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1. Introduction. This paper is concerned with the problem of determin-
ing necessary and sufficient conditions that a linear operator is the in-
finitesimal generator of a semi-group of bounded linear operators. The first
results in this direction were published independently by E. Hille [2]? and
K. Yosida [10] for sz2mi-groups of opzrators satisfying the following condi-
tions :

(c) T(&) is strongly continuous at & = 0,

(c2) T(E) <1+ BE for sufficiently small & where 3 is a constant.

Their results were later generalized to semi-groups of operators
satisfying only the condition (¢,) by R.S. Phillips [8] and the present author
[4], independently. Further this result has been generalized to strongly
measurable semi-groups of operators by W.Feller [1]. R.S. Phillips [9] and
the present author [5] have recently given necessary and sufficient condi-
tionsthat a given operator generates a semi-group of class (1, A) or of class
(1, C). In the present paper we give a necessary and sufficient condition
that a given operator generates a semi-group of class (0, A) or of class (0,

Ca).

2. Definitions and preliminary theorems. Let {T(§); 0 <& < o} be
a semi-group of operators satisfying the following conditions :

(a) For each &, 0 <& < oo, T(§) is a bounded linear operator from a
complex Banach space X into itself and

2.1 T(E + n) = TET(n) for £,7 =0,
T(0) = I( = the identity).
(b) T(&) is strongly measurable on (0, ) (see [2, Definition 3. 3. 2]).

1
(©) f [ TE)x dE < o for each x € X.
0

A consequence of (@) and (b) is that 7(§) is strongly continuous for &
>0 (see [3] and [7]). If T(E) satisfies the condition

@) }\im A f e M T(E)xd(E) = x for each x € X,
o aad

then T'(¥) is said to be of class (0, A). If, instead of (d), T(§¥) satisfies the

*) This paper is the continuation of the paper with the same title in this Journal,
vol. 6 (1954).

1) Numbers in brackets refer to the references at the end of this paper.
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stronger condition

e) 11;31 av-"”f (r— &1 T(ExdE = x  for each x € X,
0
then T(&) is said to be of class (0, C,). If (c) is replaced by the stronger con-
dition

©) f T(E) df < oo,

then these classes become (1, A) and (1, Cs), respectively.

DEFINITION. The operator A, which is defined by
@.2) Ay = lim -1 [T(h) — Ix
n>0 h

whenever the limit on the right hand side exists, is said to be the infinitesimal
generator of {T(£); 0 < & < o},

It follows from (d) that if T'(£) is a semi-group of class (0, A), the
domain of A, is dense in X (see [5] or [9]). We denote by A the smallest
closed linear extension of the infinitesimal generator A, which is called Zke
complete infinitesimal generator (c.i.g.).

Since | T(£) | is lower semi-continuous, log | T(£) is a measurable sub-
additive function. Then it follows that

Wy = glof log T() /€= lg‘i log T(®) /&,

where — c0c < wy < o [2, Theorem 6.6.1].
We shall now define R(n; A), for each A with #N)? > w,, by

@.3) RO A)x = f oM T'(E)x dE for each x € X.

0

It is clear that this integral converges absolutely for A with R(\) > wq.

THEOREM 2.1 For each A with RQ\) > wy, R\; A) is a bounded linear
operator on X into itself with the following properties :
RO\; A) A — Ap)x =% for each x € D(A,)»,
A—AYRA; Ax = x for each x such that

lim 71 f TExdE = x.
750 .
0

For the proof of this theorem, see [5] or [9].
The following theorems are due to R.S.Phillips [9].

THEOREM 2.2 If {T(£);0 < £ < o} is of class (0,A), then there exists the
complete infinitesimal generator A whose resolvent is R(\; A) for N with RQ)

2) R (r) denotes the real part of A.
3) The notation D(B) denotes the domain of the operator B.
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> .
THEOREM 2.3 If f(&) € B([0, d])® for every finite d and if

f e 1) |do < 0

0
Sfor some real w, then

i -af Ew : (= D" "™ iy 3) =
}\EB ¢ ~ nln+1! Fo Q) =7©
at all points & such that

[ r® st an =i~ oD,
§
and hence forgalmost all £, where

Fo) = [ etree
0
and F™ (\) denotes the n-th derivative of F(\). If f(§) is continuous in some
open interval, then this limit exists uniformly in every compact subinterval.

3. Generation of semi-groups of operators. We shall consider the
problem for the generation of semi-groups, namely, what properties should
an operator A possess in order that it is the c.i.g. of a semi-group of a
given class?

Since £-llog | T(§) tends to a finite limit or to — oo as & > co (see sec-
tion 2) and we can always replace {T(¥);0 < & < oo} by the equivalent semi-
group ot operators {e-*{ T(§);0 < £ < oo}, we may assume without loss of
generality that

f TEx dE < oo for each x € X.
0

THEOREM 3.1 A mnecessary and sufficient condition that a closed linear
operator A is the c.i.g. of a semi-group {T(£);0 < & < o} of class (0, A) with

f T®x| dE < o for each x € X, is that
0

(i) the spectrum of A is located in R(\) <0,
(ii) D(A) is a dense linear subset in X,
(iii) there exists a finite positive constant M such that
AR A) =M
Jfor all real A =1, where R\; A) is the resolvent of A,

4) A function f (5)70; [Oidi into X is said to belong to B([0,d]) if f(§) is strongly
@

measurable in [0, d] andf 1£(®) |dE< oo,

0
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(iv) there exists a non-negative function f(E, x) defined on the product space
0, ©) x X having the following properties :
@) for each x € X, f(€, x) is continuous for & >0 and is integrable on
(0, o),
®) IR®XA; A = (—1FF® (N, %)
Sor each x € X, all real N >0 and all integers k=0, where F(\, x) is
defined by

Fou ) = [ er(E, s
0
Sfor each x € X and for all A >0, and R® (\; A), F® (A, x) denote the k-
th derivative of R(\; A), F(\, x) with respect to N, respectively.
Then TE)x <f(&, x) for each x < X and for all £ >0, and
TE)x = iim exp E(— A+ M RA; A)x
Soo

for each x € X and for all & > 0.
PROOF. Suppose that {T(£);0 < & < oo} is of class (0, A) with f T(E)x' dE
0

< oo for each x € X. We shall define R(A; A) for each A >0 by
3.1) RO A)x = f e T(E)x dE for each x € X.
0

Then it follows from Theorem 2.2 that R(\; A) is the resolvent of the c.i. g.
A for all A with R(A) >0, from which we get the property (i). As we. have
already remarked, the domain of the infinitesimal generator is dense in X,
so that D(A) is dense in X. The property (iii) is immediately obtained from
the strong Abel-ergodicity of TY(£)(the condition (d)) and the uniform boun-
dedness theorem [2, Theorem 2.12.2]. Finally we have, for each x € X,

R® (A5 Ay = (— 1) [ e B T(E)x dE

Y

0
for all real A >0 and for all integers 2=0. Setting f(£,x) = TEx|, we
obtain the property (iv).
Conversely, suppose that the conditions (i)-(iv) are satisfied. Since A is
a closed linear operator, we get by (i)

(3.2 {(X—A)R(X;A)xzx for x € X,
) RN;A)(A— A= x for x € D(A).

Hence we obtain the functional equation

3.3 R A) — R(u; A) = —(A — WR(A; A)R(u; A),

so that
RE&DQA;A)=(—1F"1(k—1)'[RN; A)J.
Since by the definition of F(\, x)
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(—~1Fen o0 = [ et psE D,
0
we have

N, o
3.4 DRO A = 2y [ et pa

o
for k=1,2,....and for each x € X. Let us put, for any real A >0,

3.5  TAE) = exp& — A+ NROA: A)) = exp ( — 7\5)20‘ R AF.
It follows from (3.4) and (3 5) that

T(Ex ez +e Agz(x@_]m@ Ay

- : N AEYer1 -
3.6) <eMx te )\skz:k '((kg—|— 1y f e~ pf f (n, X)dn

0

g . ( l)k: (7\5 é: o+ 1 -

=e™N'x t+e Z——k'(k+1)' F® (\, x).
Since, for each x € X, f(§, %) is continuous for & >0 and is integrable on
(0, 00), it follows from Theorem 2. 3 that f,(£, x) converges uniformly to A&, %)
in every closed interval [€, 1/€], & >0, where

f )\(E x) = e- )\EZ ;(ﬁi_l_)k(mf)’c ! F® (A, x).

Thus, for each x € X and & > 0, there exists a positive constant M., such
that

sup S X)) =M.,

AZL,1/ezEZe
so that by (3.6)
sup  TW@x = % + M

A21,1/exb=e
We obtain by the uniform boundedness theorem [2, Theorem 2.12.2] that
3.7 Ale}/lgEZ_ TNE) =M. < o

for each &€ > 0.
By the condition (iii) and (3.2)

ARMG Ay — x' = | ROV A)Ax ) < %mx[s

for x € D(A), so that we get by (ii) and (iii)
3.8) Alim I ARN; A)x—x[ =0
o0

for all x € X. It follows from (3.2) that [AR(A; A) — 112x = [R(\; A)]? A2x for
x € D(A?), Where D(A?) = {x; x € D(A) and Ax € D(A)}, and hence we obtain
by (iii)

3.9 |DRO A) -~ 1 x < 0|
Now, for each & >0,
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A
13O — Tu@x = [ -2 (T.E)dy

®

A
- —¢ f TUENL — vR(v; A)Px dv,

I3
and therefore by (3.7) and (3.9)

A
T T s A [

M
for x € D(A?%), where & is a number such that 0 < € <& <1/& Thus the
limit }im TA\&)x exists for x € D(A?).

~>00
On the other hand it follows from (3.2), (3.8) and (ii) that D(A?) is
dense in X. Since by (3.7)
sup Ty&) =M.
AZ

for all £ such that 0 < &€ <& <1/&, the limit lim Ta\(&)x exists for all x €
A>eo

X and for all £ >0, which we denote by T(&)x. Since T\(§) is a semi-group
of bounded linear operators strongly continuous on (0, <o), T(§) is strongly
measurable on & >0. We have by (3.7)
| T\ET\(px — T(EYT ()%

= TN [ Tamx —Tpx .+ T(n) ' TNEx — T(E)x"

S M A Tapx — Tnx! + | TE)x — TE)x '},
where € is a positive number such that E<#<1/& and § < £ <1/&. Thus
we get for each x € X

i‘;ﬂ TNET\(n)x = TET(7)x,

so that {T(£);0 < & < oo} is a semi-group of bounded linear operators, where
T() = 1. Accordingly, {T(¥);0 <& < o} is strongly continuous for & >0.
By (3.6)
r > ’f:)k 1

j | TW(E)x | dE < —i- X, f 2 A 1) e~k f(n x)dn dE
0

0

(3.10) 4 =l 5+ f eSO py 0 ay

0

= tx o+ [ s man
0

We have by the Fatou lemma

TE)x| dE < f (&, HdE < oo

for each x € X.
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We now define R\; A), for each A with R(A) >0, by

oo

3.11) RO\; A)x = [ e M T(E)xdE

0
for each x € X. From the definition of TW(£), we have
£

Tugor— TiEr= | og Tu@wde
;

1

ER
= Jf TAE VRN ; A) — v dE
El

- ["n@nro; Han
for x € D(A). Since, by (3. 7; and (3.8), TW&)ARMN; A)Ax] > T(E)Ax bound-

edly in every finite interval 0 < & <& =& < oo, we obtain for 0< § <&,
<

Eﬂ
(3.12) T(E)x — T(Ex = f T(E)Ax dE
f1

for x € D(A). Let x € D(A*?), then

& o
T\(&)x = x4+ E[AR(\; A)Ax] + f f TA(T) MR\ ; A)EA2x dr do
0

0
and hence, by (3.10) and (iii),

£ e
TAE% — 5 — ENRO; AVAX < ARN; A) * f [ f | Ty A2z | d'r:|da
0 0

=< M?f [%— | Az 4 f S, Azx)dn].
0
Passing to the limit with A we obtain

"T(E)x — x— EAx < MPE [ f(n, A2x) dy

0
for x € D(A?). It follows that lgim T(Ex = x for x € D(A%), and also by (3.12)
>0
dT(E)x/dE = T(E)Ax for € > 0. Thus, by (3.11), we have for x € D(A%) and
for large A >0
RO\; A)Ax = f e T(E)Ax dE = f e"\%%%)d{?
0 0
= [ TE + 2 f =% T(E)x dE

0

= — x4+ AR ; A,
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so that by (3.2)
RA;AY(AM— A)x = Rv; AY(L — A)x
for x € D(A?).

Now for A >0, (A — A)D(A?) = D(A) by (3.2). Hence R(»; A)x = R(\; A)x
on the set D(A) dense in X and therefore R(\;A)= R(\;A) for large A >
0. Thus we get R(\:A)= R(\;A) for A >0 by the first resolvent equation.
As we have already observed, lim AR\ ; A)x = x for all x € X, and hence it

Ao

follows that {T(£);0 < & < o} is a semi-group of class (0, A) withf T (E)x
0

df < o for each x<€ X. By Theorem 2.2 R(\:A) is the resolvent of the
c.i.g. A of T(§), and then we get
{(X—A3R(X;A)x:x for x € X,

RA; A — A=« for x € D(A).
Since R(\; A)[X] = D(A) by (3.2) and R(\; A)[X] = D(A) by (3.13), we have
D(A) = D(A). Again, by (3.2) and (3.13),

AR ; A)Ax = AR(\; A) Ax = AR\ ; A)Ax
for x € D(A) = D(A), and therefore A = A by (3.8).
Finally, applying Theorem 2.3, we have by (3.6)

(3.14) 1TEx | =S %
for each x € X and & > 0. This concludes the proof of Theorem 3.1.

COROLLARY 3.1 If in Theorem 3.1 f(E,x) =f(E)i|x! for each x € X, where

(3.13)

S(&) is continuous for &€ >0 and f f(E)dn < oo, then {T(§);0< &< o} is of
0

class (1, A) with f T(E)' dE < oo, In particular, for bounded f(£),{T(E);0 <
0

& < oo} is a semi-group of operators such that T(E) is strongly continuous at
E=0.
Proor. Since the first part is obvious by (3.14), it remains to prove
the second part. If fI€) < M, then by (3.14) we have  T(§¥) | <M for all &
> 0. By the definition of R(\; A), %im TERMN; A)x = R(v; A)x for all x &€
=0

X, and R\; A)[X] = R\ ; A)[X] = D(A) is dense in X. It now follows fromu
the Banach-Steinhaus theorem that lirgl T(E)x = x for all x€X.
&>

THEOREM 3.2 Let a be a positive integer. A necessary and sufficient con-
dition that a semi-group of class (0, A) is of class (0,Cs), is that there exist
real numbers M >0 and o =0 such that

‘ k-a+1

{ « Z (“k'—__(—k:'i)—!—MX—f-w;A)]”i{§.M

(3.15)  sup | k=1 k—a+1) a+1—19)

A> 0, kza
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where R(A; A) is defined by (2.3).

In case of @ =1 this theorem is due to R.S.Phillips [9] and the present
author [5], and the general case is due to the present author [6]. In par-

ticular, if f | T(E)x 'dE < oo for all x€ X or | T(E)|< M’ for sufficiently
0

large £, then (3.15) may be replaced by

| k—a+1

=

sup
A>0, k2w

. a (B — 9)! .
HE—1)(k—a+1) 21 (b —a + 1 — iy MEOAL
From Theorems 3.1 and 3.2, we get the following

THEOREM 3.3 Let « be a positive integer. A necessary and sufficient con-
dition that a closed linear operator A is the c.i.g. of a semi-group {T(£);0

<& < o} of class (0,Ca) with f TE)x||dE < o for each x€ X, is that
0

(i)  the spectrum of A is located in R(\) <0,
(ii") D(A) is a dense linear subset in X,
(iii") there exists a real number M >0 such that
{ P ;.-_§1 (k—i)!
RE—1)(k—a+1) =~ (Ek—a+1—1i
for all real N >0 and for all integers k= a, where R(\; A) is the resolvent
of A,
(iv’) there exists a non-negative function f(§€, x) defined on the product
space (0, 0) X X having the following properties :
@”)) for each x € X, f(§, x) is continuous for & >0 and is integrable
on (0, o),
®”) R (N; A)x! < (— 1 F® (A, x)
for each x € X, all real A\ >0 and all integers k=0, where F(A, x) is
defined by

[AR(A; A)J ‘[ =M

FO\, %) = f oS (8, )dE
0
for each x € X and for all A >0, and R®(\;A), F® (A, x) denote the k-th
derivative of R(\;A), F\, x) with respect to N, respectively.
If {T(£);0 <& < oo} is of class (0,C;), then the infinitesimal generator
of T(§) is closed (see [5] or [9]). Thus we have the following

COROLLARY 3.3’ A necessary and sufficient condition that a closed linear
operator A is the infinitesimal generator of a semi-group {T(£);0=<§ < oo}

of class (0, C,) with f ' T(E)x"dE < oo for each x € X, is that the conditions

0 .
(i), (ii") and (iv") in Theorem 3.3 are satisfied and that there exists a real
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number M > 0 such that

=M

k
|13 RO AN
i=1
for all real » >0 and for all integzrs k =1, where R(\; A) is the resolvent
of A.

REMARK. The notion of the complete infinitesimal ganerator was intro-
duced by R.S.Phillips [9]. If, instead of the c.i.g., we define the (C, 1)-con-

£
tinuity set 3 by 3 = {x;lgim g-1 f Tx dny = x} and the infinitesimal ge-
>0
0

nerator A by Ax = léng E-1[T(E) — INx whenever the limit on the right hand
=
side exists and belongs to 3, then we get the following theorem (see [6]).

THEOREM 3.4. Let {T(£);0 < E < oo} bz a semi-group of class (0, A) with

f ' T(E)x dE < oo for each x € X. Thenw: g2t (i), (iii), (iv) and furthzrmore
0

G for each N with R\) >0, there exists a bounded linear operator
R\ A) from X into S, such that

A—ARN; A)x=x for each x € 3,
RAAN—Ax=x for each x € D(A),
(V) if we define the new norm by

£
N(x) = sup“ 1 f T(n)x dﬂ%' Jor each x € X,
ol £ !
0

then 3, is a Banach space with the norm N(x), D{A) is dense in 3, with the
norm N(x) and

e 1S A ]
(3.16) N(x) =sup !’Tg AR\ ; A)] x}

for x€ 3.

Conversely, let 3, be a linzar subset in X and A be a linear operator
from D(A) into 3, satisfying the conditions (i), (ii), (iii), (iv) and (v). If N(%)
defined by (3.16) is finite and S, is a Banach space with the norm N(x) and
Surther if D(A) is dense in 3, with the norm N(x), then there exists a semi-group

{T(€); 0 < & < o}of class (0, A) with f [ T(E)x dE < o for each x € 3, of which
0

A is the infinitesimal generator, 3, is the (C,1)-continuity set and for which

N(x) = s£1>1(1)) N—El—— f : T(nxdn H Sfor x& 3,

Proor. Suppose that {T(£);0 < & < oo} is of class (0, A) with f 1T(&E)x|
0
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dE < oo for each x€ X. If R(A; A) is defined by (2.3), the properties (i)
and (ii)-(v) are proved similarly as [5, Theorem 1].
Conversely, suppose that the conditions are satisfied. We obtain a semi-

group {7T(€);0 < & < o} of class (0, A) with f T(E)x|dE < o for each x €

0
X similarly as in the proof of Theorem 3.1. We shall now prove that A is
the infinitesimal generator of {T(§);0 <& < oo}. If we define R¥\; A%), for
A with ®() >0, by

oo

(3.17) RK\; A¥)x = f e M T(E)xdE

0
for all x € X, and if we denote the (C, 1)-continuity set of T(&) by 3* and
its infinitesimal generator by A*, then for each A with R(\) >0 we have
{ A — ARXR¥\ ; A¥)x = x for x € 3k,
REA; AN — A¥)x = x for x € D(A¥).
‘Then we have R¥(\; A¥) = RA; A) for A >0 similarly as in the proof of
Theorem 3.1. Since lim T{&)x = x for x &€ DA%, D{A?) < 3* Further, by
(3.18), DA*) = R¥(\; A*) [S¥] < R¥\; AR [X] = R\; A)[X] < 3.
We can see that 3% is a Banach space with the norm N*(x) defined by

(3.18)

£
N¥(x) = iupHE‘l f T(m)xdn “, D(A*) is dense in 3* with the norm N*(x) and
>0 |

0

that
1< |

N9 = sup |- DR A9 for x € S¥.

Accordingly, N(x) = N*(x) for x € 5,1 3% and D/A%*) < 5 N 3F DAY <3N

Sk Since NARA; A)x — x) = sup jk 12 [wR(u; A)Y R\; A)Ax” < = ——N(Ax)

for x € D{A) and R(\; A)[D A)] o D(A ) is dense in N with the norm N ().
Thus we get 3, = 3% Finally we obtain from (3. 18), (i”) and the strong Abel-
ergodicity that

D(A*¥) = D(A), A = A*,
Theorem is now completely proved.

We note that Theorems 3.2 and 3.4 togather give a necessary and suffl-
cient condition that a linear operator is the infinitesimal generator of a
semi-group of class (0,Cs). If {T(§);0 <& < o} is a semi-group of class
(0,C), 3 = X and the norm N(x) is equivalent to the original one. Thus we
get also Corollary 3.3,
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