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1. Introduction. Let M" be an #-dimensional Riemannian manifold and
T(M") be its tangent bundle. We can introduce to 7(M") a natural Riemannian
metric from the Riemannian metric of M".»

Now, let us denote by T,(M") the set of all unit tangent vectors of M™
As we can reduce the structural group of T(M")to O(n), T ,(M") may be regarded
as a sphere bundle. We shall call it the tangent sphere bundle of M". As
T.(M™) is a submanifold of 7'(M"), it has a Riemannian metric naturally induced
from that of 7(M™). In this paper I shall study on the differential geometry of this
(2n—1)-dimensional Riemannian manifold 7',(M") regarding it as a submanifold
of T(M™), because it is rather simple analytically.

2. The Riemannian metric and the connection of 7' ,(M"). Let U be a
coordinate neighborhood of M" with coordinates x* such that U x E" is diffeo-
morphic with #~'(U), where E" is the vector space which is the standard fibre
of T(M"™) and = is the natural projection of T(M") onto M". If we denote the
components of tangent vector of M" at x'€ U with respect to the natural frame
e by ©%, then the ordered set of variables (x,v") can be regarded as local
coordinates of =~ '(U) which is an open subset of T(M™").

Suppose the Riemannian metric of M" is given in U by the quadratic form

2.1 ds® = g, (x)dx’dx*.

Then the Riemannian metric of 7(M") is given in = '(U) by the quadratic
form

2.2 do® = g (x)dx’dx" + g¢;,(x)Dv’Do*,»

where Dv’ means the covariant differential of v7, i.e.
@. 3) Dv’ = dv + {’ }v’dx’".
lm

The components of the fundamental metric tensor of 7(M") in = '(U) can be

1) cf. S. Sacaki, On the differential geometry of tangent bundles of Riemannian manifolds,
Tohoku Math. J. 10 (1958) pp.338-354. This paper will be cited as I.
2) Throughout this paper, we use the same notation as in the paper I.
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given by

{ B (v
}ij = Gix + Gev { } } } "0,
uil (wk

2.4
( ) Gj n+k — [)"J’ k]vly

Gn+j ntk = Gk

The geometrical meaning of the metric (2.2) is as follows: Let (x%v%) and
(' + dx', v' + dv') be indefinitely nearby points in 7 }(U). In UcCM"*, we
consider the tangent vector v* + dv' of M" at the point &' + dx' and translate
it parallelly to the point x'by Levi-Civita’s parallelism. If we denote the angle
between the tangent vector thus obtained and the tangent vector v* at x* by d6
and the length of the vector v* by v, then

(2. 5) do® = ds* + v*de’.
From (2. 4), we can easily see that the length of the horizontal component

(dxt, — {Zk} v’dx*) of the vector (dx', dv') is ds® and the length of the vertical
J
component (0, Dv*) of the vector (dz*, dv') is v*d6®. So (2. 5) is nothing but the
local Phythagorean theorem.
Now, let us denote the natural projection T, (M")—M" by ;. Then =7 (U)
is given, as an (27 — 1)-dimensional submanifold of #»~'(U), by
2. 6) gi()vv* = 1.
Hence, the Riemannian metric of 7,(M") naturally induced from that of 7(M™)
is given geometrically by
2.7 ds® = ds* + d6°.
The covariant components of the normal vector to T,(M") at (z', v*) € w7(U)
is easily seen to be given by

(2. 8) (Aulv'0", gio®).
The contravariant components of the last vector is easily calculated by means of
G* = g’*,

Gintk = {k
ul

[J'l Il’
2. 9) }“’ °

Gn+jn+/c — gjlc + gBY { J } {k I.UIJ.U"’
uB) (vy)

and we get (0, v*) as the components of the unit normal vector of T,(M") at
the point (x!, v') € T,(M™).
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Tangent vectors of T(M") at the point (z', v') e T,(M") are perpendicular
to the normal vector (0,v'). So the necessary and sufficient condition that a
tangent vector & of T(M") at a point (&%, v') of T,(M") be a tangent vector of
T.(M") is that its components (&, £**') satisfy the equation

ifEn+Jj ]} R K —
@. 10) g +{hkf§v)_0'

The lift of a tangent vector & of M" at a point x'€ U to (&, v') of ni(U)

is given by (&, — {Z_k}’g”'v"). So it is a tangent vector of T,(M™) at (x!, v').
J

Hence we see that the tangent space of T,(M") at (x%, v')e T,(M™) is a direct

sum of the tangent (n — 1)-space of the fibre

gi(vivt =1 xt fixed

and ihe horizontal n-space of T(M™") at (zf, v%).

In T(M") every fibre is orthogonal to the horizontal n-space at every point
of it. So in T, (M"), every tangent (n — 1)-space of a fibre is orthogonal to the
horizontal n-spaces through the point. Hence T,(M") may be considered to
have a connection defined by the restriction of horizontal zn-spaces to points
on T,(M") and we may speak of the lift of any tangent vector of M" and the
lift of any curve of M" to T ,(M™).

Especially, we may speak of the GF-vector field and the geodesic flow in
T,(M™), because the former is nothing but the set of the lifts of unit tangent vectors
v' at the point x' € M" to the point (&, v') of T,(M") and the latter is the one
parameter group of transformations generated by the trajectories of the GF-
vector field.

3. Isometries and Killing vector fields in 7 ,(M™). Let f be a diffeomor-
phism of M" onto itself. We have proved in the former paper I that the exten-
sion f of f to T(M") is an isometry of T(M") if and only if fis an isometry
of M". If we restrict £ to T,(M"), then we get the following theorem :

THEOREM 1. Suppose f is an isometry of a Riemannian manifold M",
then the extended mapping f of f induces an isometry of the tangent sphere
bundle T ,(M™).

COROLLARY. If a Riemannian manifold M" admits an r-parameter Lie
group of isometries, then the tangent sphere bundle T ,(M") admits an r-para-
meter group of isometries too.

Now, we shall give some theorems about Killing vector field.

THEOREM 2. In order that the extension (&, —g% v) in T(M") of a
vector field & of a Riemannian manifold M" is always tangent to T,(M™) at

every point of T\(M"), it is necessary and sufficient that E(x) be a Killing
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vector field of M".

PROOF. As the covariant components of the unit normal vector of T',(M™)
o'

at (&, v') € T,(M") are given by (2. 8), the condition in order that («Si,é—;j v?)
is tangent to 7,(M") at (z', v') € T\(M") is written down as
3.1 A ulvv'E + gy 0" gil] v/ =0,
provided that
3. 2) gs(x)vv* = 1.
The equation (3. 1) can be transformed easily to
3. 3) Ee; VU =0,

The equation (3. 3) holds for every (&%, v') such that (8. 2) is true. So we can
deduce easily

fj.k -+ flc,j = 0,

which is to be proved.

Now, let us consider an m-dimensional Riemannian manifold M™ and a
regular submanifold M™! of it. We assume that V be a coordinate neighbor-
hood of M™ at a point of M™!, x*(A,B,C =1,2,+--,m) are coordinates in
V and

xA — xA (ul,. ., um—l) (ul,. .-, um_l)é D

are local parametric equations of M™ ! in V. We denote the fundamental tensor
of M™ by GAB.

Suppcse & be a vector field of M™ such that at every point on M™ ! the
vector of the field is tangent to M™'. We denote by &' the components of the
given vector field. Then, in D, there exist functions &%(a,b,c =1,2,-*+,m — 1)
such that

(3. 4) £ = XiE,
where we have put

A
4 ox

t T ous

LEMMA 1. Suppose that & be a Killing vector field of M™ such that at
every point of a regular submanifold M™' the vector of the field is tangent
to M™'. Then & restricted to M™ ' is a Killing vector field of M™ .

PrROOF. It is sufficient to show that & is a Killing vector field of M™!.
If we contract Gas X} to both sides of (3. 4), we get
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3. 5) Gt Xy = GusXaXpE® = guf’,
where ¢,,’s are components of the fundamental metric tensor of M™'. Hence
we get

3. 6) & = EX0.

Differentiating both sides of the last equation covariantly with respect to the
Christoffel’s symbols of M™!, we get

&y = Esc X X + EsXi .
Putting the Gauss’ equation
3.7 X, = Q, N4
(N* denotes the unit normal of M™!) into the last equation we get
& = Ep X0 XE + Oy 8NP = E5 X3 XC,
as £* is orthogonal to N4 by assumotion. Therefore, we see that
Euve -+ Eop = (Enc -+ Eon) XEXT = 0,

because &4 is a Killing vector field of M™. Hence & is a Killing vector field
of Mm™ !, Q.E.D.

Combining Theorem 2 and the last Lemma in which M™ and M™! are
replaced by 7(M"™) and T,(M") we can easily see that the following theorem
is true.

THEOREM 3. The extension of any Killing vector field of a Riemannian
manifold M"™ in T(M™) induces a Killing vector field of T,(M™).

This theorem is a particular case of Theorem 1 when f is an infinitesimal
isometry of M™.
T 4. In order that th ion (-2 0, £) in T(M"
HEOREM 4. In order that the extension( o0 U , &) in T(M™) of a covar-

iant vector field &, of M is orthogonal to the geodesic flow of T(M™) at every

point of T(M") is that &’s are covariant components of a Killing vector
field.

a&i '

PROOF. The condition of orthogonality of the extended vector field (éx—’ v,

£,) and the geodesic flow is easily seen to be

Ei,j'vi‘vj == O.
As v"s are arbitrary we get
E,; +&,,=0. Q. E. D.

4. The geodesic flow of M" in the tangent sphere bundle.
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THEOREM 5. Every lift of any geodesic of a Riemannian manifold M"
in the tangent sphere bundle T\(M") is a geodesic of T\(M"). Especially, every
trajectory of the geodesic flow in T\(M") is a geodesic of T,(M™).

PrROOF. Every lift of any geodesic of M" in T,(M") is also a lift of the
geodesic of M™ in T(M™). As we have proved it in I, the latter is a geodesic
of T(M™). Hence, it is also a geodesic of T(M™) as a submanifold with induced
metric from 7(M™).

Now, we shall prove the exact generalization of the Poincaré’s theorem on
the incompressibility of the geodesic low. We begin with a lemma.

LEMMA 2. Let M™ be a Riemannian manifold and M™ ' be a submani-
fold of it. Suppose & be a vector field of M™ such that the vector of the field
is tangent to M™ ' at every point on M™ '. Then, in order that the vector field
be an incompressible vector field of M™ ', it is necessary and sufficient that
the equation

(4. 1) g4 — E3N°NC =0
holds good.
PROOF. Using the same notation as in §3 we have (3. 4), from which we
get
4. 2) & = g Gu¥' X7

Differentiating both sides of the last equation covariantly, we get

&aya = gabGAB(EA,CXgXI? +‘EAXBu,,b)-
The right hand side of the last equation can be transformed, by virtue of the
Gauss’ equation, to

= gGsE"cXXT + EN°Qy).
Hence, we get

£ = gVs,c X Xa
— (GBC — N® NOE o
= &4 — EsoN°NC. Q. E. D.

THEOREM 6. The geodesic flow of the tangent sphere bundle T,(M") of
a Riemannian manifold M" is incompressible.
PROOF. We have proved in the former paper I that the GF-vector field

P nti i oy
4. 3) Boof, gl {jk}w
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in T(M™) is incompressible. These components define GF-vector field in T',(M")
if (o, v')e T,(M"). Hence, by Lemma 2, it is sufficient to show that
(4. 4) Ep o NPNY = 0,
where N*(0, v') are components of the unit normal vector at (z', v¥) € T,(M™).
Now,
fB,CNBNC = fn+jm+k'vj°0k

a&n+]_ A * Jer sk
ov* {n+j n+k} EA)vv’

where { A }* ’s are components of Christoffel’s symbols of T(M™®). As
n+jntk
T FZ 0
i ’ 171 +jn+k ’
we see that (4. 4) is true. Hence, our assertion is true. Q. E. D.

5. Geodesics on the tangeut sphere bundle. We shall give here the
differential equation of geodesics of T',(M™).
Using the same notaiton as in §3, let «*(¢’) be a differentiable curve of M™ .

Then we get
dx* ., du®
de ~ 7% do’
D (dx*\ _ du® du ., « D (du®
o (e ) =0 g G N+ Xt ()
Hence, the differential equation of geodesics in M™! is given by
b
G. 1) ( ) 0, e d~N*.

Replacing M™ and M™*' by T(M") and T,(M") and noticing that the left
hand side of the last equation is given by
izt { i l dx’ dx* . dx’  Dv* Dol
)

do* T do do R e Ve =0 g =0

we see that the differential equation of geodesics of 71,(M") is of the following
form :

. do  Dv D _
de U do’ d02_Pv’

(5. 2)

&zt | (i) do! dr*
do? k do do

because the components of the unit normal of 7T,(M") is (0,0%).
Next, we shall state some elementary theorems on closed geodesics of M"
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and T,(M").

Let ¢ be a closed geodesic of M" and P, be a point of g. We translate
the tangent vector space E} at P, parallelly along g¢, then we get an orthogonal
transformation 7T of E} onto itself which sends every vector at Ej to its image
by Levi-Civita’s parallelism along ¢. We call T the orthogonal transformation
associated with g.

THEOREM 7. Let g be a directed closed geodesic of a Riemannian mani-
fold M" and P, be a point on g. If the orthogonal transformation T associated
to g fixes a vector other than the tangent wvector of ¢, then T,(M") has a
continuous family of closed geodesics with the same length as g.

PROOF. We denote by v, a unit vector which is invariant under 7". Then,
the vector field v,(0=s=L, L is the length of ¢) parallel to v, along ¢g defines
a geodesic of T(M™) with the same length as ¢g. If we denote the unit tangent
vector on ¢ at the point s by u,, then u,cosa + vsina is a parallel field of
vectors along ¢. So it defines also a geodesic of 7,(M") with the same length
as ¢ for every value a. Q. E. D.

COROLLARY. Let g be a closed geodesic of a two dimensional orientable
Riemannian manifold M*. Then every lift of ¢ is a geodesic of T,(M?) with
the same length as g.

THEOREM 8. Let g be a closed geodesic of a Riemannian manifold M"
and g* be the closed geodesic of T\(M") determined by unit tangent vectors of
g. If g is of minimum type, then g* is also of minimum type.

PROOF. Suppose C* be an arbitrary closed curve near ¢g* and denote its
projection m,c* by c¢. Then, denoting the length of curves g, g* etc. by J,, Jn
etc., we get by virtue of (2. 2)

JC‘* Z JC,
I = Jy,
as ¢* is horizontal. By assumption ¢ is a closed geodesic of minimum type, so
Jo=J,.
Hence, we see that
Joo = . Q. E. D.

5. The contact structure of the tangent sphere bundle. We define in
T,(M™) a differential 1-form o by

5. 1) o = g,;v'dx'.

Then we can easily see that
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(5. 2) do = ¢,;Dv’ A\ dxt
and
(5. 3) o A (do)" ' == 0.

Hence, the tangent sphere bundle T,(M") of M" is a (2n—1)-dimensional
Riemannian manifold with contact structure.

THEOREM 9. The associated vector field of the contact structure w of the
tangent sphere bundle T\(M") of a Riemannian manifold M" is the GF-vector
field in T\(M™).

PROOF. Let U be a coordinate neighboorhood of M" with coordinates x%,
such that U x E"is diffeomorphic with #=}(U), where = is the natural projection
T(M™) —M". Then (z!, v') can be taken as local coordinates of = '(U) and
hence (', v*) (a,b,c =1,7-+, n—1) can be taken as local coordinates of
T,(M™).

Now, solving

gijij‘Z)i =0
with respect to dv”, we get

Ln ({h;} v, dx* + dv“va).

v

(5. 4) duv" =—

Putting the last equation into (5. 2), we get after an easy calculation the follow-
ing equation :

do = S; dx’ NdxF + 25, ;dv* Ndx’,
where we have put

5. 5) S}'k:i[(Z}vh(vngik_gnkvi)_{l

2v, 1hj ]’ V" (Vg — !]nj'Ui)},

hk)
nt+aj Z‘Un nga] gﬂJ ass
Hence, if we put
Sjn+a = Sn+uja
(5. 5) Spra nis = 0,

n+a

x = %,

then we can write
(5. 6) do = Sydx* Ndx*. (\, u=1,2,>++,2n—1)

The associated vector field of the contact structure is given as a set of
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solutions of the equations
6.7 S, X* =0,
that is
SiXE + S Xt =0, S, X =0.

As the rank of the matrix ||Sy|| is 2n — 2, the last equations have only a set
of independent solutions. We can easily verify that

hk

As we can see from (5. 4), this vector field in 7,(M") has 2n-th components
X®™ which is given by

(5. 8) X' =9, Xrte = — { “ } 7

X?n - "11—1‘” <{ 4 }X"v"vi + ,vaXn-I-a).
v hk

Putting (5. 8) into the right hand side of the last equation, we get

X =— { " 1'0”"0".
hk)
Hence, the associated direction to the contact structure of 7',(M") has components
0, — {hlk} v*0*) in T(M™). Therefore it is nothing but the GF-vector field of
T,(M™).
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