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Let w = f(z) be a quasiconformal mapping of [z|<1 into the w-plane
in the sense of Pfluger-Ahlfors, whose maximal dilatation is not greater than
a finite constant K( == 1), then it will be simply referred to a K-QC mapping
in |z]< 1.

First, we formulate, in §1, a theorem producing Schwarz-Pfluger’s theorem
[5], next determine in §2 the range of a real number @ such that there is no
positive ﬁnite}i(r)n A=)/ ]z|® for any K-QC mapping w = f(z) in |z| <1 satis-
fying f(0) = 0, and finally in §3, we establish, as applications, some distortion
theorems supplementing completely our preceding results [3].

1. A.Pfluger [5] reported that for any K-QC mapping w = f(2) of [z|<1
onto |w| <1 with the limit lin[} fl2) —fO)/]1z|"™=¢ c=<1— [FO)2Z 1
2>

holds and ¢ = 1 arises when w = f(z) = €%z|=z| "
Now, we prove the following theorem producing the above Pfluger’s result,
and state its corollary.

THEOREM 1. Let w = f(2) be a K-QC mapping of |z| <1 onto |w|<1
such that f(0) = 0. If a < 1/K, then there holds

lim inf |f()]/]2]" =1,

where the equality holds only if f(z) = &*|z|"%e™* with a real constant ¢.

PROOF. Denote by L(r) and A(r) respectively the length and the area of
the images of |2| = » and [z| < » under w = f(2). Then we have for almost
all » € (0, 1),

L<r>=f” % - db,

and for arbitrary 7,7 such that 0 < r <7 <1,
A(r) — A0 = [ - [ " JLfGreIrdbdr,
0 r

where J[ f] means the Jacobian of f.
By using Schwarz’s inequality and the well known formula |9f(re")/706|
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< KJ[ f(re®)] valid for almost all z = 7¢” in |2| < 1, we can obtain

dA(r) - [LGT

dr —  2mrK

Applying the isoperimetric inequality [L(r)]* = 47wA(r), it follows that
dA(r) - 2A(r)

dr rK

From this, we see easily for almost all » € (0, 1),

414G/ = 0.

dr
Since A(7) is an increasing function of 7, it is shown immediately by Vallée
Poussin’s theorem that A(7)/7*'® is a non-decreasing function of 7, therefore

we have
AW/ mr’™ < 1.
Put[Plin [f(z)] = m(r), then it is evident from £(0) = 0 that #{m(r)}* =<
2|=r<1

A(r), hence we obtain

lim inf |f(2)]/]2]" <lim inf |f(2)]/]2]"*

= lim0 inf m(r)/™* < lim 0inf §A(r)/ w1 < 1.

2/K

Next, if lir(l)m inf |f(2)|/]z]|* = 1, then obviously A(r) = #'* holds. This.

implies that the image contour L, of |z| = r by w = f(2) is a circle with
radius 7/¥ lying in |w| < 1. After some computations using the cross ratio, it
can be asserted that the modulus of the annular domain bounded by L, and
|w| =1 is not larger than log (1/7'%) and its modulus equals to the maximum
log (1/7'%) if and only if the center of L, coincides with w = 0. On the
other hand, by a well known property of a K-QC mapping, the modulus of the
image of » < [z| < 1 under any K-QC mapping is not less than log (1/7/%).
Hence, the center of L, for 0 <r» <1 is always w =0, and so w = f(z)
reduces to a K-QC mapping of 0 < r < |z|< 1 onto 7#'* <|w]| < 1. Therefore,
we can see, by a theorem of A.Mori [4], that f(2) = ¢ | 2|V ™.

The converse is trivial, and so our proof is completed.

As an immediate consequence of Theorem 1, we have the following

COROLLARY 1. Let w = f(z) be a K-QC mapping of |z| <1 onto |w| <1
such that f(0) = 0. If a = K, then there holds
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lim sup |f(2)|/|z]* =1,
250
where the equality holds only if f(z) = €* |2|¥ ™™ with a real constant .

2. We denote by &, the family of K-QC mappings in |z|< 1 satisfying

f(0) =0 and lirrol | f(2)|/1z]® = 1, where a is real. Before we consider the
2>

distortion of the mapping belonging to ©,, we precede with the following

theorem indicating the range of such a as &, is empty.

THEOREM 2. If w = f(2) is a K-QC mapping in |z|<1 such that
SF(0) =0 and the positive finite lirgl [ f(2)1/1z]* (a is real) exists, then there
holds 1/K < a < K.

PROOF. Let { = h(w) be a mapping which maps the image of [z]|<1

under w = f(z) conformally onto |{|< 1 and transforms the origin onto itself,
then, by our assumption, the positive finite limit

lim [A{A@} /121 = lim |h@w)|/lw] - lim [fQ)]/]=]*
= KO lim |f@)/l2]°
exists, which shall be denoted by 1/7.

Moreover, we put W = yh{ f(z)} = F(z), then it is obvious that W=F(z)
is a K-QC mapping of |2|< 1 onto |W| <, F(0) =0 and lin01 |F(2)|/]=z]*
2>

= 1. From this, corresponding to an arbitrary positive number &, there is a
positive number & such that
1 -9lz|"<|FRI<A + &)lz]"

for 0 <|z| < 8. Denote by A the circular annulus bounded by |z|=r with
0 < r<8 and |z| = 1, and by mod F(A) the modulus of the image F(A) of
A under W = F(z), then it is easily found that

< mod F(A)<log -7

log —Y v
NS 1= ey

On the other hand, by a well known result of a K-QC mapping, there
holds in general

Llogiémod FA) <K log—l—.
K r r

Thus, we obtain for such & and r as above that

log — Y < Klog -1
Ea+rer T,
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and further

1 1 Y
—log — <1 ,
K 8 r o8 a-er
from which follow
log 4
Lté +a<K
log L
og
r
and
log Y
1 1—¢&
L e 1Te
K : 1 + a.
og ——
-

Here, by making »— 0, it is concluded that «a <K and 1/K<a ie. 1/K
<ax<Kk q.e.d.

Theorem 2 implies that the family &, is empty for @ < 1/K or a > K.
Furthermore, it will be shown in §3 that &, is not empty for 1/ K< a < K.

3. Applying our theorems in §1 and §2, we have the following theorems
concerning the existence of the positive lower bound of lnllin |f(z)] and the
0< |2]=r<1

upper bound oof< max [ f(=2)| for f(2) € &,.

THEOREM 3. The positive lower bound of 13521[ f(@)] for f(z) €8, exists
if and only if & = 1/K.

THEOREM 4. The finite upper bound of max Lf2)] for f(z) € &, exists
if and only if a = K.

The latter implies immediately the following

COROLLARY 2. The family ©, is normal if and only if @ = K.

By Theorem 2, &, is empty for &« < 1/K or a@ > K, and so it is sufficient
to prove in the case where 1/K < a < K. As proof for the necessity in
Theorems 3 and 4, we shall present some examples of quasiconformal mappings
in the sense of Grotzsch whose dilatations are not larger than K.®

PROOF OF THEOREM 3. First, Pfluger’s estimate [6] :

*) As is well known, these mappings are equivalent to continuously differentiable K-QC
mappings. (see e. g. Hersch {1])
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min |Az)| = % {4r/Q + r)}E

lz|=r<1
proves the sufficiency.
Next, in the case 1/K < @ =< 1, consider the following mapping w = f,(2):
W w = [2]*1— (L~ )] ED R g

where |2|<1, 0<7r, <1, and , > 0 as n—> co.
After some elementary calculations, it can be seen that every dilatation of
(1) on |z] =7r <1 is equal to

{1 —_ (1 _— rn) r"’”K"”"’K(“’"’}/a{l . (1 _ rﬂ/aK)r(aK-l)r,,/K(x—r,,)}

which is a number lying between 1 and K. Moreover, the mapping (1) trans-
forms the origin onto itself and lir(I)l lw|/|z]* = 1. Thus (1) is a K-QC map-

ping of |2| <1 onto |w]|< 7,, and hence w = f,(z) belongs to S..
On the other hand, it is evident that lim f,(r) = 0.
Ndeo

In the case 1 < @ < K, make the composite mapping w = f,(z) of the
following

©)) rs/(1 — 5)* = z/(1 — 2)*

®) e = s]® e,

4 w = r5t/(1 — 2)?,

where |2|<1,ry=4rn/(n + 1% n=1,2,......... , and » is fixed arbitrarily in

the open interval (0, 1).

Then, it is easily ascertained quite similarly to the argument in [3] that
w = fn(z) belongs to &,, while it can be obtained by some elementary computa-
tions that

}‘1_{2 f(—r)=— }gg {dnr/(n + N %(n + r¥/4n(1 + r)?
=— {7/ + o -lim {dn/(n + 7)°7 = 0. q.e.d.

PROOF OF THEOREM 4. First, we consider the case a@ = K. By a well
known result of Stoilow, w = f(z) can be represented in the form f(z)=
gi{p(2)}, where £ = @(2) is a K-QC mapping of |2|<1 onto |§|<1 and w
= g(§) is a regular schlicht function in |{ | < 1. In particular, we shall choose
@(z) such that @(0) = 0.

Denote by p the largest distance from & = 0 to the image contour A, of
|z] = 7 under £ = @(z), then obviously

max |[fiz)] = max |g(¢)] = max |g®)].

12| =r
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According to a generalization of Schwarz-Grotzsch’s theorem by Hersch-Pfluger
[2] or A.Mori [4], there holds for 0 < |z]| < 1,

o) = kig"" (1z])},
where k{q} = 6:(0)/650) and 6,, 6; are elliptic theta functions. Hence we
have

max [9(©)] < max |g(©)].

1§ =k{al /K (r)}

Further, Koebe’s distortion theorem implies that

max |g(§)| < [g'(0)|k{g" (")} /[1 — kig"" (")} T

1¢] =k{q1/ K (7))

From our normalization, it follows that
1= lzigl FAOIVAEIES lgig)l lg(é')l/lé’l-li? o)/ 12]®
= lg'(O)l'lngl lp(x)|/ 2]

Here, since 1113)1 |@(2)|/|2]*=1 from Corollary 1 in §1, there holds |¢'(0)|
2>
=< 1. Thus, we obtain

max |g(§)| = k{g""(")}/[1 — kig""(m}T,

1¢1=kial/&(r)}

so that
max |f(2)| < kig""(m)}/[1 — k{g"" (T

|2]=r<1
Next, in the case 1 < a < K, take the following mapping w = fy(z):
(5) w= [z|*{1 + (ra — D)]=]*" D},

where |2|< 1, 7» > K/(K — @) and 7, —> o0 as n—> oo,

Then, it can be found without great difficulty that every dilatation of (5)
on |z| = r <1 equals to

a(l + r”rw/("n—l))/(l + r"rwl("n—_l) _ rwl(rn-l))
which is a number lying between 1 and K. Hence, (5) is a K-QC mapping of
|z] <1 onto |&]| < 7 with £(0) =0 and lim |&]/|2]|® = 1, and so w = fu(2)
250

belongs to S,.

On the other hand, it is obvious that lim fu(r) = oo.
N>eo

Finally, in the case 1/K < a <1, consider the composite mapping
w = fu(z) of those with the same forms as (3),(4) and (5) mentioned above,
then it is shown as in [3] that w = f4(z) belongs to &,, while it can be obtai-
ned by formally the same computation as before that



ON DISTORTIONS IN CERTAIN QUASICONFORMAL MAPPINGS 247

}LI;E il —r)=— 71@;13 $anr/(n + 7} %(n + )*/4n(1 + 7)*

=— {r/0 + r)- nglo {(n + r)?/4n}*"* = — oo,

Thus our proof is completed.

1]
£2]

(31
[4]
(51
[6]
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