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Abstract. We study property of Nevanlinna’s deficiency as functions on linear systems
in smooth complex projective algebraic varieties. We give a structure theorem for the set
of deficient divisors. This structure theorem yields that the set of values of deficiency is at
most countable. Moreover, we have a correspondence between the deficiencies and the linear
systems.

Introduction. Since Cartan [C], Weyl-Weyl [W1] and Ahlfors [A] established the clas-
sical theory of holomorphic curves in complex projective spaces, many works have been done
for its generalization in various ways. The aim of this paper is to study the properties of the
deficiencies of holomorphic curves as functions on linear systems on algebraic varieties. We
define the deficiency for the base locus of a linear system by means of the new language in
the value distribution theory for coherent ideal sheaves due to Noguchi-Winkelmann-Yamanoi
[NWY]. We give a structure theorem for the set of deficient divisors and prove that the set of
values of deficiency is at most countable. We also show that the values of deficiency corre-
spond to the families of linear systems with the non-empty base loci.

Let M be a smooth complex projective algebraic variety and L — M an ample line
bundle. For a transcendental holomorphic curve f : C — M, Nevanlinna’s deficiency § s (D)
of f can be regraded as a function on the complete linear system |L|. It is an important
problem to study the structure of the set

{D e |L|;é7(D) >0}

of deficient divisors (cf. Stoll [St, p. 54]). When the dimension of M is greater than one, the
structure of the above set is very complicated. Shiffman constructed a dominant holomorphic
mapping f : C*> — P(C) and linear pencils of lines in P»(C) on which dr(D) is a con-
stant function [Shil]. It follows from this result that there exist algebraically non-degenerate
holomorphic curves in P,(C) with the same property. In his construction, each pencil has
the non-empty base locus. He also considered a proximity function for higher codimensional
subvarieties of a special type. Shiffman’s result is considered to be a prototype of our study
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on defect functions. There have been several contributions from this point of view. Among
these, we are especially interested in works by Ochiai [O] and Nochka [Nc1], [Nc2]. We now
recall their results.

We let I"(M, L) denote the space of all holomorphic sections of L — M and |L| the
complete linear system defined by L. Let W C I"(M, L) be a linear subspace with [p + 1 =
dim W > 2. Denote by A the linear system determined by W, thatis, A = P(W). The linear
system A may have the non-empty base locus. Let D1, ..., Dy be divisors in A such that
D; = (o}) foro; € W. We first give a definition of subgeneral position. Set Q = {1, ..., g}
and take a basis Vo, ..., ¥y, of W. We write

lo
oj = ZCjka
k=0
for each j € Q. For a subset R C Q, we define a matrix Ag by Ar = (k) jeRr,0<k<ly-

DEFINITION 0.1. Let N > [y and g > N + 1. We say that Dy, ..., D, are in N-
subgeneral position in A if

rankAgr =1lp+ 1 foreverysubset RC Q with fR=N+1.
If they are in /p-subgeneral position, we simply say that they are in general position.

The above definition is different from the usual one (cf. [Nol, p.339]). In fact, the
divisors Dy, ..., D, are usually said to be in N-subgeneral position in A provided that

m Dj =0 foreverysubset R C Q with #R=N+1.

jeR
However, the divisors Dy, ..., D, may have a common point when they are in N-subgeneral
position in the sense of Definition 0.1. Thus our definition is weaker than the usual one.
Throughout this paper we use “N-subgeneral position" in the sense of Definition 0.1.

Let f : C — M be a transcendental holomorphic curve that is non-degenerate with
respect to A, namely, the image of f is not contained in the support of any divisor in A. Then
Ochiai showed that there exists a non-negative constant eg such that § (D) defines a function
8r: A — [ep, 1]and the set {D € A; 57(D) > ep} is a null set for the Lebesgue measure of
A. The constant e is given by

eo = limint 7S
r—+oo Tyr(r, L)
where m ¢ (r, A) is a nondecreasing function in r depending on f and A. Now we assume
that Dy, ..., D, € A are in general position. The defect relation

q
> @5(D)) —e0) < (1 —eo)lo+ 1)

j=1
holds under a certain condition on the growth of f. In the classical case where M is a complex
projective space P, (C) and A is the complete linear system of the hyperplane bundle Op, (1),
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we see eg = 0. Hence the classical defect relation is contained in Ochiai’s one. Until now, the
geometric significance of the constant ep has not been understood well. Nochka [Nc1] lately
pointed out that the existence of a subset E(f) of R™ at which the characteristic function
of f has abnormally fast growth gives an influence on deficiencies. In order to avoid this
problem, he introduced a notion of modified deficiency & r(H) for hyperplanes in P,(C)
from an analytic point of view. He improved Ochiai’s theorem in the case where M = P, (C)
and L = Op,(1). In particular, he obtained some remarkable results on the structure of the
set of deficient hyperplanes and gave an example that shows his result is optimal. The works
of Ochiai and Nochka are based on some methods in integral geometry as in [A] and [W1].
In this paper, we will give generalizations of the results of Ochiai and Nochka, especially
theorems concerning the structure of the set of deficient divisors and the set of values of
defect functions as we announced in [Ai]. Our first goal is to give a geometric meaning of the
constant eg. Let Zy be the coherent ideal sheaf of the structure sheaf Oy, over M that defines
the base locus of A as a complex analytic space. We notice here that 7y is a subsheaf of Oy;.
We denote by B, the base locus as a complex analytic space and by Bs A its support, that is,

B = (Supp(Om/Zo), Om/Zo) and Bs A = Supp(Oum/Zo).

We also let m ¢ (r, Zp) denote the proximity function for Zy. Then it is the proximity function
for B4. We define a defect of f for B, by

, I
5/(B) = liminf 7S 20)
’ r—>+oo Ty¢(r, L)
By making use of Crofton type formula, we see
eo=3587(Ba).
This gives us a geometric meaning of eg. In particular, ¢g = 0 if Bs A = . It is worth noting
that there exist f and A with the non-empty base locus such that f does not hit Bs A but

0 < 87(Ba) < 1 (see Section 6). Hence & 7(B4) has a potential theoretical character. We
have then the following inequality of the second main theorem type:

THEOREM 0.2. Let f : C — M be a transcendental holomorphic curve that is non-
degenerate with respect to A and D1, . .., Dy € A divisors in N-subgeneral position. Then
an inequality

q
(@ —2N +1lo— D)(Tf(r, L) —mg(r, 1)) < Z N(r, f*Dj)+ S¢(r)
j=1
holds, where Sy(r) = O(logT¢(r, L)) + O(logr) as r — 400 except on a Borel subset
E C [1, 400) with finite measure.

We let § (D) and s 7(B4) denote modified deficiencies in the sense of Nochka (for the
definition, see Section 4). In general, § /(D) < /(D) and §7(D) = §7(D) if f is of finite
type. We also see that § f(D) = 8 r(Ba) forall D € A. We get the following defect relation
without assuming any growth condition on f.
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THEOREM 0.3. Let A, f and Dy, ..., Dy be as in Theorem 0.2. Then

q
Y Gs(D)) =87(Ba) < (1 =87 (BANCN —lo+1).
j=1
We consider the sets D ¢ and D r of divisors defined by
Df={DeA;8;(D)>8;(Ba)} and Ds={De A;3;(D)>3;(Ba)}.

We can show that © s and D r are P-polar in A. In particular, the Hausdorff dimensions of
those sets are at most 2/p — 2. By making use of the above defect relation, we have a structure
theorem for D f.

THEOREM 0.4. The set 5f is a union of at most countably many linear systems in-
cluded in A.

By the above theorem, we have a family {A ;} of at most countably many linear systems
in Asuchthat®y = Uj Aj. We define £ = {A;} U {A}. Let Sf(A) be the set of values of

the function § A — [0, 1]. Then we can establish the correspondence between the values
iné 7(A) and the subfamilies of £, which is the main result in this paper.

MAIN THEOREM 0.5. The set Sf (A) is an at most countable subset of [0, 1]. For
each a € Sf (A), there exists a unique finite subfamily £, = {A;a)} of £ such that « =
§7(Byw) forall AY € Ly anda # 57(Ba;) forall Aj € £\ La.

J

It is known that holomorphic curves without defect are dense in the space of holomor-
phic curves f : C — P,(C) with respect to a certain kind of topology. Moreover, we can
eliminate all defects of f by a small deformation of f (see [M1] and [M2]). In [O], Ochiai
exhibits an example of § s (B4) = 1. We can show the existence of holomorphic curves with
0 <é7(Ba) < linthe case where M = P,(C)and L = Op,(1).

THEOREM 0.6. Let A C |Op,(1)| and suppose that Bs A # (. Let eq be an arbitrary
positive number less than one. Then there exists an algebraically non-degenerate transcen-
dental holomorphic curve f : C — P, (C) of finite type such that ey = § y(B).

In Sections 1 and 2, we recall some facts in Nevanlinna theory for holomorphic curves
and basic results in value distribution theory for coherent ideal sheaves. In Sections 3 and 4,
we will proved Theorems 0.2 and 0.3. In the proof of Theorem 0.3, we need to give a precise
estimate for the error term in Theorem 0.2. Its proof is somewhat complicated. Hence we
will give the proof in Section 7. By making use of results in Section 4, we give the structure
theorem for the set of deficient divisors in Section 5. The proofs of Theorems 0.4 and 0.5
are based on Nochka’s idea. In Section 6, we prove Theorem 0.6 and discuss the existence of
holomorphic curves with deficiencies.
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1. Preliminaries. We recall some known facts on Nevanlinna theory for holomorphic
curves. For details, see [NO] and [Sh].
Let z be the natural coordinate in C and d° = (v/—1/4m)(d — d). Set

Ar)={ze€C;lzl<r} and CUr)={ze€C;l|z|=7}.

For a (1,1)-current ¢ of order zero on C, we set

4 dt

N(r, ¢) =/1 (0, xam) —
where y (- denotes the characteristic function of A(r). Let M be a projective algebraic
manifold and L — M a positive line bundle over M. We denote by I"(M, L) the space of
all holomorphic sections of L — M. Let |L| = P(I"(M, L)) be the complete linear system
defined by L. Denote by || - || a hermitian fiber metric in L and by w its Chern form. Let
f : C — M be a meromorphic mapping. We set

" dt

Ty(r, L) :/ — fFw,

1t Jaw

and call it the characteristic function of f with respect to L. If
Ty(r,L)

lim inf +o00,
r—~+oo  logr

then f is said to be transcendental. We define the order py of f : C — M by
. log Ty (r, L)
pf =limsup —————.
r—400 IOgr

We notice that the definition of p s is independent of the choice of positive line bundle L —
M. We call f of finite type if py < +o00. Let D = (0) € |L| with [|o|| < 1 on M. Assume
that f(C) is not contained in SuppD. We define the proximity function of D by

mr(r D)—/ lo (;)d_@
A N

Then we have the following first main theorem for holomorphic curves:

THEOREM 1.1. Let L — M be a line bundle over M and let f : C — M be a
nonconstant holomorphic curve. Then

Ty(r,L) = N(r, f*D) +mys(r, D) + O(1)
for D € |L| with f(C) € SuppD, where O(1) stands for a bounded term as r — +00.

Let f and D be as in Theorem 1.1. We define Nevanlinna’s deficiency é s (D) by
, D
5;(D) = liminf 2L D)
r—+oo Tr(r, L)

We have then the defect functions 6y defined on |L|. If § (D) > 0, then D is called
a deficient divisor in the sense of Nevanlinna. Let E = }_; v;p; be an effective divisor on
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C, where v; € Z* and p; € C are distinct points. For a positive integer k, we define the
truncated counting function of E by

Ni(r, E) =) min{k, v;} N(, pj).
j

In general, for an effective divisor D on M, we write Oy (D) for the line bundle deter-
mined by D. We now consider the case where M = P,(C). Let Op, (1) — P, (C) be the
hyperplane bundle over P, (C) and wq the Fubini-Study form on P,(C). In the case where
M = P,(C) and L = Op,(1), we always take wo for w and we simply write T(r) for
Ty (r, Op,(1)). The following form of T (r) is due to Cartan [C]:

do
(1.2) Ty(r) =/ log max |fj(z)|5=+ O(1),
C(r) 0<j=<n 2
where f = (fo, ..., fu) is areduced representation of f. For a meromorphic function f on

C and a point a € P{(C), we write N(r, a, f) for N(r, f*a). We also write m(r, f) for
my(r, 00). Let L — P, (C) be a positive line bundle over P,(C). Then L = Op, (1)®4 for
some positive integer d and D € |L| is a hypersurface of degree d in P, (C). It is clear that

Te(r, L) =dTs(r) + O(1).

We have the following second main theorem for holomorphic curves due to Cartan-
Nochka:

THEOREM 1.3. Let Hy, ..., Hy be hyperplanes in N-subgeneral position in |Op, (1)|.
Let f : C — P, (C) be a nonconstant holomorphic curve that is non-degenerate with respect
to Op,(1). We let Wy denote the Wronskian of f. Then

q
(@—2N+n—DTr(r) <Y NG, f*Hj) = NG, (Wp)o) + S5(r),
j=I1

where
S¢(r) = O(log T¢(r)) + O(log r)

asr — +00 except on a Borel subset E C [1, 400) with finite measure. If f is of finite type,
then E = (.

For a simple proof, see [No2].

REMARK 1.4. The above second main theorem can be written in the following form
that involves the truncated counting function:

q
(q—2N+n—1)Tf(")§ZNn("v f*Hj)+S.f(r)'
j=1
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2. Value distribution theory for coherent ideal sheaves. In this section we recall
some basic facts in value distribution theory for coherent ideal sheaves and give Crofton
type formula needed later. For details, see [Nol, Chapter 2] and [NWY]. We keep the
same notation as in Section 1. Let f : C — M be a holomorphic curve and Z a coher-
ent ideal sheaf of the structure sheaf Oy of M. Let U/ = {U;} be a finite open covering of
M with a partition of unity {n;} subordinate to /. We can assume that there exist finitely
many sections ojx € I'(Uj, ) such that every stalk Z,over p € U; is generated by germs

(0j1)ps -5 (0j1;)p- Set

Lj 172
2
pz(p) = (an(p)z lojk(p)] ) -
j k=1
We take a positive constant C such that Cpz(p) < 1 forall p € M. Set

¢z(p) = —log pz(p)

and call it the proximity potential for Z. It is easy to verify that ¢7 is well defined up to
addition of a bounded continuous function on M. We now define the proximity function
my(r, I) of f forZ, or equivalently, for the complex analytic subspace (may be non-reduced)

Y = (Supp (Om /1), Oum /1),
by
deo
my(r, ) = / fror(x)—
C(r) 2
provided that £(C) is not contained in Supp Y. For zg € f~'(Supp Y), we can choose an
open neighborhood U of zg and a positive integer v such that
[fT=(z~z20)" onU.
Then we see

log p7(f(2)) =vlog|z — zo| + hy(z) for z € U,

where hy is a C*®-function on U. Thus we have the counting functions N(r, f*Z) and
N;(r, f*T) as in Section 1. Moreover, we set

Wz, = —dd°hy on U,

and thus obtain a well-defined smooth (1, 1)-form on C. Define the characteristic function

Ty(r, I) of f forZ by
" dt
Ty (r, I)=/ —/ o1, 1 -
1 Jap

We summarize the basic facts on value distribution theory for coherent ideal sheaves due
to Noguchi-Winkelmann-Yamanoi as follows [NWY, Theorem 2.9]:

THEOREM 2.1. Let f : C — M and I be as above. Then the following hold:
(i) (First Main Theorem) T¢(r, Z) = N(r, f*I) +my(r, ) + O(1).
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(ii) If L — M be an ample line bundle, then T¢(r, I) = O(Ty¢(r, L)).

(iii) Let I and 1> be coherent ideal sheaves. Suppose that f(C) is not contained in
Supp(Op /71 @ I). Then

Tr(r, i L) =Tr(r, T1) + T¢(r, I) + O(1)
and
myg(r, Iy @ Ly) =my(r, Iy) + my(r, In) + O(1) .
(iv) LetZy and 1, and f be as in (iii). If | C I, then
myg(r, In) <myg(r, I1) + O(1).
For a proof, see [NWY, §2].
When 7 defines an effective divisor D on M, we easily see
Tr(r, Z) =Ts(r, Ou(D)) + O(1) and my(r, ) =my(r, D) + O(1).

Let L — M be an ample line bundle and W € I'(M, L) a subspace with dim W > 2.
Let A = P(W). We define a coherent ideal sheaf Zy in the following way: For each p € M,
the stalk Zy, , is generated by all germs o, for 0 € W. Then Z; defines the base locus B4 of
A as a complex analytic subspace, that is,

Bp = (Supp (Om/Zo), Om /o) .

Hence Bs A = Supp(Oyr/Zp). In the case where B4 contains non-zero effective divisor on
M, the sheaf Zy can be written as Zgp = 71 ® Zp. Here 7| defines an effective divisor on
M and codim Supp (Oy/Z2) > 2. Otherwise, put Z; = Oy and we have Zy = I, with
codim Supp (Oy/Z2) > 2. We now give some Crofton type formulas. Let f : C — M
be a nonconstant holomorphic curve that is non-degenerate with respect to A. We fix a basis
{00, ..., 01} for W. We identify A with P;(C) via an isomorphism 7 : A — P;(C) defined
by

I
T:o :choj — (co,...,cl).
j=1
We denote by [o] the elements in P;(C) corresponding to D = (o) in A. For a function g(D)
defined on A, we define the integration of g over A by

/ 9(D)du(D) = / o(T*oDdu(o]),
DeA [o]leP(C)

where w is the invariant measure on P;(C) normalized as u(P;(C)) = 1. Then we have
well-known Crofton’s formula:

THEOREM 2.2. Suppose that Bs A = (. Then

T¢(r, L) = N(r, f*D)du(D) + O0(1).
DeA
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For a proof, see [Shil] and [Shi2]. The assumption Bs A = ¢ is essential in Theorem
2.2. In the case where Bs A # ¢, we have the following generalized Crofton’s formula due to
Ryoichi Kobayashi (see [Nol, Theorem 2.3.28]):

THEOREM 2.3. Suppose that Bs A # W and f(C) € Bs A. Then
/l m s, DYAu(D) = m p(r, ) + O(1),
DeA
and hence

Tr(r, L) = N(r, f*D)Yd(D) +m¢(r, Ip) + O(1).
DeA

For a reader’s convenience, we give a proof here.

PROOF. We first notice that there exists an effective divisor D on M such that L =
Op (D). We write Zgp = 7| ® I, as above. Then Z; defines an effective divisor D; on M.
Take 71 € I'(M, Op(Dy)) so that (1) = D1. We may assume that {0y, ..., 07} is a basis for
W. For each j, we write

oj=11®mn; for n;el'(M, Oy(D— Dy)).

An arbitrary section o € I'(M, L) can be written as

l l
O'=‘E1®<ZC]'T2]'), Zlcj|2=1.
j=0

J=0

Hence

(X Imi(p)?)?

+b(p),
S PP

—logllo(p)ll = —logllz1(P)Il + ¢z, + log

where b(p) is a C*°-function on M. Thus we see

(Xl (f@)P)"? do
N —mitr D > ) o).
myg(r, (0)) =myg(r, D1) +my(r, Ip) +'/C(r) og 1> cin;(f@) 27 +0M

On the other hand, we have
(X1m,2) "
/ log —————
[c1eP/(C) | 22 ¢jmal

where C (/) is a constant depending only on /. In fact, a direct calculation gives

du([o]) = CO),

C(l)—1 1+1+ +1
) 2 !

(see [W1, p.519]). Thus we obtain

/D Amf(r, D)du(D) =my(r, D1) +my(r, Ip) + O(1).
€

This yields our assertion. a
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3. Inequality of the second main theorem type. This section is devoted to giving an
inequality of the second main theorem type for holomorphic curves that gives an improvement
of the results of Ochiai and Nochka.

Let L — M be an ample line bundle and W < I'(M, L) a linear subspace with
dmW =1Ily+ 1 > 2. Let A = P(W) be a linear system included in |L| and Zy the co-
herent ideal sheaf of Oy that defines the base locus of A as a complex analytic subspace B 4.
Let f : C — M be a transcendental holomorphic curve that is non-degenerate with respect to
A. Let v be a positive integer. Here we assume Lemma 4.3 which will be proved in Section
7. We define Sy (r; v) by

Sr(r;v) = Cilogt Tp(r, L) + Calogr + C3logv + Cy,
where Cq, ..., C4 are the positive constants which satisfy the inequality in Lemma 4.3. We

will show the following theorem of the second main theorem type.

THEOREM 3.1. Let f : C — M be a transcendental holomorphic curve that is non-
degenerate with respect to A. Let D1, ..., D, € A be divisors in N-subgeneral position.
Then

q
(g —=2N+1lo— 1) (Ty(r,L) —my(r, Ip)) < ZN(R f*Dj) + Sy(r;v)
j=1
asr — 400 except on a Borel subset E C [1, +00) with finite measure. The exceptional set
E depends on f and v. If f is of finite type, then E = (.

PROOF. Let &4 : M — P(W™) be a natural meromorphic mapping defined by A,
where W* is the dual of W (cf. [NO, p.68]). Then we have the linearly non-degenerate
holomorphic curve

Far=fo®,:C— P(WY.
Let {0, ..., ¥y,} be a basis for W. As in Section 2, we identify A with P;(C) via an
isomorphism 7 : A — P;,(C) defined by

lo
T:a:ZCjwjl—)(Co,---,Clo)-

j=0
Set T(D) = [o] when D = (o). There exists an entire function fy on C such that if we set
(3.2) Y (2) = Yo(f(2)/fo(2),

then ¥ : C — L is a nonvanishing holomorphic mapping. We define nonzero constant entire
functions fi, ..., fi, on C such that

(3.3) Vi(f(2) = fi@¥() for j=1,...,1.

Then there exists an entire function v on C such that { fo/v, . .., fi,/¥} has no common zero
in C. Hence we have a reduced representation

Fa=(fo/¥, .., fi,/¥)
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of Fyp : C — P(W*) = P;,(C). Note that F4 may be a rational mapping.
Let B be the zero divisor of ¢ on C and let Zj be the defining ideal sheaf of B4. Then it
is easy to verify that f*Z is the defining ideal sheaf of B. Hence we have

NG, f*To) = N(r, B) + 0(1).
LetD=(0) e Aand[o] = (co: - :cy). We define a hyperplane Hp in P;,(C) by

Hp :colo+---+ciy4, =0,

where (£, . .., ) is a homogeneous coordinate system in P, (C). Itis easy to see that
3.4 N(r, f*D) = N(r, FxHp) + N(r, f*Zo) + O(1).
Indeed, we write 0 = Z?:o cjyjand[o] = (co:---: cpy). Thus we see

ly lo
(f*0) () = ¥ (2) ( > et (z)/w(z») U() =¥ ( > eifi (z)) v ().

j=0 j=0

This shows (3.4). Define

I ) =12 40
L A) = 1 - &
m(r, A) /C(r) 0g<§)llw](f(z))ll) =

We will show
3.5) T¢(r, L)y = Tr,(r) =N(r, f*Zo) +mys(r, A)+ O(1).
Let w (resp. wp) be the Chern form of L — M (resp. Op, (1) — P;,(C)). By (3.2) and (3.3),

we see
1/2

Iy 1/2 ly
log (Z ||wj(f(z)>||2> = |w(z>|(Z |f,-(z>/w(z>|2) I @)l

j=0 j=0

lo 1/2
- (Z |fj(z)/w(z)|2> V@I Ivo(f @I

j=0
Thus we get

lo 1/2

—1/2 ly
dd‘ log (Z ¥ (f 2)) ||2> = —dd®log [Yo(f ()|l — dd° log (Z | (z)/w(znz)
j=0 j=0
= f*w — Fiawo
forz € C\ f~'(Bs A). Now, by means of Jensen’s formula, we have (3.5).
We next show

3.6) my(r, Io) =myp(r, A)+ O0(1).
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By (3.4), (3.5) and Theorem 2.2, we have

N(r, f*D)du(D) =/ N(r, FyHp)du(Hp) + N(r, f*Zo) + O(1)
HpeP(C)
=Tr,(r)+ N(r, f*Zo) + O(1)

=Ts(r, L)y —mys(r, A)+ O(1).

DeA

On the other hand, by Theorem 2.3, we have

e N(r, f*D)du(D) = Ty¢(r, L) —ms(r, Zy) + O(1).

Hence we get (3.6). By (3.5) and (3.6), we conclude that

(3.7) T¢(r, L) —Tp,(r) =N, *To) + my(r, Lo)
=Tyr(r, Zo) + O(1).

By Theorem 1.3, we obtain
q
(g =2N +1lp— 1)TF,(r) < ZN(r, FyHp;) — N(r, (Wr,)o) + Sk, (r).
j=1

It follows from (3.7) that

q
(g —2N +1lo— 1)(T¢(r, L) — T¢(r, Ip)) < ZN(V, FyHp,) — N(r, (WEy)o) + Sp,(r) .
j=1

By (3.4) and (3.7), we have the following inequality:

M=

(q—=2N+1o— 1) (Ty(r,L) —my(r, Z))) < Y N(r, f*Dj) — N(r, (Wyr,)o) + Sr, (r)

~
I
—-

=

N(r, f*Dj) + Sp,(r).

-

~
I
—-

By Lemma 4.3 below, we have that Sg,(r) < S¢(r;v) forr € [1, +00) \ E, where E :=
E(f;v). For the definition of E(f; v), see Section 4. Therefore, we have our assertion. O

REMARK 3.8. The above inequality of the second main theorem type does not involve
the truncated counting function. If N(r, f*Zy) = o(T¢(r, L)), by the above proof, we see

q
(q—2N+1lo— 1) (Tr(r. L) —my(r. To)) < Y Nig(r. f*Dj) + o(Ts(r, L)).
j=1

In general, it is difficult to give the truncation level for counting functions.
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4. A defect relation. In this section, we deduce the defect relation from Theorem
3.1. We first give the definition of modified deficiency. This modification ensures that a defect
relation is valid without any condition on the growth of f. In what follows, we assume that
f, L and A satisfy the same conditions as in Section 3. We let E(f; v) denote the set of all
r € [1, 4+00) with

1
T, Ly+v<T¢lr+ ———, L),
s f( (Tf(r. L) + v)>2 )
where v is a positive integer. Then the Lebesgue measure |E(f; v)| is finite (see Lemma 7.4),
and E(f; ) C E(f;v1)if vy < v. Set
E(fy= ) E(f;w).
veZt

We call E(f) the exceptional growth set for f. The existence of non-empty E(f) affects on
the deficiency. If E(f; v) = @ for some v, then E(f) = 0. In the case where f is of finite
type, we set E(f) = ). We now define a modified deficiency following Nochka [Ncl1].

We define vth Nevanlinna’s deficiency 6 ¢ (D; v) by

, D
87(D;v) = liminf M .
b Ty(r, L)
rgE(fiv)

Itis clear that § f (D; v2) < 8¢(D; v1) if v1 < v2. We define the modified deficiency of f in
the sense of Nochka by

87(D) =v£r+nooaf(l); V).

It is clear that § (D) < 87(D) and 84(D) = 8¢(D) if f is of finite type. We define a
deficiency 6 ¢ (B4) for B4 by

e
5/(B) = liminf 720
’ r—>+oo T¢(r, L)

We define § £(Ba;v) and Sf(B A) by the same way. We consider the set of divisors
Dr={DeA;8;(D)>8;(Ba)} and Ds={De A;3;(D)>3;(Ba)}.
The following proposition plays an important role in what follows.

PROPOSITION 4.1. The deficiencies 8f(D)(resp.Sf(D)) are not less than §¢(Ba)
(resp. Sf(BA)) forall D € A. The sets © ¢ and D y are null sets in the sense of Lebesgue
measure in A.

PROOF. The assertion for 8 7(D) is proved in [O]. By Theorem 2.2, we have

my(r, D) m ¢ (r, o)
—— ~du(D) = (1 )—.
/DGA Dy D) = (o) L
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Hence
. D . , I
lim inf / mi® D) Dy < timing TLE T
JeEir Ipea Tp(r L) iy Trn L)
This implies

/ 5 1(D; v)du(D) < 8,(By:v).
DeA

Hence, by letting v — 400, we see

/ 87(D)du(D) < 57(By).
DeA
On the other hand, by (3.2) and (3.3), we see
Tr(r, L) = N(r, f*D) = my(r, Io) + O(1),

and hence

my(r, D) m g (r, o)
T L) > (1+0(1))7Tf(r, D

Thus we have Sf (D) > Sf(BA) for all D € A. This shows
/ §7(D)du(D) =§7(By).
DeA

This yields that 1‘5f is a null set in the sense of Lebesgue measure in A. O

We have then the defect function § A= [§ r(Ba), 1]. In the next section we will
give more precise estimate for the size of the sets © s and © y. We now show the following
defect relation:

THEOREM 4.2. Let A, f and Dy, ..., Dy be as in Theorem 3.1. Then

q
Y Gr(D)) =57(Ba) < @N —lo+ D)(1 —57(Ba)).
j=1

Let S, (r) be as in the proof of Theorem 3.1. For the proof of Theorem 4.2, we need the
following estimate for S, (r):

LEMMA 4.3. There exist positive constants C1, . .., C4 independent of v such that the
estimate

SkA(r) < Cilog" Ty (r, L) + Calogr 4+ C3logv + Cy
is valid forr € [1, +00) \ E(f; v).

Note that the exceptional set E(f; v) for S, (r) is independent of a choice of divisors
D;. The definition of the error term Sr,(r) and the proof of Lemma 4.3 are complicated.
Hence we will give the definition of Sr, (r) and will prove Lemma 4.3 in Section 7.
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PROOF OF THEOREM 4.2. By Theorem 3.1 and Lemma 4.3, we see that

! ~ mf(r,Io)> Sy (r; v)

Z my(r, Dj) _ gm ¢ (r, Io)
Tr(r, L)y — Ty(r, L) Tr(r, L) Ty(r, L)

+@N -1y + 1)<1
j=1

for r € [1, 400) \ E(f; v). Now, it follows from the definition of limit inferior that there
exists a sequence {r;} with r; ¢ E(f; v) such that

my @i 20) _ i ™ Z0)
imtoo Tp(ri, L) roex Tp(r, L) -

We can take a subsequence {r;, } of {r;} such that the limit
q
lim myg(ri, Dj)
k—+o00 ot Ty(ry, L)

exists. Then we see

S LT L
rEECf) =1 f(r L)

i my(ri, Dj)
Tr(ry, L)

q q

- . D;
E 8r(Dj;v) < liminf m
j=1

< lim
k——+o00

T iy L
< lim {Lf(r“ O)+(2N—lo+l)<l—w)}
i=+oo | Ty(ri, L) Ty(ri, L)
S¢(ri; v)
i—+oo T¢(ri, L)
=q87(Ba;v) + 2N —lo+ (1 = §7(A; ).

+

This yields that

q
D Gr(Dj;v) =8£(Basv) < @N —lo+ (1 —57(A; ),
j=1

Thus, by letting v — 400, we have the desired conclusion. O

5. The set of deficient divisors. In this section we consider the sets of deficient di-
visors. We give theorems concerning structures of those sets that are our main theorems. Let
L — M be an ample line bundle and W C I'(M, L) asubspace withdim W = [p+1 > 2. Set
A = P(W). Let f : C — M be a transcendental holomorphic curve that is non-degenerate
with respect to A. We define the sets D s and D 7 as in Section 4. In Section 4 we see that
those sets are null sets in the sense of Lebesgue measure. By making use of Sadullaev’s
method [S1], we give an improvement of Proposition 4.1.

DEFINITION 5.1. A subset S of A is said to be P-polar in A provided that, for any
coordinate chart (U, ¢) in A, there exists a plurisubharmonic function v on ¢ (U) € C lo with
v#E—ocoand ¢p(SNU) = {v = —o0}.
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THEOREM 5.2. The sets D y and 5f are P-polar sets in A. In particular, the Haus-
dorff dimensions of those sets are at most 2lg — 2.

PROOF. Take a basis {vo, ..., ¥} of W. We identify A with P;,(C) via an isomor-
phism T : A — P;,(C) defined by

lo
T:o:ZCjajH (cos -, Clp) -

j=1
Let (¢o : - -+ : &,) be a homogeneous coordinate system in P;,(C). We take the coordinate
open set Uy by
Uc={:-:4y) € A; & #0} for k=0,...,1

and the local coordinate system

K e (b k) _ (%o Ck—1 Ck+1 4]
g()—(sl S ey 10)_<é‘_k’.“7§‘—k7é‘—k’.'.’é‘_:> fOreaCh k

Let D € T~!(Uy) defined by leozo ¢ = 0. Then there exists a plurisubharmonic function
v (r, €0Y in Uy such that

(5.3) N(r, f*D) = vi(r, %) + 5, W),

where sy (€ (k)) is an L!-function in Uy. Indeed, by Jensen’s formula, we see

N(r, f*D):/ log

(r)

lo

do
chwj(f(z))‘z— +0(1).
X T
Jj=0
We define vy (r, £) by

ve(r, £0) = / log
C(r)

lo
¢; do
> Ly, (f(z))‘g :
) Ck
It is clear that v (r, £®) is a plurisubharmonic function in Uy. If we set
k@) = NG, f*D) —u(r, £V,
we have (5.3). We now write v (r, D) for v (r, £ and s (D) for s (£0). It follows from
Theorem 2.3 and (5.3) that
(5.4) T/(, L) = / w(r, DYAp(D) +m (r, To) + O(1).
DeA

By Proposition 4.1 and (5.3), we see

. N(r, f*D) _ . v (r, D)
limsup ———— =limsup ———
r—+00 Tf(r, L) r—+400 Tf(r, L)

<1—-37(Ba)
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for D € T~ (Uy). Because of (5.4), there exists at least one D € T~ (Uy) such that

, D
vk (D) :=lim sup M
r—+o0 T'r(r, L)

=1-68;(Ba).

By the maximal principle for plurisubharmonic functions, the regularization v} (D) of v (D)
is identically equal to 1 — § 7 (B4). It follows from Lelong’s theorem that the set

T(® ) N U ={T(D) € Uy; v (D) < vi(D)}

is a P-polar set in Uy (cf. e.g., [S2, §12]). This yields that D is a P-polar set in A, and
hence the Newton capacity of ® ¢ is zero. Thus we see that the Hausdorff dimension of D ¢
does not exceed 2ly — 2 (see [HK, Theorem 5.13]). We also have the assertion for D 7 by the
method similar to the above. O

We next give a structure theorem for ’E)f. In what follows, we consider points in A as
zero-dimensional linear systems included in A. For a sufficiently small positive number ¢, set

De=1{DeA:5;(D)=>57(Ba)+e).
Then it is clear that

5, =5,

e>0

THEOREM 5.5. The set 353 is a union of finitely many linear systems included in A.
In particular, the set ® y is a union of at most countably many linear systems in A.

For a proof, we first show a lemma. Let V be an (I + 1)-dimensional complex vector
space and X' a subset of V. We say that X' is of maximal rank if §¥ > [ + 1 and any distinct
! + 1 vectors ay, ..., a4+ in X are linearly independent.

LEMMA 5.6. Let S be an infinite subset of V that generates V over C. Suppose that
there exists a positive integer do such that X < do if X C S is of maximal rank. Then there
exist finitely many proper linear subspaces Vi, ..., Vs of V such that

SCViu-..uUV;.

PROOF OF LEMMA 5.6. Let G = {S,} be the family of all sets of maximal rank con-
tained in S. Since G # @ and §X, < dp for X, € G, there exists an element X in S such
that 41X, < gX forall X, € &. Now, we let U (X) denote the union of all distinct linear sub-
spaces of codimension one in V spanned by distinct / vectors in X. We claim that S C U(X).
Assume the contrary. Then there exists a vector a € § that is not contained in U (X). Since
the vector a cannot be written as a linear combination of any / linearly independent vectors
in U(X), we see that X' U {a} is of maximal rank. Hence X U {a} € &. This contradicts
the choice of X'. Hence S € U(X). Since U (X)) is the union of finitely many proper linear
subspaces of V, we have our assertion. O
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PROOF OF THEOREM 5.5. In the case where ti358 is finite, our assertion trivially holds,
that is, D, is a union of finitely many zero dimensional linear systems in A. We consider
the case where 55 is an infinite set. Let S(¢) := {0 € W; (0) € 333} and denote by /1 + 1
the dimension of the linear space W' generated by S(¢) over C. Now, we consider the linear
system A’ := P(W’). By Theorem 2.1 and Proposition 4.1, we see that

87(Ba) < 85(Ba) < 87(D)

forall D € A" If§7(Ba) + & < 87(By), then A’ C D,. Hence we have D, = A. By
Proposition 4.1, we see A’ C A. We suppose that

Sp(Ba) <87(Ba)+e.

Let X' be an arbitrary set of maximal rank contained in S(¢) and let Dy, ..., D, be divisors
such that D; = (o) with o; € X. We now apply Theorem 4.2 for f and A’. Then we have

q
> @p(Dj) =8;(Ba)) < (h+ (1= 57(Ba)).
j=1

Thus we see that ge < (I; + 1)(1 — § (B 4/)), and hence
g <1+ DA —5p(Ba)/e.
If we denote by dj the largest integer that does not exceed
(I1+ 1A =387(Ba))/e

then the cardinality of any set of maximal rank contained in S(¢) is less than dp. Hence by
Lemma 5.6, there exist proper linear subspaces W1, ..., W, of W’ such that

SEe) SWiU---UWs.
If W; C S(e) forall j, we have
SEe)=WiU---UWs.

We consider the case where W; \ S(¢) is non-empty for some j. In this case, we will
show that we can eliminate sections o € W; \ §(¢) if we replace the linear subspace W; by a
finite sets of proper linear subspaces of W;. By a suitable change of indices, we assume that
Wi\S(e) #@Pforj=1,...,s1and W; € S(¢) for j =s1+1,...,s. For j =1,...,51,
let W]’. be the linear subspace of W’ generated by S(¢) N W; over C. Then it is clear that

(5.7) S(e) SWiU---UW  UWg 41 U---UW;.
IfW} C S(¢e)for j =1,..., sy, then we have
S(e)=WjU---UW UWg 1 U---UW.

We consider the case where W]’. \ S(¢) is non-empty for some j. We may assume that W]’. \
S(e) #Wforj=1,...,s0and WJ’. C S(e)for j =s2+1,...,51. Since S(¢) N W; generates
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W} over C, by using the above argument, we obtain finitely many proper linear subspaces
Wl(j), e Wt(/.j) of Wj/. such that

Senwicw?u-..u W}J.f’.

We replace W]/.in (5.7) by Wl(j) U---u Wt(/.j) for j =1, ..., s2 and obtain

52
s < | JW U UWI) U, U UW ) U (W1 U U W)
j=1
Note that
dim W, < dim W
forall j =1,...,s2andk =1,...,¢;. If Wk(j) \ S(¢) is non-empty for some j and k, we
repeat this argument. Since dim Wj’. is finite and each replacement of the linear subspace by a

finite set of linear subspaces decreases the dimension of the initial subspace, we finally obtain
finitely many proper linear subspaces X1, ..., Xy, Y1, ..., ¥;, of W such that

Se)=X1U---UuX,uriu..-uy,,
wheredimX; =1forj=1,...,fy anddimY; > 2fork =1, ..., . This yields that there

exist finitely many linear systems Aj, ..., A, in A such that
- m
D.=J4;.
j=1
Since ® r = Unez+ ol /n, We see that D f is a union of at most countably many linear
systems in A. a

We next consider the set of values of the defect function § £ A — [0, 1]. We will show
that the set of values of & 7 is a countable set.

THEOREM 5.8. Let f : C — M be a transcendental holomorphic curve that is non-
degenerate with respect to A. Then the set of values of modified deficiency of f is at most a
countable subset of [0, 1].

PROOF. We consider the set
Dim={DeA;5;(D)>8:(Ba)+1/n}.

For the proof, we first show that {8 f(D); D € 351 /n} 1s a finite set for each integer n > 2.
We will give the proof by induction on the dimension of A. We first consider the case where
dim A = 1. In this case we see A = P1(C). Now, by Theorem 4.2, we see that 51/,1 is a
finite set of points in A. Hence the cardinality of the set {§ f(D); D e o /n} 18 finite. Suppose
that the above assertion is true for dim A < [y. Let us consider the case dim A = [y. It follows
from Theorem 5.5 that the set 351 /n 18 a union of finitely many linear systems Ay, ..., A, in
A. Since dim A; < [p for all j, by applying the hypothesis of induction for A;, we easily
see that {§ f(D); D € 51 /n} is a finite set. Thus we conclude that the cardinality of the
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set {8 f(D); D € D 1/n} is always finite. This yields that the set of values of H 7 is at most
countable. o

We next show that the set of values of § 7 corresponds to the family of linear systems
in A. Let f be as in Theorem 5.8. By Theorem 5.5, there exist at most countably many
linear systems {A;} in A such that © 5 = Uj Aj. Define £ = {A;} U {A}. We call £ the

fundamental family of linear systems for f. For A" € £, we denote by § £ (A”) the set of values
of Sf on A’, that is, Sf(A’) = {Sf(D) ; D € A’}. Then we have the following theorem:

THEOREM 5.9. Let f be as in Theorem 5.8 and £ the fundamental family of linear
systems for f. Then, for each o € Sf (A), there exists a unique finite subfamily £, = {A;a)}
of £ such that

o= Sf(BA;oc)) for all A;“) € Ly
and
a #8p(Bay) forall Aje L\ L.
Furthermore, there exists a union €; of at most countably many linear systems in £ such that
87(D) = Sf(BA</_M) forall D€ Aj\ €.

In particular, the closure of the inverse image S;l () is a union of finitely many linear systems
in L.

PROOF. Leta € Sf(A). Then there exists a positive integer n such that that 5;1 (o) is

included in @1 /n- Since 51 /n 1 a union of finitely many linear systems in £, we can take
finitely many linear systems AE“), e Afa) with o = Sf(BAm) for j = 1,...,t. Hence if
j

A; e Land A; AE.“) for all j, then « is not in Sf(Ai). We apply Theorem 5.5 for the linear

system A;a) and obtain at most countable linear systems {A}} included in A;a) such that

_ 3 (o) ’
o« =5p(D) forall De A \(UAk).
k

On the other hand, by Proposition 4.1, we see that s f(B A(”)) =34 (D) for almost all D €
J

AS.“). This yields that o = Sf(BA@). Note that A} = AE.“) N Ag for Ay € £. Therefore we

have our assertion. ! O

Note that §7(D) > §(B}) forall D € €;.

COROLLARY 5.10. Ifo(D) > Sf(BA)f()r a divisor D in A, then there exists a linear
system Ap included in A such that Sf(D) = Sf(BAD).

REMARK 5.11. Let £ be an arbitrary at most countable family of linear systems in
|Op, (1)|. Nochka [Nc2] give a condition under which £’ is the fundamental family of linear
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systems for a holomorphic curve f : C — P,(C). He also give a method for constructing f
and the fundamental family £ for f from an arbitrary given £'.

6. The existence of holomorphic curves with deficiencies for base loci. The exis-
tence of holomorphic curves with positive deficiencies is a nontrivial matter. In this section,
we discuss the existence of holomorphic curves with deficiencies. Throughout this section,
we consider holomorphic curves in complex projective spaces. We first give an example of
linear system A and holomorphic curve f with 0 < §7(Ba) < 1. The following example is
due to Noguchi [Nol, Example 2.3.29].

EXAMPLE 6.1. Let (g, ¢1, ¢2) be a homogeneous coordinate system in P»(C) and
W a subspace of I"(P>(C), Op, (1)) generated by ¢; and ¢». Then Bs A = {(1,0, 0)}. We
define an algebraically non-degenerate holomorphic curve f : C — P»(C) by

f@) =, e e,
where c is a positive number greater than one. In this case, we have
1 <|§0|2 +167 + I§2|2)

—lo 5 5 .
2 [S11% + 1221

Then, a direct calculation gives us the following:

o1, =

1
Tr(r) = %r +001) and my(r, Ip) = ;r +0().

Hence we have § s (B4) = 1/c. We notice that f does not hit the base locus.

In this example, f does not hit the non-empty base locus of A but0 < §¢(B4) < 1. In
[AM], we proved a theorem on the existence of holomorphic curves with deficiencies in the
case where L = Op, (D)®4 for an arbitrary positive integer d. In fact, we have the following
theorem [AM, Theorem 3.2]:

THEOREM 6.2. Let D € IOpn(1)®d|. There exists a positive constant A(D) with
M(D) < d depending only on D that satisfies the following property: Let o be a positive
real number such that « < A(D)/d. Then there exists an algebraically non-degenerate holo-
morphic curve f : C — P, (C) such that § y(D) = a.

The proof of the above theorem is based on the classical theory of entire functions, espe-
cially Valiron’s theorem on entire function of order zero. The resulting holomorphic curves f
in Theorem 6.2 is of order zero. Hence § s (D) = Sf(D). By making use of Theorem 6.2, we
have the following proposition:

PROPOSITION 6.3. Let ey be a positive constant less than one. Then there exist an
algebraically non-degenerate transcendental holomorphic curve f : C — P,(C) and a
linear system A in |Op, (1)®d| such that § f(Bp) = e.

PrROOF. Wecantake D € |Op, (1)®?] such that A(D) = d(cf. [AM, Remark 3.7]). By
Theorem 6.2, we have a transcendental holomorphic curve f : C — P,(C) of order zero



308 Y. AIHARA

such that 6 s (D) = ep. Hence, by Theorem 5.9, there exists a linear system A included in
|Op, (1)®?| such that § ;(Ba) = ep. O

Let A C |Op, (1)®?| be a linear system with the non-empty base locus. We will show the
existence of holomorphic curves with 0 < §¢(B4) < 1. We will give a proof by constructing
a holomorphic curve with the desired property. We recall some known facts on exponential
curves. Let f : C — P,(C) be a nonconstant holomorphic curve defined by

(6.4) f (@) = (expapz, ..., expayz),
where ag, ..., a, are complex numbers. We denote by Cy the circumference of the convex
polygon spanned by the set {ay, ..., a,}. If the convex polygon reduces to the segment with

the end points with a; and ax, then we see Cy = 2|a; — ax|. Let H be a hyperplane in P, (C)
defined by

n
H:Lz) =) ajij=0 (a,....0,€C),
j=0

where { = (§o : -+ : ) is a homogeneous coordinate system in P, (C). We define the set
Ju of index by Jg = {j;a; # 0}. Let Cr g be the circumference of the convex polygon
spanned by the set {a; ; j € Jg}. According to [A] and [W2], we have

C
(6.5) Tr(r) = =L r + 0(1).
2
We have a simple proof of (6.5) by using Crofton’s formula (see [Shi3, p. 630]). The following
lemma is also due to Weyl [W2, pp. 95-98]:
LEMMA 6.6. Let f and H be as above. Then the deficiency of f for H is given by

C f.H
Se(H)y=1— ——.
£ Cr
Furthermore, the constant C s, g depends only on f and Jg.
For a reader’s convenience, we introduce the proof of this lemma by Toda [T].

PROOF. We first assume that all a}s are non-zero. Take hyperplanes Hy, . .., H, so that
H; = {¢; =0}. Then Hy, ..., H,, H are in general position. By Theorem 1.3,

n

D 8p(Hy) +8p(H) <n+1.

j=0
Since 6 (H;) = 1for j =0,...,n, we have § y(H) = 0. Next, we assume that ot j, # 0 for
0<jo<- < jm=<nanda; =0forj# jo,...,jm. Wedefineg: C — P,(C)by
g = (expaj,z,...,expa;,z). By (6.5), we have

Ty(r) = %r+ o).
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This shows C; = Cy . Hence Cy, i depends only on the index set {j; a; # 0}. We now
regard H as a hyperplane in P,, (C) by the natural way. Then we have §,(H) = 0. Hence we
see

NG f*H
8f(H):1—limsupM

r—400 Ty (r)
. N(r, g"H) Ty(r)
=1—-limsup ———
ro+oo  Tg(r)  Ty(r)
C
—1-LH
Cr
This completes the proof. a

For brevity, we consider the case where d = 1.

THEOREM 6.7. Let A € |Op,(1)| and eg an arbitrary positive number less than one.
Suppose Bs A # (. Then there exists an algebraically non-degenerate transcendental holo-
morphic curve f : C — P, (C) of finite type such that ey = §y(B4).

PROOF. Let W be a subspace of I'(P,(C), Op, (1)) such that A = P(W). Since
Bs A # (J, we may assume that W is generated by ¢p,..., ¢ with 1 < I < n. Take an
exponential curve f defined by (6.4). Since Bs A # §J, each H € A is defined by

!

D ejgi=0 with 1<l<n-—1.

j=0
For an arbitrary positive number e less than one, we can choose {a;}_ such that o; # 0
forall j and 1 — (Cf,u/Cy) = eo. Hence, we have 6 s(H) = eq. Since we can take {ozj};?zo
such that o; # o fori # j, we have the algebraically non-degenerate holomorphic curve f.
By Lemma 6.6, if a; # O for all j, then we see Cy, g is a constant independent of H. This
implies

t
eo=387(H) forall H e A\(UAI->,

i=1

where Aq, ..., A; are finitely many proper linear systems included in A. On the other hand,
by Proposition 4.1, we see §(H) = 67(B4) for almost all H € A. This yields that e¢g =
87 (Ba). O

By the above proof, we have the following corollary:

COROLLARY 6.8. Let A be as above. Then there exists a transcendental holomorphic
curve f : C — P, (C) non-degenerate with respect to A such that the set of values of 6y is
a finite set {e;} with 0 < e; < 1. Furthermore, there exist finitely many linear systems {A ;}
included in A such that

Sp(H)=e; forall HeAj\<UAjk>,
k
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where { A } are linear systems included in A .

7. Appendix. The proof of Lemma 4.3. In this section we give the proof of Lemma
4.3. We keep the same notation as in the proof of Theorem 3.1. We first give the definition of
Sr, (r) (cf. [No2, p. 344] and [Shi2, p. 558]). We take a basis {¢y, . . ., ¢,} for W and have the
isomorphism P (W) = P, (C) through the basis. Take a reduced representation (fo, . .., fi,)
of Fs. Let L;(¢) be linear forms on P (W) such that

Hp, = {L;(§) =0}
for j = 1,..., q. We may assume that fy # 0. Set

uj(z) = Lj(f(2)/fo(z)

forj=1,...,q.LetQ ={1,...,q}and J C Q with §J = lp+ 1. We define the logarithmic
Wronskian A(uj; j € J) by

1 1
, 1
h jl()+1
uj U jig+1
Awj; jel)y=| . . . ,
w0
uj U jio+1
where J = {j1, ..., jip+1}. Then we define the error term Sf, (r) by
2
do
S = lo Alui; je @] )—.
£ (r) /O g( Yo 1AWy )(z)|> =
JCO, tI=ly+1

If F4 is rational, then it is easy to see that
Sp,(r) =0()
as r — +o00. From now on, we assume that F'4 is transcendental.

LEMMA 7.1. Letuj be as above. Then
T(r,uj)+00) =Tr,(r) =Ty(r, L) + O(1)
forj=1,...,q.
PROOF. By (1.2), we have

do
T = 1 () — +0Q).
Fa(r) /C " ogorsnjaglolfj ()] 7 +0(1)

By making use of this representation and (3.5), we easily see our assertion. O

We now recall the Lemma on logarithmic derivative due to Nevanlinna (cf. [N, p. 61]):
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LEMMA 7.2. Let u be a meromorphic function on C and 1 <r < R. Then
/
1
m<r, ”—) < 4log" T,(R) + 3log" ——— +4log R+ 24+
u —r

where cy is a positive constant that depends only on u.

When u is of finite type, as in [N, p. 61], we have that

M/
m<r, —) < @+4p)logr +8p+32+cy
u
forr € [1, 4+00), where
. log 7,,(r)
o =limsup ———.
r—>+o0 logr
Hence there exist positive constants c1, c2, c3 such that

/
(7.3) m<r, M—) <cylog" T, (r) + calogr + 3
u

for all r € [1,400). Now, we assume that u is not of finite type. In this case, we cannot
give the estimate (7.3) for all r € [1, 400). Indeed, there exists a meromorphic function for
which the estimate (7.3) does not hold for all » € [1, 4+00). For example, see [GO, p.92].
To get the estimate of type (7.3), we use the following Borel-Nevanlinna type lemma due to
Gol’dberg-Ostrovskii [GO, p. 90]:

LEMMA 7.4. Let v be a positive integer. Then there exists a Borel subset E(f; v) of
[1, +00) with the finite Lebesgue measure such that

1
Tf(i” +

W’L) <Tr(r.L)+v
forallr € [1, +00) \ E(f; v).

We can give a proof of Lemma 7.4 by using a standard argument in Nevanlinna theory
(see [GO, Chapter 3]). Hence we omit the proof here. Now we consider an estimate for the
logarithmic derivative of u; that is not of finite type. By making use of Lemmas 7.2 and 7.4,
we have the following estimate:

LEMMA 7.5. Suppose that uj is not of finite type. Then there exist positive constants
Cl,...,Cq4 such that
u'.
m<r, —J) <cilogt Ty (r, L) + c2logr + c3logv + c4
Mj X
asr — +oo except on E(f; v). Furthermore, c1, ..., c4 are independent of v.

PROOF. Letu = ujand R =r + 1/(Ty(r, L) + v)? in Lemma 7.2. Suppose that
r &€ E(f;v). Then by Lemmas 7.1 and 7.4, we have

( u/f'><41 +, <+ ! )
mlr, =) <4lo r+ —————
u & (T7(r. L) + )2
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1
+3logt(Tr(r, L) + v)> + 41og* - _
og" (Ty(r, L) +v) og r+(Tf(r’L) )z + cu;

1
+
= 4o 14 g )

3log™ (T¢(r, L 2 4 410g” - _
+3log" (Ty(r, L) +v)” + 4log r+(Tf(r,L)+V)2 + cu;

4logt (T (r, L) +v) + 3log" (T (r, L) + v)* + 4log" 2r + ¢y,
101og™ Tf(r, L) + 4logr 4 101logv + 10log2 + ¢, .

IA

A

Hence, if we put ¢y = 10, ¢ = 4, ¢c3 = 10 and ¢4 = 10log2 + Cujs then we have our
assertion. O

By making use of Lemma 7.5, we have the following estimate (cf. [NO, p.227]):

LEMMA 7.6. Letk be a positive integer. Then

(k)
u-.
7.7 m(r, uJ—J) < cik) log™ Ty(r, L) + cék) logr + cgk) logv + cik)
forr €[1, 4+00) \ E(f; v), where cik), e cik) are positive constants independent of v.

PROOF. We will show (7.7) and
(78)  Tw@)<(k+DTp(r, L)+ cik) log"™ Ty(r, L) + cék) logr + cgk) logv + cik)
J

by induction on k. Let r € [1, 400) \ E(r; v). We consider the case where k = 1. Lemma
7.5 implies (7.7) for k = 1. By Lemma 7.5, we see that

Iy ()= 1+ DN(r, 00,uj) +m(r, ) +0(1)

/

u
< 2N(r,00,u;) +m(r,u;) +m<r, —]> +0()
u

J
< 2T,;(r) +ci log® Ty(r, L) + c2logr + c3logv + ¢4
< 2T¢(r, L) +cilogt Ty(r, L) + c2logr + c3logv + ¢4 .
Hence we have
Tu; (r) <2T¢(r,L) + 1 log™ Tr(r,L) +calogr +c3logv +c4.
Thus, we have (7.8) for k = 1. O

Next, we assume that (7.7) and (7.8) hold for k with k > 1. We consider the case where
k 4+ 1. We will show (7.8) for k 4 1. By the hypothesis of induction,

®
u.
m(r, uy <mruj) + m(r, L)
J u

j
<m(r,uj)+ cik) log™ Tr(r, L) + cék) logr + cgk) logv + cf‘k) .
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Hence we have
TM(‘k+|>(r) < (k+2)N(r,00,uj) +m(r,uj) +c, ) logJr T¢(r, L) + c(k) logr + c(k) logv + c(k)
J

<k +2)Ts(r, L) + P log" Ty (r, L) + P logr + P logv + ¢

Thus (7.8) is proved for k + 1. Next, we notice that
(k+1) (k+1) (k)

Uj Uj

m\ r, <m|r, +mlr,— ).
U (k) U
J u; J

By Lemma 7.2 and (7.8), as in the proof of Lemma 7.5, we see that
(k+1)
m(r, © ) <cylog" Ty(r, L) + chlogr + clogv + ¢,
Uj

where c/l, e, cg are positive constants independent of v. Hence we have

(k+1)

u.
()
uj
< (&} 4+ ) logt Tr(r, L) + (¢ + ) logr + (¢ + c§) logv + (¢ + ¢ .

This gives us (7.7) for k 4+ 1. Therefore, we have the desired conclusion. O

Now, we can give an estimate for Sr, (r) as follows:
LEMMA 7.9. There exist positive constants C1, ..., Cq such that
Sk, (r) < Cilogt Ty(r, L) + Calogr + C3logv + Cy
forr € [1, 4+00) \ E(f; v). The constants C1, ..., C4 are independent of v.
PROOF. Letr € [1, +00) \ E(f;v). Then, we have
URCEREDS /2” log | A(u; j < DI

JSO, dJ=ly+1
(k)

>

JCO.8=lp+1 jeJ k=1
<Cilogt Tr(r, L)+ Calogr + Cslogv + Cy.

) +0()

This gives us the desired conclusion. g

Therefore, we have completed the proof of Lemma 4.3.
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