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ERGODIC THEOREMS FOR SEMI-GROUPS IN Lp, 1 < p < oo

RYOTARO SATO

(Received November 30, 1972)

1. Introduction. In what follows we shall assume p fixed, 1 < p < oo.
Let (X, ^% m) be a <7-finite measure space and let {Tt; t ^ 0} be a semi-
group of positive linear operators in LP(X) = LP(X, ^tf, m) which is strongly
integrable over every finite interval. It is then known (cf. [2], p. 686)
that for each feLp(X) there exists a scalar function Ttf(X), measurable
with respect to the product of Lebesgue measure and m, such that for
almost all t, Ttf{x) belongs to the equivalence class of Ttf. Moreover
there exists a set E(f) with m(E(f)) = 0, dependent on / but independent
of t, such that if x ί E(f) then Ttf(x) is integrable on every finite interval

Ttf(x)dt, as a function of x, belongs to the equiva-
lence class of I TJdt. We write Sa

hf(x) for [ Ttf(x)dt. The purpose of this
Ja Ja

note is to investigate the almost everywhere convergence of So

bf(x)/So

bg(x)
and So

bf(x)/b as b] oo.

2. Preliminaries. If A e ^£ then LP(A) denotes the Banach space
of all Lp(X)-functions that vanish a.e. on X— A. A set A e ^ is called
closed under a positive linear operator T on LP(X) if / e Lp{A) implies
TfeLp(A). The adjoint operator of T is denoted by T*.

PROPOSITION. If T is a positive linear operator on LP(X) such that
supπ \\(l/n) ΣΠo1 Tk\\p< oo and lim. || (l/n)Tnf\\p = 0 for every fe LP(X),
then the space X uniquely decomposes into two measurable sets Y and Z
such that

( a) Z is closed under T,
( b ) iffe LP{Z) then lim. 11 (1/n) Σ U Tkf | |p = 0,
(c) there exists a nonnegative function u in Lq( Y) such that u > 0

a.e. on Y and T*u = u, where q = p/(p — 1).

PROOF. We may choose a nonnegative function u in Lq(X) such that
T*u = u and if 0 ^ v e Lq(X) is invariant under Γ* then supp v c supp u.
Let Y = supp u and Z = X — F. Since T*u = ^, (a) is obvious. To see (b),
let 0 ^geLP(Z). Then the mean ergodic theorem ([2], p. 661) implies that
strong-lim% (1/w) Σto 1 Tkg = flr0 for some 0 ^ g0 e I/P(^) with Γg0 = ^0 Here
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if we assume that ||flUlp>0, then 1 gQvdm > 0 for some 0 ^veLq(X).

Since the mapping f—>\imn l((l/w) Σ*=ί Tkf)vdm is a positive linear func-

tional, there exists a nonnegative function v0 in Lq(X) such that

Km ((— Σ Tkf)vdm = \ fvodm for any / e LP(X) .

It is then clear that T*v0 = v0, and hence supp v0 c Y. Therefore

I gQvdm = \gvQdm = 0. This is a contradiction, and the proof is complete.

COROLLARY 1. For any feLp(X), the limit

exists and is finite a.e. on Y.

PROOF. For ufe L^Y), where fe LP(Y), define U(uf) = M(Γ/). Since
is a dense subspace of Lλ(Y) and

|| (Γ*w)/||! = || uf\\l9 U may be considered to be a positive linear operator on
L^Y) with 111711! = 1. Let g be any strictly positive function in LP{Y), and
let strong-lim* (1/n) Σl=o Tkg = g0 for some g0 e LP(X). Then it follows that

1 n~1 II

— Σ Uh(ug) - ugΛ = 0 .

Hence the ergodic theorem of [5] implies that for any feLp(Y), the
limit

lim -i Σ Tkf(x) = -A- lim -ί Σ ^(^/)(^)

exists and is finite a.e. on Y. This completes the proof.

COROLLARY 2. If fe LP{X) and 0 ^ ge LP(X), then,
(i) for each fixed integer j ,

lim Tw+ί/(a;)/Σ Tkg(x) = 0
w A;=0

α.e. o% Γ n {x; Σ?=o Γ^(α ) > 0},
(ii) the limit

lim ±Tkf(x)/±Tkg(x)
n k=0 fc=0

eα isίs and is finite a.e. on Yd {x; ΣΓ=o Tkg(x) > 0}.
If there exists a function O^ge LP(Z) such that the set {x; Σ?= o T

kg(x) =
°o} is nonnull, then the ratio theorem fails on this set.



ERGODIC THEOREMS FOR SEMI-GROUPS 75

PROOF. The first statement of the corollary follows from [1], since

Tn+'f(x) _

and

n

Σ
fc=O

n

Σ
n

Σ

Tkg{x)

T«f(x)

T*g(x)

s
Σ

n

Σ

U"(ug)(x)

Uk{uf)(x)

U«(ug){x)

a.e.

a.e.

The second statement follows from the same argument as in [3], p. 77,
and we omit the details.

3. Theorems. Let {Tt; t ^ 0} be a semi-group of positive linear oper-
ators in LP(X) strongly integrable over every finite interval, such that

supl — Σ Γ * ! < °° and lim I — Tnf\ = 0
II U k0 \\ || U h

for each fe LP(X). Then, by Proposition, the space X uniquely decomposes
into two disjoint measurable sets Y and Z such that (a) Z is closed under
Tlf (b) if feLp(Z) then lim, | | ( 1 / Λ ) Σ £ O Thf\\9 = 0, and (c) there exists
a nonnegative function u in Lq(Y) with u > 0 a.e. on Y and Tfu = u.
The main results of this note are the following two individual ergodic
theorems.

THEOREM 1. For any feLp(X), the limit

lim So

bf(x)/b
6T00

exists and is finite a.e. on Y.

THEOREM 2. If feLp(X) and 0 ^ geLp(X), then the limit

lim So

bf(x)/So

bg(x)
6ΐoo

exists and is finite a.e. on Y Π {x\ S0°°g(x) > 0}.

PROOF OF THEOREM 1. We may assume that / is nonnegative. Let

/ ' = Γ Ttfdt. For each b > 0, write b = n + r, where n = [6] and 0 ^
Jo

r < 1. Then, as in [2], p. 688, we have

Sobf(x)/b = χ ( - Σ Tkf'(x) + 1 Tj[ Ttfdt)(x)) a.e. .

Since 0 ^ Γ r«/dt ^ f' Γί/dί = / ' e LP(X), it follows from Corollary 1 that
Jo Jo
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0 ^ lim — Tn([r Ttfdt)(x) ^ lim —TJ\x) = 0 a.e.
n n Ĵo / * n

on Y and uniformly on the interval 0 ̂  r ^ 1. Hence Corollary 1 com-
pletes the proof.

PROOF OF THEOREM 2. We may assume that / is nonnegative. Then,
as in [4], p. 660, we have

Σ W ) ςδ f ω ±τkf\x)
fc=o < &oJ\W) < fc=o a β β

Σ Tkg'(x) b« g(-x> Σ Γiflf'ίa!)
fc=0 fc=0

Since the first and last terms of the above formula converge to the same
finite limit on the set Y Π {x; S0°°g(x) > 0} by Corollary 2, the proof is
complete.
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