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Abstract. We study entire solutions of a two-component competition system with
Lotka-Volterra type nonlinearity in a lattice. It is known that this system has traveling wave
front solutions and enjoys comparison principle. Based on these solutions, we construct some
new entire solutions which behave as two traveling wave fronts moving towards each other
from both sides of x-axis.

1. Introduction. We are concerned with the following Lotka-Volterra competition
system in a one-dimensional lattice:

du ;
—L =di(ujs1 +ujo —2up) +ru (1 —buj —axv;),
dt
(1.1) o
d_tj =dry(Wjy1 +vj_1 —2v;) + v (1 — bavj —ajuj),

where u; = u;(t),v; =v;(t),t € R, j € Z, the parameters a;, b;, d; and r; are all positive
numbers for i = 1, 2. This model is often used to describe the competing interaction of two
species living in a discrete habitat. Here u () and v;(¢) stand for the populations of two
species at time ¢ and niches j, respectively. Thus we only consider that both u ;(¢) and v; (¢)
are nonnegative. The parameter a; is the competition coefficient, 1/b; is the carrying capacity,
d; is the diffusion coefficient and r; is the birth rate of species i, i = 1, 2.

By a suitable rescaling,

dit —>t, biuj—>uj;, buw;—vj,
and by letting
a=ri/dy, b=nr/d, d=dy/di, k=a/by, h=a/by,

the system (1.1) becomes the following system:

duj
— = (uj+1 +uji—1 —2uj)—|—auj(1 —Uuj —kvj),
dt
(1.2) b
d—tf =d(jp1 +vj_1 —2v;) +bvj(1 —v; — huj),

2000 Mathematics Subject Classification. Primary 34K05; Secondary 34A34, 34K60, 34E05.

Key words and phrases. Lattice dynamical system, entire solution, traveling wave front, wave speed.

This work was partially supported by the National Science Council of the Republic of China under the grant
NSC 97-2115-M-003-001.



18 J.-S. GUO AND C.-H. WU

wheret € R, j € Z and a,b,d, h,k > 0. Henceforth we shall consider the system (1.2)
throughout this paper.
For solutions (1, vj) = (u, v) forall j € Z of (1.2), the system (1.2) is reduced to

d d
d—?:au(l—u—kv), d—?:bv(l—v—hu).

Then by a phase plane analysis we have the following asymptotic behaviors as t — +-o00:

(i) If0 <k <1 < h,thenlim;— 4o0(u, v)() = (1, 0) (the species u wins).

(1) IfO0<h <1 <k, thenlim;— 4o0(u, v)() = (0, 1) (the species v wins).

(i) If h,k > 1, then lim;— 4o (u, v)(t) = (0, 1) or (1, 0) (depending on the initial
data).

@(iv) If0 < h,k < 1, then lim;— 4 5o (1, v)(¢t) = ((1 — k) /(1 — hk), (1 — h)/(1 — hk))
(two species coexist).
Note that the case (ii) can be reduced to the case (i) by exchanging the roles of # and v.

When 0 < k < 1 < h, the species u is stronger than v, hence the species u invades v
and eventually v will be extinct. It is interesting to know how the stronger species invades
the weaker one. To understand the invading phenomenon between two species, the study
of entire solutions is an important issue. Here an entire solution of (1.2) means a classical
solution defined for all (j,t) € Z x R.

A solution {(uj, v;)} of (1.2) is called a traveling wave (front) solution of (1.2) connect-
ing (0, 1) and (1, 0) with speed c, if

(wj@),vj@) =UE),V(E), §&:=j+ct
for some function (U, V) satisfying

cU'(€) = D2lUE)] +aU@B[ - UE) —kV(E)], & € R,
V() =dDalVE)]+bVENL = V() —hU®)], £ € R,
U, V)(=00) = (0, 1), (U, V)(+00) =(1,0),
0<U,V<lonR,

where Dr[w(€)] (= wE 4+ 1) + w(E — 1) — 2w(&) for w = U, V. The existence and
uniqueness of traveling wave solution of (1.2) has been established in [6] for the case (i). Note
that traveling wave solutions connecting (0, 1) and (1, 0) are entire solutions which provide
the invading phenomenon. The purpose of this article is to establish the existence of two-front
entire solutions of (1.2) which behave as two traveling fronts moving towards each other from
both sides of space axis. This provides another invasion way of the stronger species to the
weaker one.

In fact, the study of two-front entire solutions of reaction-diffusion equations can be
traced back to the works of Hamel-Nadirashvili [7] and Yagisita [18] (also see [3], [5], [1],
[14]). Among other things, these works established the existence of entire solutions with
some combinations of two traveling wave solutions. Here, again, an entire solution means
a classical solution defined for all (x,¢) € RZ. Recently, Morita-Tachibana [15] extend the

(1.3)
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results of scalar equations to a competition system. More precisely, under some conditions,
they prove that there are two-front entire solutions which behave as a traveling waves solution
(¢ (x +c11), ¥ (x +c11)) in the right x-axis and (¢ (—x + c2t), ¥ (—x + 1)) in the left x-axis
when ¢ — —oo for the following competition system:

Uy = ey +u(l —u —kv), (x,1) € R?,

(1.4)
v = dvyy + bv(l —v — hu), (x,1) € R?

for the cases (i) through (iii). For the study of traveling wave solutions to (1.4), we refer the
reader to, e.g., [17,4, 2, 16, 8,9, 10, 11, 12, 13].

Motivated by the work of [15], it is very natural to expect that (1.2) also has two-front
entire solutions based on the existence of traveling wave solutions. Therefore, we are looking
for a solution {(u(¢), v;(¢))} whichis defined forall j € Z andt € R and is a combination of
two traveling wave front solutions of (1.2). For this, we embed the system (1.2) into a larger
one:

(1.5)

u;(x,t) = Dolu(x,t)] + au(x,t)[1 —u(x,t) — kv(x,1)],
vi(x,t) =dDolv(x, )] + bv(x, )[1 —v(x,t) — hu(x, )],

where (x, 1) € R? and Dy[w(x, )] := w(x + 1,1) + w(x — 1,1) — 2w(x, t) for w = u, v.
Note that the traveling wave front solution of (1.2) and (1.5) are identical. In this paper, we
shall only focus on the case (i) and make the following assumption

(Al) 0<k<l<h,a>0,b>0andd > 0.

In [15], the following assumption is crucial in constructing two-front entire solutions,
namely, there is a positive number 7 such that
(1.6) % >no forall £ <O0.
Also, they provide some conditions via the eigenvalues of the linearized system around equi-
libria (0, 1) and (1, 0) to assure (1.6) holds. Fortunately, the condition (1.6) also holds for our
lattice dynamical system (1.2). Indeed, it is proved in [6] that the limit

L= lim U@/ - VE)

exists and is equal to either O or a positive number. Moreover, under the extra condition
0 < d < 1, we can be sure that [ > 0 (see [6, Remark 3.1]). From now on, we shall only
consider the traveling wave solutions satisfying (1.6).

Since the comparison principle also holds for our competition system, we can apply the
same argument as in [15] to construct two-front entire solutions by the help of a pair of super-
and subsolution. We establish the following result.

THEOREM 1. Assume (Al). Let (ci, U;, V;) be a solution of (1.3) satisfying (1.6) and
let 0; be a given constant, i = 1,2. Then there exists an entire solution (u(x,t), v(x,t)) €
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0, 1) x (0, 1) of (1.5) such that

lim sup  {lu(x,t) —Ui(x +c1t +61)| + |v(x, 1) — Vi(x + c1t + 61)]|}
(17) T Faz@—at/2

=0,

lim sup  {lu(x,t) — Uza(=x +c2t + 6)| + |v(x, 1) — Va(=x + 2t +62)]}
(1.8) 1= =0 x<(cy—en)t/2

=0,
(1.9) ti‘?mf‘;ﬁ{“ —u(x, )| +v(x, )]} =0.

We organize this article as follows. In the next section, we recall some results from [6]
on the asymptotic behaviors of traveling waves. With these asymptotic behaviors, the main
theorem will be proven in Section 3.

2. Preliminaries. For convenience, we set w(x, t) := 1—wv(x, t). Thus (1.5) becomes
the following (P):
ur = Dolu] +aull —u — k(1 —w)],
wy =dDr[w] +b(1 —w)(hu — w) .
Then, by setting W := 1 — V, (1.3) is equivalent to
cU' = Dr[Ul 4+ aU[l = U — k(1 — W)],
cW =dDy[W]+b(1 — W)(hU — W),
(U, W)(=00) =(0,0), (U, W)(+o0)=(1,1),
0<U, W<Il.

Q2.1

In [6], we proved that there is a minimal speed cpmin > 0 such that (2.1) admits a solution
(U, W) if and only if ¢ > cpin. Thus, both ¢; and ¢, in Theorem 1 are positive. Moreover,
any wave profile is strictly monotone. That is, U/ > 0 and W/ > 0 on R fori = 1,2. On the
other hand, we also derive the asymptotic behavior of the traveling wave front of (2.1).
Define

(2.2) Di(c,))i=ch—[(e"+e > =2)+a(l —k)].

It is easy to see that for each

C > Cy = min

A>0

{el—l—e’\—Z—i—a(l—k)}
. >0,

the equation @1 (c, A) = 0 has exactly two real roots A;(c), i = 1,2, with 0 < A1(c) < A2(c);
for ¢ = ¢, @1(c, &) = 0 has a unique real root A, > 0. Next, we also define
Ui(e,A):=ch—d +e*=2)—b(1—h),
Yr(c,\) :=ch — (e)‘ +et— 2)+a.



ENTIRE SOLUTIONS FOR A TWO-COMPONENT COMPETITION SYSTEM 21

For any ¢ > 0, ¥1(c, A) = 0 has only one negative root, denoted by v;(c); ¥2(c, 1) = 0 also
has only one negative root for any ¢ > 0, denoted by vz (c).

LEMMA 2.1. Assume (Al) and let (c, U, W) be a solution of (2.1) satisfying (1.6).
Then

(2.3) im V© _ A(c) = lim v'e) ,
gE—>—o0 W(§) g—>—o0 U(§)
. W'
(2.4) sEToo T—we —vi(c),
. ue
(2.5) sBToo T—ueE - —vp(c),
(2.6) L=WE) _ g foran £ e Rforsome K >0,

1=UE) —
where A(c) € {r1(c), A2(c)} and vo(c) € {vi(c), v2(0)}.
The proof of Lemma 2.1 can be found in [6, Lemmas 3.2 and 3.4 through 3.7]. As a

consequence, we get the following estimates which we need in the proof of Theorem 1.

LEMMA 2.2. Assume (Al) and let (c;, U;, W;) be a solution of (2.1) satisfying (1.6),
i = 1, 2. Then there exist positive numbers (1, m and M such that

2.7) 0 < Uji(€) < MeM? | forall £ <1,
(2.8) 0< W) <M, forall € <1,
Ui (&)
2.9) m< -t <M, foral& <1,
Ui(§) /
(2.10) m<w<M forall &€ <1
' Wi T -
Ui (&)
2.11 m<-—>-"_ <M, foral £§>—-1,
@10 Sioue =M frale
(2.12) m<&<M forall &£ > —1
' STewe - -

PROOF. (2.7) through (2.10) follow from (2.3). By (2.4) and (2.5), we obtain (2.11) and
(2.12). |
Note that (2.11) and (U;, Ul./)(—oo) = (0, 0) imply that there exists n > 0 such that

1-U;
(2.13) ﬂq, i=1,2

1-U§) ~—
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forall £ € Rand s € [—1, 1], since we have

M:exp{_/SJrS&d} i=1.2
£

—U® —um
Similarly, there exists y > 0 such that
U.
(2.14) MSV, =12
Ui(é)

forall £ € R and s € [—1, 1]. Note that, in (2.13) and (2.14), U; can be replaced by W;,
i=1,2.

3. Proof of Theorem 1. The following three lemmas are key steps in the proof of
Theorem 1.

LEMMA 3.1. Let (c;, U;j, W;) be a solution of (2.1) satisfying (1.6), i = 1,2, and
define
Ay, p) =Ui1(y + ppWa(=y + p)[1 — Ua(=y + p)Il1 — Wi(y + p)],
B(y, p) :=Ux(=y+ p)Wi(—=y + p)[1 = Ui1(y + p)Il1 — Wa(—y + p)],
C(y,p):=Uj(y+ p)ll = Ua(=y + pl+ Us(=y + p)[1 = U1(y + p)].

Then there exists N > 0 such that, for any given p < 0,

(3.1 A(y, p) < Ne"'PC(y, p) forevery y € R,
(3.2) B(y, p) < Ne"'PC(y, p) forevery y e R.
PROOF. Since the proofs of (3.1) and (3.2) are similar, we only show (3.1). We divide
R into four intervals, (—oo, p], [p, 0], [0, —p] and [—p, +00). For y € (—o0, p], by using
(2.6), (2.11) and (2.7), we obtain
AQ,P) _ A(y, p)
C(y,p) ~ Uy(=y+ p)ll =Ui(y + p)]
1= WO+p) L =Ua(=y+p)
T 1-U(+p Uy=y+p
< NiU(y + p) < Naelt?

Wa(=y +p)Ui(y + p)

for some Ny, N> > 0.
For y € [p, 0], by (2.6), (1.6), (2.9) and (2.7), we have

AQ.P) _ A(y, p)

C(y,p) ~ Uy(=y+ p)l = Ui(y + p)]
1 =Wi(y+ p) Wa(=y + p) Uza(=y + p)
1=Ui(y +p) Us(=y+ p) Us(=y + p)
< N3Ui(y + p) < Ngel'?

[1—Ux(=y+ p)lUi1(y + p)

for some N3, Ny > 0.
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For y € [0, —p], using (2.9) and (2.8), we obtain
AP AQ. ) < NsWa(—y + p) < Nee?
Cly.p) — Uy + pll = Ua(=y + p)]
for some Ns, Ng > 0.
For y € [—p, +00), by (2.6), (2.11) and (2.8), we have
A, P) _ A(y, p)
C(y,p) ~ Uiy + p)ll = Ua(=y + p)]
I =Wily+p 1 -Ui(y+p)
S 1-Uiy+p) Ujy+p)
< N7Wa(=y + p) < Nge!'?

for some N7, Ng > 0. Then (3.1) follows by taking N = max{N2, N4, Ne¢, Ng} and the lemma

Ui(y + pWa(=y + p)

follows. O
LEMMA 3.2. Let (c;, Ui, W;) be a solution of (2.1) satisfying (1.6), i = 1,2. We
define

D(y, p) :=[U1(y + 1+ p) = Ui (y + p)llU2(=y + p) = Ua(=y — 1 + p)],
E(y,p):=[U1(y +p) —Ui(y =1+ pllUa(=y + 1+ p) = Va(=y + p)]
while we define C(y, p) as in Lemma 3.1. Then there exists No > 0 such that, for any given
p < 0, we have
(3.3) D(y, p) < Noe"'?C(y, p) forevery y € R,
(3.4 E(y, p) < Noe"'PC(y, p) forevery y € R.
PROOF. Since the proofs (3.3) and (3.4) are similar, we only prove (3.3). For y > —p,
there are 1(y), n2(y) € (0, 1) and Ly > 0 such that
D(y.p) _Ui0+m+pUyy—m+p _UiG+m+p U=y —m+p)
C(y,p) C(y,p) T Uy+p 1-Ux(=y+p
<{ Uiy +m+p) 1—U1(y+m+p)1—U1(y+P)}U§(—y—nz+p)
“=-Uiy+m+p 1-Ui(y+p) Uiy +p) 1 —U»(0)
<LUy(=y —m+p),
where the last inequality follows from (2.11) and (2.13). It then follows from (2.7) and (2.9)
that

D )
DOP) L Ug(—y = ma 4+ p) < LaLaMe™? .
C(y,p)

For y € [0, —p], there exists L3 > 0 such that
D(y,p) Uy+m+pUy(=y—m+p)
C(y, p) C(y, p)
<{U{(y+n1 +p) Ui(y +n1+ p) U1(y+p)}U§(—y—nz+p)
“\Ui+m+p Uy+p UGy+p) 1 —U2(0)
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< L3Uy(=y —m+p),

where the last inequality follows from (2.9) and (2.14). Again, by (2.7) and (2.9), we obtain
D(y, p)/C(y, p) < LagMeMP for some Lg > 0. Thus, (3.3) holds for all y > 0.

For y < 0, we divide it to the cases y € [p,0] and y € (—o0, p]. By using the same
argument, (3.3) also holds for all y < 0. Thus, we complete the proof of this lemma. O

LEMMA 3.3. Let (¢i, Ui, W;) be a solution of (2.1) satisfying (1.6),i = 1,2. Then
there exists N1 > 0 such that, for any given p < 0, we have

F(y,p), G(,p), H(y, p)<Nie""?I(y,p) forevery y e R,

where

F(y,p) :=[Wi(y+1+p)— Wiy + plIW2(=y + p) = Wa(=y -1+ p)],
G(y,p) =Wy +p) = Wiy =1L+ p)l[Wa(=y + 1+ p) — Wa(=y + p)],
H(y, p) := Wi(y + pyWa(=y + p)[1 = Wi(y + p)I[1 — Wa(=y + p)],

1(y, p) == Wi(y + p)[1 = Wa(=y + p)] + Wy (=y + p)[1 = Wi(y + p)].

PROOF. This lemma is proved by using Lemma 2.2. Since the proof is similar to those
of Lemmas 3.1 and 3.2, we omit the details. O

By the transformation y = x + (c1 — ¢2)t/2, we define (u(y, 1), w(y, 1)) = (u(x, 1),
w(x, t)). Then (P) becomes (Q):

cl1—C 2
’/lt"‘( > )uy=Dz[u]+f(u,w), (y.1) € R”,

Cl1 — C
wt+( 12 2>wy=d02[w]+g(u,w), (.1 € R?,

where f(u, w) :=au[l —u — k(1 —w)] and g(u, w) := b(1 — w)(hu — w).
We call (u™, w™) a subsolution of (Q) for (y,t) € R x [Ty, Ta] if F1(u™, w™) <0 and
Fo(u™,w™) <O0forall (y,7) € R x [Ty, T>], where

1 —C2
2
1 —C2

2

Fi(u, w) := u,~|—( )uy—Dz[u]—f(u,w),

Fa(u, w) := w; + < )wy_dDZ[w]_g(l/l,UJ).

Similarly, a supersolution (u™, w*) is defined by reversing the above inequalities.
Next, we introduce the following initial value problem:

Pt = (Cl ;Q) + LefP® 4 <0,

p0) =po <0,
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where 1 > 0 is defined in Lemma 2.2 and L > 0 is to be determined. Then the solution can
be easily obtained as

c1+c2
2

1 2L
lim {mn-(ﬁﬂ :——ln{e_“”’“—i- }<0.
t—>—00 2 ni S )

The following equalities are useful in the subsequent estimates:

p(t) = Po+<

Note that

f— Lln 14+ 2L eMPo(] — e(Cl"‘CZ)H«lt/z) <0,1<0.
(c1+c2) -

fluy +uz —uyuz, wy +wz — wiwz) — (1 —uz) f(uy, wy)
= (1 =uyp) f(uz, wa)

=a(ui+uz —upu2)[(1 —u)(1 —uz) — k(1 — w1 —wy)]

(3.5) —aur(1 —u)[1 —uy — k(1 —wy)]
—aux(1 —u)[1 —uz — k(1 —wy)]

= af{—ujuzr(1 —u)(1 —uz) —k(ui +uz —uju2)(1 —wi)(l — wy)
+hu (1 —u2)(1 — wy) + kua(1 —up) (1 — w)},

(3.6) g(ur +ur —uiuz, w1 + w2 —wiwz) — (I —w2)gui, wi) — (1 —wy)g(uz, wa)
=bwiwa(1 — w1 —wz) — bhuuz(1 — w)(1 —wy).

PROOF OF THEOREM 1. Without loss of generality, it suffices to consider the case
when 6; = 0, = §, where

1 2L
(3.7 8= ——ln{e“‘po—i- } <0,
751 c1+c2

n1 > 0is defined in Lemma 2.2 and L > 0 is to be determined. Indeed, the case for general
01 and 6; can be reduced by a suitable space and time shift to the case 8] = 6, = §. The detail
can be seen in [5].
We now claim that (u™*, w*) defined by
ut(y,1) = Ui(y + p@) + Ua(—y + p()) — Ui(y + p(t)U2(—y + p(1)),
wh(y, 1) == Wi(y 4+ p(0) + Wa(—y + p()) = Wi(y + p(1)) Wa(=y + p(1))
is a supersolution of (Q) for y € R and ¢ < 0, where (U;, W;) solves (2.1),i =1, 2.
Note that
Fiut, wh)

1 —C2

=p' (Ol = U)U; + (1 = UnU;] + ( )[(1 - U)U; — (1 = UnU;]
—D>[U1] — D2[Uz] + D2 [UVWUz] — f(Uy + Uy — UyUz, Wi + W — Wi W)

= {p’(t) - (%)}[(1 — UpU| + (1 — UDUJ)
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+HUI(y + 1+ p@) = Ui(y + p)[U2(=y — 1+ p(1)) — Ua(—=y + p(1))]
+HUI(y + p(0) = Ui(y = 1 + p)[U2(=y + p(1)) — Ua(=y + 1+ p(1))]
—fU1 + Uz = UyUz, Wi + W — W W)
+(1 = U2) f(Ur, W) + (1 = U1) f (U2, W2) .
We now estimate the last three terms of the above equality. From (3.5),
SW1+ U= UiUz, Wy + Wy = W1 Wa) — (1 = Up) f (U1, Wi)
= (1 =U)f(U2, W2)
< ak[Ui(1 — Up)(1 — W) + Ua2(1 = Up)(1 — Wa)
— W1+ U= UiUy)(1 = W1 — Wa)]
= ak[UyWa(1 — W)(1 = U2) + U2 Wi (1 = Up)(1 — W)
—UiUx(1 = W1 — W2)]
< ak[UiWo(1 = W) = Uz) + U2 Wi (1 = Upn)(1 — Wa)].
It follows that
Fiwt,wh)
> Le!PO[(1 = Un)U{ + (1 = UNU3] = D(y, p(1)) = E(y, p(®)
—ak[UiWa(1 = W)(1 = U2) + U2 Wi (1 = Up)(1 = W2)]
_co. p(t)){Le/“P(’) _ DG pO)+EG. p1) _  AG. p0) + B, p(®) } 7
C(y, p(®)) Cly, p(0)

where A, B, C, D and E are defined as in Lemmas 3.1 and 3.2. Therefore, by Lemmas 3.1
and 3.2, there exist N > 0 such that

Fiwt, wh) > C(y, p){Le"P? —2NeH1PD — 2k Net1P1)

forall y € R and ¢ < 0. Therefore, by choosing L > 2N -+2akN, we obtain Fi(u™t, wt) > 0
forall y € R and ¢ < 0. Next, by Lemma 3.3, (3.6) and by choosing L > 1, we can derive
that F2(ut, wt) > 0 for y € R and ¢ < 0 by the same argument as above. Hence (u™, w™)
is a supersolution of (Q) for a fixed large L > 0.

Similarly, the pair (1™, w™) defined by

_ c1+c c1+c
u=(y, 1) :=max{U1<y+%t—i—S),Uz(—y—i-%t—i-S)},

w (y,t) :=max{W1<y+cl;c2t+5>,Wz<—y+¥t+5>}

is a subsolution of (Q), where § is defined in (3.7) and L is fixed as in the supersolution. Note
that u=(y, ) < ut(y,t) and w™(y,t) < wr(y,t) forall y € R and t < 0. Moreover, we
have

lim sup[u®(y,t) —u (y,1)] =0= lim sup[w'(y,t) —w (y,1)].

t—>—OOyER t_)_ooyeR
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Since our system enjoys the comparison principle, we can apply the method in [15] to find a
solution (u(y,t), w(y,t)) suchthat u~ < u < ut and w™ < w < w' forall y € R and
t < 0. Then the asymptotic behaviors (1.7) and (1.8) hold, since (u(y, t), w(y, t)) is still a
solution after time shift. Finally, note that the subsolution (¥, w™) is defined for all t € R
and

lim sup[l—u (y,1)]=0= . liT sup[l —w™ (y,1)].

t—>+ooyER — OoyeR

Therefore, since (4, w) can be extended to all + > 0, we can derive (1.9) and the proof of
Theorem 1 is completed. O
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