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1. Let {6(n)} be a sequence of non-negative numbers. J. W.S. Cassels
proved that the set of real numbers x in 0= x <1 for which

) x—»’;i [ < 8(n)

for infinitely many integers m, » has measure 0 or 1. R.]J. Duffin and A.C.
Schaeffer had shown that for some sequences {0(z)}, this set has measure
1 while the set of x for which (1) holds for infinitely many relatively prime
integers m, » has measure 0. Using an extension of Cassels’ method, we will
prove

THEOREM 1. For each sequence of non-negative numbers {0(n)}, the set & of
xin 0= x <1 for which

{

(2) ‘l x—% < (), (m,n)=1
|

for infinitely many m, n has measure 0 or 1.

We may suppose in the proof that 8(%)—0. Otherwise each x satisfies (2)
for infinitely many ». In fact, suppose that zn, <u,<-- is a sequence for
which 0(n,)= 6> 0. For (2) to be satisfied with n=1#, it is sufficient for there
to exist an m prime to n, in the interval |n,.x—m | <#n.0. The existence of
such an m, for all x and all large v, follows from the following lemma.

LEMMA 1. The length L, of the longest interval of consecutive integers not
prime to n satisfies L,= o(n).

PrOOF. Let Om, #)>1 for m, <m=<=m, Then

0= 3 5 ud)=Tud) 3 1

my<m=m; dl(n,n m,m, <m=m,
= sua([g -1

= Gmy—m) 21 O

1) =m—my 3 #4820ty

Here d(n) is the number of divisors of ». It is known that d(n)=0®*), and
ng(n)™ =O®*). Choosing m, and m, so that m,—m,; = L,, we have L,=o(n).
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2 In this section we give two lemmas which are used in_the proof. The
first is due to Cassels[I]. The measure of a measurable set 4 will be denoted
by | A].

LEMMA 2. Let {I,} be a sequence of intervals and let {U,} be a sequence
of measurable sets such that, for some positive ¢ <1,

3 U.C I, | Ugl =z et I, | I |—0.

Then the set of points which belong to infinitely many of the I, has the same
measure as the set of points which belong to infinitely many of the Uy.
PrROOF. Let

=N UIk, Up=\U Uy, Dp=9—Uy.
K=1 kzK kzK

The lemma states that \U 9, has measure 0. In fact, each 9; has measure 0.

If not, let x, be a density point of 9, in @,. Then since x, € I; for infinitely

many £k, and | [ |—0,

4) L DenIp|\~| 1| as k—oo, x < Iy,

On the other hand, let k&= K. Then 9.\ Uy=¢, so U, and D\ I are dis-
joint subsets of 7. Therefore,

| L Z2| Ukl H DNl ze | I [+ Den Li
or
6 | DenIvl =A—e) [ L], k=K,
contrary to (4).

A transformation of 0=<x<1 into itself is metrically transitive if each
measurable subset which goes into itself under the transformation has measure
0 or 1.

LEMMA 3. For each pair of integers q, s with q=2, the transformation

x-—>qx—i—~;< (mod 1)
is metrically transitive.

PrROOF. Let .7 be a measurable set which goes into itself under this trans-
formation. Then .4 also goes into itself under the v-th iterate x—->q"x+7s
(mod 1). Letting ¢ be the characteristic function of .4, we have ¢(x)=

Ve S
¢<q X+ a )

Suppose | 4| >0. Let x, be a density point of .1, and let I, be the inter-
val of length ¢~ centered at x,, Then
1
qv
Since x, is a density point of 4, and I,—0, the left side is asymptotically | I, |.

| AnLi={ s [ o(q st )dr= o [ o@ar=11L1- |l
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Therefore | 1| =1.
3. PrROOF Oor THEOREM 1. For each prime number p, and each integer
v =1, we consider the approximation

6) J x— ]Z—-J’ <P 0(n) (m,m)=1

and define two increasing sequences of sets J(p") and B(p") as follows:
x e JA(pY) if x satisfies (6) for infinitely many » with pr#;
x e B(p") if x satisfies (6) for infinitely many » with pln.
The sets Ji(p), B(p) are subsets of &. ,
By Lemma 2, since 8(%)— 0 we have | A(p")| =] A(p)|. Therefore the union
J¥(p) of the Ji(p”) also has measure | A(p)|.
If x satisfies (6) with pr#z, then

!px—p7ml<p”5(n), (pm,m)=1.

It follows that the transformation x— px (mod 1) takes A(p") into A(p"*!) and
thus takes 7*(p) into itself. By JA¥(p) has measure 0 or 1. There-
fore _(p) has measure 0 or 1.

A similar argument shows that #(p) has measure 0 or 1. One uses the

transformation x— px-+ -;ﬁ (mod 1): If x satisfies (6) with p| 7, then

7

px—F—l — w_ “ < pro(n), (pm+ s n) =1.

p n p
Should either Ji(p) or #(p) have positive measure for some prime p, then
| €]=1 and the proof is complete. Therefore we may suppose that for all p,
O, | Ap) =0, | B(p)|=0.
Now let c(p) be the set of x for which (2) holds for infinitely many =
with p?| z.
Obviously e=p)Ys(p)\Jc(p). It follows from (7) that for all p,

lel=1cp].
If m, n and x satisfy (2) with p?|#, then

1" p N
Xt ——h‘***‘ < 5(”), (mi—p ,n) =1.
Therefore the set ¢(p) has period %—. Since ¢ differs from Cc(p) by a set of
measure 0, if follows that for each interval 7, of length %,

lenlpl=11p1-1&l.
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Now suppose |&|>0. Let x, be a density point of & Let {I,} be the

sequence of intervals of length L, centered at x,. By the density point theorem,.

y2
lenlp|~|L| as p—co.

Therefore |¢|=1. This completes the proof.
The result of this paper is part of the author’s dissertation, Princeton

(1959). The author wishes to express here his thanks to Professor D.C.
Spencer for his kind encouragement.
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