢ be a representative of ¢. Then by the condition (7.1) and
by Proposition 7 with p replaced by p—1, we have c(u, v)=_[¢u, ¢v]’, u, v
€ Wy-y, for some ¢: W,_,— V.

Set W, =¢W,_,+h,, then the assumption (2) implies that W, is a sub-
algebra of V,. It follows from Proposition 8, that W, is prolongable in L. Let
Wy be a normal prolongation of W, in L. Since HY(W,4,; L)=HY(h,; L)
for 1> p, we can apply Theorem 6 to W,., and we obtain the normal infinite
prolongation M of W,,, in L, which evidently satisfies (i), (ii) and (iii). Next,
let M’ =prlim W) be any subalgebra of L satisfying (i), (ii), (iii). Then by
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Proposition 6, there is an isomorphism f, of W, onto W,. Since H¥(M)=
HY(h,; L)=0 for all i=p and j=1, 2, we can lift f, to an embedding M’
— M, by Theorem 2. Finally, by Theorem 1 we can extend this embedding
to the embedding L— L, which is clearly an automorphism of L. QED.

We remark that the Existence and Uniqueness theorem in or is
implied in this theorem by taking L= D(V,) and p =1, condition reducing
null in case p=1.

Nagoya University
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